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Abstract:Inthispaper,aclassofvectoroptimizationproblemsisconsideredandε-efficiencyandtwokindsofproper
efficiency,namelyε-Bensonproperefficiencyandε-Geoffrionproperefficiencyareinvestigated.Theequivalenceis

provedfortwokindsofε-properefficiency.Atthesametime,ε-efficiencyischaracterizedbymakinguseoftheclas-
sicscalarizationmethodnamedasBenson’smethodwhichwasintroducedbyBenson:x0isanε-efficientsolutionof

problem(VP)ifandonlyifΨ=0forthescalaroptimizationproblem(VPv)correspondsto(VP).Ourresultsnot
onlyimproveandgeneralizesomeknownresultsandbutalsoshowthatε-properefficiencyintroducedbyRongWei-
dongandMaYicoincideswithε-properefficiencyintroducedbyLiuJen-chwan.
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Itiswellknownthattheconceptsofapproximatesolutionhasbeenplayinganimportantroleinvector
optimizationproblems.Kutateladzeinitiallyintroducedtheconceptofapproximatesolutionnamedasε-ef-
ficientsolutionandestablishedvectorvariationalprinciple,approximateKuhn-Tucherconditionsandap-
proximatedualitytheoremsin[1].ε-Efficiencyisanimportantkindofapproximateefficiencyinvectorop-
timizationproblemsandhasbeenstudiedbysomescholarsin[2-4].Recently,Liuproposedtheconceptof
anε-properefficientsolutionbymakinguseoftheideaofGeoffrionproperefficiencyandobtainedsome
linearscalarizationresultsin[5].RongandMaproposedtheconceptofε-properefficiencyintermsofthe
ideaofBensonproperefficiencyandestablishedthelinearscalarizationtheoremsin[6].

Motivatedbytheworksof[5-8],weprovetheequivalencefortwokindsofε-properefficiencyintro-
ducedbyLiuandRong,respectively.Furthermore,weobtainsomescalarizationresultsofε-efficiencyby
makinguseoftheclassicscalarizationmethodnamedasBenson’smethod.

1Preliminaries

Inthissection,wegivesomedefinitionsandnotationswhichwillbeusedthroughoutthispaper.Let
RnandRmben,mdimensionalEuclideanspace,respectively,Rm

+bethepointsinRm withallcoordinates

positiveornullandRm
+ +bethepointsinRmwithallcoordinatesstrictlypositive.Analogousdefinitionsfor

Rm
-,Rm

- -.Foranyx,y∈Rm,weconsiderthefollowinginequalities.x≧y⇔xi≥yi,foranyi=1,2,…,m;

x≥y⇔x≧yandx≠y;x>y⇔xi>yi,foranyi=1,2,…,m.
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TheinteriorandclosureofasetAaredenotedbyintAandcl(A),respectively.Thegeneratedcone
ofasetAisdefinedas ( )coneA =λaλ≥0,a∈{ }A .

Itiswellknownthatcone(A)isaconvexconeifthesetAisconvex.
Considerthefollowingvectoroptimizationproblem:

               (VP) min  f( )x
s.t. x∈S

whereS⊆Rnandf:S→Rm.WeassumethatthefeasiblesetSof(VP)isnonempty.LetJ= 1,2,…,{ }m .
Definition1[1] Letε∈Rm

+.Apointx0∈Sissaidtobeanε-efficientsolutionof(VP)ifthereisnox∈S
suchthatf( )x ≤fx( )0 -ε.Denoteε-Ef( )S ,Rm( )+ bytheε-efficientsolutionsetof(VP).

Definition2[5] Apointx0∈Sissaidtobeanε-properefficientsolutionof(VP)if,ⅰ)x0isanε-effi-

cientsolutionof(VP);ⅱ)thereexistsascalarM>0suchthatforeachi,wehavefi x( )0 -fi ( )x -εi

fj ( )x -fj x( )0 +εj
≤

M,forsomejsuchthatfj x( )0 <fj ( )x +εj,wheneverx∈Sandfi x( )0 >fi ( )x +εi.
Denoteε-PEf( )S ,Rm( )+ bytheε-properefficientsolutionsetof(VP).
Definition3[6]Apointx0∈Sissaidtobeanε-properefficientsolutionof(VP)if

clconef( )S +Rm
++ε-fx( )( )0 ∩ -Rm( )+ { }= 0

2Equivalenceofε-properefficiency
Inthissection,weprovetheequivalenceofthedefinitionofε-properefficiencyintroducedbyLiuin[5]and

thedefinitionofε-properefficiencyintroducedbyRongandMain[6].
Theorem1 Definition2isequivalenttoDefinition3.
Proof Assumethatx0satisfiesDefinition3,itisclearthatx0isanε-efficientsolutionof(VP).As-

sumethatⅱ)isnottrueinDefinition2.LetMkbeanunboundedsequenceofpositivenumbers.Without
lossofgenerality,assumethatforallMk,therearexk∈Ssuchthatf1 x( )0 >f1 x( )k +ε1and

f1 x( )0 -f1 x( )k -ε1
fj x( )k -fj x( )0 +εj

>Mk (1)

foranyj∈ 2,3,…,{ }m withfj x( )0 <fj x( )k +εj.Choosingasubsequenceifnecessary,wecanassume

thatI
~

=i∈J fi x( )k >fi x( )0 -ε{ }i isconstantforallk.Sincex0isanε-efficientsolutionof(VP),I
~

isa
nonemptyset.Let

tk= 1
f1 x( )0 -f1 x( )k -ε1

(2)

