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A Characterization for r-Preinvex Function
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Abstract In this paper an equivalent condition for a class of r-preinvex function is established. A characterization for a
twice continuously dierentiable r-preinvex function is obtained by the equivalent condition. Under some suitable conditions
the following result has been proved Let XCR" be open invex set with respect to n X x X—R" and 7 satisfy condition C. f
defined on X is twice continuously dierentiable and satisfies condition D. Then f'is r-preinvex function with respect to 7 if and
only if Vo yeXr%fy " xy *+mxy "%y nx y =0. Our results improve and generalize some known re-
sults.
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1 Introduction

It is well known that convexity has been playing an central role in mathematical programming engineering and
optimization theory. Avriel ' introduced the concept of r-convex function which is a generalization of convex func-
tion and discussed some characterizations of r-convex function. Ben-Israel and Mond > considered function not
necessarily differentiable for which there exists a vector function  R" x R"—>R" such that for any x y eR"
Ae 01

fy+Anay <sMax + 1-Afy |
Weir et al ** named this kind of function which was satisfied 1 preinvex function with respect to 1. As the
generalizations of r-convex function and preinvex function Antczak ° gave the definition of r-preinvex function and
obtained some optimality results under r-preinvexity assumption for a class of constrained optimization problems.

Motivated by works of Avriel ' and Antczak ®  in this paper under some suitable conditions we first give an
equivalent condition for r-preinvex function as follows fis r-preinvex function with respect to n if and only if F' «x
y A is r-convex function with respect to A in 0 1 . Based on the result we establish a criteria for r-preinvex
function as follows f is r-preinvex function with respect to 5 if and only if Vx y e X r wfy 'na y >+
mx y "Wy mx y =0. By the criteria we can verify the r-preinvexity of functions.

It is very important and meaningful to study the characterizations of r-preinvexity which was introduced bu
Antczak in 5 as a generalization of the preinvexity. On the one hand this will be helpful to understand the na-
ture of r-preinvexity. On the other hand it will also be lay a foundation to study the applications in optimization
theory for r-preinvexity. In this paper we give some necessary and suffcient conditions of r-preinvexity. This will
provide some criteria to verify the r-preinvexity our main results generalize and improvesome corresponding results

in 1
2 Preliminaries

Definition 1 ' Let f X—R where X is a nonempty convex set in R". fis said to be r-convex on X if V¥ x
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log Ae” " + 1-) &7’ - r#0
yeX Vie 01 fy+A x-v S{ .

Mx + 1-Afy r=0

Definition 2 ** A nonempty set X CR" is said to be invex if there exists a vector-valued function X x X—
R" such that Yx yeX Vie 0 1 y+Anp xy eX.

Definition 3 **  Let XCR" be invex with respect to vector-valued function X x X—R" and f X—R. fis
said to be preinvex with respectto n if Vx yeX VYVie 01 fy+Apxy <AMx + 1-Afy.

Definition 4 °  Let XCR" be invex with respect to n X x X—»R". f X—R is said to be r-preinvex if Vx
log Ae” " + 1-) e’ - r#0
AMx + 1-Afy r=0 .

Condition C °  Let y X x X—R" and satisfy condition C if Yx yeX Yie 0 1 C, nyy+igpxy =
-Anpxy CGuonay+tdnpy y = l-Anxy.

Condition D7 Let XCR" be invex with respect to X x X—>R" and f X—R. fis said to be satisfied con-
dition Dif Va yeX fy +nax v <f«x.

yeX YVAe 01 fy+An xy S{

Lemma 1 ' Let F be a twice continuously differentiable real function on an open interval a b . Denote
by F' F" the first and second derivatives of F respectively. Then F is r-convex if and only if for every x e

a b rF' x *+F x =0.
3 Main Results

Avriel ' established the following result for r-convex function as follows.

Suppose that X CR" be a nonmepty convex set and f X—>R. Yx yeX VYAe 0 1 let#F x y A =
f y+A x—y . Then fis r-convex function if and only if ¥ x y A is r-convex function with respect to A in

01

In the following we give a generalization of above theorem and establish the equivalent condition of r-preinvex
function.

Theorem 1 Let XCR" be invex set with respect to n X x X—R" 7 satisfy condition C and f defined on X
satisfy condition D. Vx yeX VAe O 1 letF x y A =fy +An x y . Thenfis r-preinvex func-
tion with respect to 7 if and only if ¥ x y A is r-convex function with respect to A in 0 1

Proof We consider only the case when r >0 in other cases the proof is analogous. Assume that f is r-pre-
invex function with respect to  then Yx yeX VaAe 0 1

fy+an xy <log xe?!" + 1 -1 & ” 2

Next we prove that ¥ x y A is r-convex function with respectto A in 0 1 . Vo, aye 0 1 Ve

0 1.
If o =, the result is obvious.

) — o

<lI.

If ) >, then o, —a, >0 and a, #1. Thus we have 0 < 1
-,

From the condition C it follows that
nyton xy ytoan xy =n ytan xy + - nxy ytan xy =

a -«
nyton xy +1

o — o

2
mryton xy ytanry = nryton xy = o - nxy

-, l -a,
3
Then by 2 and 3  we obtain

Fxy o+td ap-a, =fy+ a,+A oy —a, mx Yy =
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S ytam vy +An ytam vy ytoemxy S
. 1
lOg Aerj)’+a1'r]xy + 1_A erfyﬁ»azn.r) Tzlog /\erFx)'a] + 1_)\ ernyaz

If ¢y <a, then a, —a; >0 and o, #1. Thus we have 0 <u$l.

1 -a,

From the condition C it follows that

nmytamxy ytamxy =nytamxy ytomxrxy + - nxYy

a, — o
nytam ¥y ytam xy £ X ytam vy =
1
a, — o
Tl MEYtamwy = a-a Ay 4
1

Then from 2 and 4  we have
Fxya+d aj—-a, =fy+ a,+A aj-a, mxy =
fy+am xy +An y+am xy y+om vy =
log Ae? "Femry 4 Loy e ey - =log Ae” "M 4 1) eFT @ -
By the definition of r-convex function F x y A is r-convex function with respect to A in 0 1
Conversely Vx yeX VAe O 1 suppose that the F x y A is r-convex function with respect to A in
0 1 . Then by the condition D we can obtain
fytanxy =Fxy X =Fxyr 1+ 1-2 -0 <

log e 7"+ 1-p e"7° %zlog PSRRI B L %ﬁlog PP R N
This completes the proof.

Remark 1 Obviously letn x ¥y =x-y Theorem 1 is concided with the result which was established by
Avriel in 1

In the following we give a characterization of r-preinvex function and establish an necessary and suffient con-
dition of twice continuously diffierentiable r-preinvex function by making use of Theorem 1.

Theorem 2 Let XCR" be open invex set with respect to n X x X—R" and 7 satisfy condition C. f defined
on X is twice continuously differentiable and satisfies condition D. Then f is r-preinvex function with respect to 7 if
andonly if Vx yeX r%wfy may “+mxy w2y naxy =0

Proof Suppose that fis a twice continuously differentiable r-preinvex function with respect to . By Theorem
1 VYVxyeX F xy A =fy+An x y isa twice continuously differentiable r-convex function with respect
toAin 0 1

From Lemmal VYAe O 1 we can obtain that

rFoxy A PHF xy A =0 5
Because
Flxyd =gy "%fy+in vy 6
Filxyd =maxy "Wfy+dngxy naxy
From 5 ~ 7 it follows that
rwfy+Anp xy maxy CH4npaxy "W y+dnpxy may =0 8

Let A>0"in 8 wehaver “fy maxy “+may "W ynpay =0
Conversely assume that Vx yeX wehaver wfy 'mxy “+m xy "wfynxy =0
Then by the condition C ¥VAe 0 1 y+An x ¥y eX and
rYfy+An xy maxy+Ap xy  CAmpxy +ARp xy W y+Anp xy maxy+An xy =0
Thus YAe 01 from condition C we haver F, x y A *+F| x y A =0.
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Again by Lemma 1l F x y A is r-convex function with respect to A in 0 1 . By the continuity of f
F x y A s r-convex function with respect to A in 0 1 . Therefore it follows that f is r-preinvex function with
respect to 7 by Theorem 1. This completes the proof.

Corollary 1 Let XCR" be open invex set with respect to X x X—R" and 7 satisfy condition C. f defined
on X is twice continuously differentiable and satisfies condition D. Then f is preinvex function with respect to the
vector valued function 7 if and only if Vx yeX n xy "% f y n x y =0.

Remark 2  Obviously Theorem 2 is a generalization of Theorem 5.2 which was established by Avriel in

Remark 3 We can verify r-preinvexity of some functions by making use of Theorem 2.

Example 1 lLet X= -3 -1 U 1 3 and X be an open invex set with respect to n where n x y =
x-yxye -3 -1
Bi-yxye 13 . . .
O . We can verify that 7 satisfies condition C.

-2-yxe 13 ye -3 -1
B
2-yxe -3 -1 ye 13
x+2 % -3<x< -1

Let f X—R be defined by f x = 5

¥=-2 " 1<x<3

Obviously f is twice continuously differentiable and satisfies condition D.

Furthermore let r= —% Vao yeX wehaver %fy 'pxy “+mxy "%y n xy =0. Then

_ 1
50

Remark 4 It is worth noting that the assumption that 7 satisfies condition C on X in Theorem 2 is essential.

J is r-preinvex function with respect to n r=

The following example illustrates this point.

Example 2 letf x =log 3-sinx n xy :;*x —y. Obviously X= 0

is open invex set with

respect to 77. But by the fact that p ¥ y+Anp vy # —An x y  holds when x =

e SIE

R
Y=% /\—2 we see

that 17 does not satisfy condition C.
Letr=1 Vx yeX wehaver wfy 'maxy “+mxy "%fynaxy =0

But by the fact that f y +Anp x vy  >log Ae” " + 1-A &7’ %holdswhenng y=1170 /\:%. Then

f x is not 1-preinvex function with respect to 7.
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