Clearly,tk>0forallk.Letrk
i=

0,i=1

0,i∈I
~

fi x( )0 -fi x( )k -εi,i≠1andi∉I

ì

î

í

ï
ïï

ï
ï

~

.Clearly,rk∈Rm
+forallk.From(1)

and (2),wehavetk fi x( )k +rk
i+εi-fi x( )( )0

=-1,i=1

∈ 0,1M
æ

è
ç

ö

ø
÷

k
,i∈I

~

=0,i≠1andi∉I

ì

î

í

ï
ïï

ï
ïï

~

.Thesequenceconvergestod=

-1,0,0,…,( )0 sinceMk→¥.Obviously,d∈clconef( )S +Rm
++ε-fx( )( )0 ∩ -Rm( )+ .Thereisacon-

tradiction.
Conversely,assumethatx0isanε-efficientsolutionof(VP)andx0doesnotsatisfyDefinition3.
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Thenthereexistsanonzerovectordsuchthat
d∈clconef( )S +Rm

++ε-fx( )( )0 ∩ -Rm( )+ (3)

Withoutlossofgenerality,wemayassumethatd1<-1anddi≤0fori=2,3,…,m.Hencefrom (3),

thereexistt{ }k ⊂R+,x{ }k ⊂Sand r{ }k ⊂Rm
+suchthat

tk fx( )k +rk+ε-fx( )( )0 →d (4)

Choosingsubsequencesifnecessary,wecanassumethatI
~

=i∈J fi x( )k >fi x( )0 -ε{ }i isthesamefor
allkandnonemptybyusingε-efficiencyofx0.LetM>0.From(4)andtk→¥,wehavethatthereexists
k0suchthatforallk≥k0

f1 x( )k -f1 x( )0 +ε1<-12tk
(5)

and fi x( )k -fi x( )0 +εi≤ 1
2Mtk

,i=2,3,…,m (6)

Inparticular,fori∈I
~

andk≥k0,itfollowsthatfrom(6),

0<fi x( )k -fi x( )0 +εi≤ 1
2Mtk

(7)

Hence,from(5)and(7),fork≥k0andi∈I
~
,wecanobtainthatf1 x( )0 -f1 x( )k -ε1

fi x( )k -fi x( )0 +εi
>M.Thereisa

contradiction.
Remark1 Ifε=0,thenTheorem3.1reducestoTheorem3.2in[7].

3Scalarizationandε-efficiency
Inthissection,weobtainsomescalarizationresultsofε-efficiencybymakinguseoftheclassicscalar-

izationmethodasBenson’smethod.
Considerthefollowingscalaroptimizationproblemcorrespondsto(VP):

(VPv)  Ψ=sup∑
j∈J

vj,

                 s.t.   
fj x( )0 -vj-εj-fj ( )x =0,∀j∈J
vj≥0,∀j∈J
x∈

ì

î

í

ï
ï

ïï S
Theorem1 x0∈ε-Ef( )S ,Rm( )+ ⇔Ψ=0.
Proof Let x,( )v beafeasiblesolutionof(VPv).Fromvj≥0forj∈Jandthedefinitionofvj

asfj x( )0 -εj-fj ( )x ,wehave

∑
j∈J

vj=0⇔vj=0,j∈J⇔fj x( )0 -εj-fj ( )x =0,j∈J (8)

Assumethatx0∉ε-E f( )S ,Rm( )+ .Thenthereexistsx̂∈Ssuchthatf x( )^ ≤f x( )0 -ε.This
meansthatvj>0forsomej∈J.ButforΨ=0and(8),weknowthatitisimpossible,i.e.,x0∈ε-
E(f(S),Rm

+).Ontheotherhand,ifx0∈ε-Ef( )S ,Rm( )+ ,itisclearthatvj=0forj∈JandhenceΨ=0.
Theorem2 IfthesupremumΨfor(VPv)isfiniteandisattainedatthepoint x0,v( )0 ,thenx0∈ε-

Ef( )S ,Rm( )+ .

Proof Assumethatx0∉ε-Ef( )S ,Rm( )+ .Thenthereexistsx̂∈Ssuchthatfx( )^ ≤fx( )0 -εwith

atleastonestrictinequality.Definev̂=fx( )0 -fx( )^ -ε.Then

v̂j=fj x( )0 -fj x( )^ -εj≥fj x( )0 -fj x( )0 +εj=εj≥0,j∈J
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Hence,x̂,v( )^ isfeasiblefor(VPv)andv̂j>v0jforsomej∈J.Therefore,∑
j∈J

v̂j>∑
j∈J

v0
j .Thisisimpossi-

blebecause x0,v( )0 isanoptimalsolutionof(VPv).
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运筹学与控制论

向量优化问题的ε-有效性

赵克全,万 轩,彭 婕

(重庆师范大学 数学学院,重庆400047)

摘要:研究了一类向量优化问题的ε-有效性和两类真有效性,包括ε-Benson真有效性和ε-Geoffrion真有效性。首先证明了这

两类真有效性之间的等价关系。同时,利用Benson标量化方法给出了向量优化问题的ε-有效解的一些标量化结果。x0 是问

题(VP)的ε-有效解当且仅当对应于问题(VP)的表量化问题(VPv)有Ψ=0。本文的主要结果不仅是对一些已有结果的改进

与推广,而且也表明戎卫东与马毅提出的ε-真有效性与LiuJen-chwan提出的ε-真有效性的一致性。
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