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Abstract:LTcodesareaclassofforwarderrorcorrectionchannelcodeswhicharedevelopedtorecoverchannelpacketera-
sures.Theyhaveamultipleofusesincomputerscience,networktransmission,mediastorage,largefiledownloadandso
on.InthedesignofLTcodes,thedegreedistributionisthekeytosuccessfuldecodingaswellasfastoperation.Thispa-
perpresentsanoveldesignwithaweakeneddistributionforpriordecodingandanimprovingdistributionforposteriorde-
coding.Sincetheweakeneddistributionhasalowaveragedegree,itsubstantiallyincreasesboththeencodinganddecoding
speed,whiletheimprovingdistributionhasahighaveragedegreethatenhancesthesuccessfuldecodingprobability.With
aseriesofsimulations,weobservedthattheoverheadaswellastheXORoperationsiscutabout50%comparedwiththe

referencedesignofRobustSolitondistribution.
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1 Introduction
LTcodes[1]haveattractedgreatattentioninsuchapplicationsaspeer-to-peertransmission,scalablevideo

streaming,largefiledownloadandsoon[2-4],duetotheirasynchronouscoding-decodingcharacteristicbetween
sendersandreceivers.Thesendersinfinitelygeneratecontinuousencodingsymbolsfromafinitesetofsource
symbols.Eachencodingsymbolisindependentoftheothers.Disregardingwhichportionoftheencodingsym-
bolsisreceivedbythereceiversorinwhatorderitisreceived,decodingissuccessfulifonlytheencodingsize
islargeenough.

However,LTcodeshavetwoprimarydrawbacks.Oneisthattheoverheadisasymptoticalwiththe
sourcesize.Forasufficientlylargesourcesizeitreachesafloornearzero,butforasmallsourcesize[5]itissig-
nificantandresultsinagreatwasteofchannelcapacity.TheotheristhatLTcodesrelyonRobustSolitonde-
greedistribution[1]toachievehighdecodingprobability.Eachencodingsymbolisgeneratedbyonaverage
O(ln(K/δ)XORoperationsandoveralldecodingrequiresO(Kln(K/δ))XORoperations.

ThereareseveralimprovementforLTcodes,e.g.Gaussianeliminationalgorithm[6]cansuppressover-
head;theconcatenationcodestructure[7]canreducedecodingoperations.Inthevariousapproaches,wehavea
heuristicideaofdesigningtheencodingprocesswithmixedtypesofdegreedistributions,whichisnamedjoint
degreedistributionLT(JDD-LT).WithoutchangingthebasicLTstructure,twoencodingstagesareintro-
duced,apriorstageandaposteriorstage.Inthepriorstage,eachencodingsymbolisgeneratedwiththe
weakeneddistributiontargetingrecoveringthemajorityofthesourcesymbols.Intheposteriorstage,thedis-
tributionisreplacedbytheimprovingdistributiontargetingrecoveringtheremainedsourcesymbols.Thede-
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signhastwoadvantages:first,itinheritsthedecodingalgorithmofBelief-Propagation(BP)[1]withlowdeco-
dingoperations;second,itisaccustomedtoawiderangeofsourcesizeswithoutinnercode[7]constraint.Sim-
ulationsshowthatcomparingthesingleRobustSolitondistributionLTdesigntheJDD-LTdesignhaslowero-
verheadwhilereducingboththeencodinganddecodingoperations.

Thepaperisorganizedasfollows:Chap.2introducesthebasicknowledgeofLTcodes;Chap.3analyzes
theJDD-LTdesign;Chap.4presentsthesimulationresultscomparingthesingleRobustSolitondistribution
LTdesign;Chap.5concludesthepaper.

2LTcodesandcharacteristics
BeforeintroducingtheJDD-LTdesign,wehaveabriefoverviewofthebasicknowledgeofLTcodes[1].

2.1Encodinganddecoding
Anencodingsymbolisgeneratedasfollows:firstly,chooseanintegerdfromtheset{1,…,K}according

toaspeciallydesigneddistributionΩ(x)=∑K
i=1ΩixiinwhichΩirepresentsthechoosingprobabilityoni;sec-

ondly,randomlygenerateaweight-dvectoronFK
2andchoosedsourcesymbolscorrespondingtothepositions

of1’sinthevector;finally,performXORoperationsonthedchosensymbols.disthedegreeoftheencoding
symbolandΩ(x)isthedegreedistribution.

Ifreceivingasufficientportionofencodingsymbols,theKsourcesymbolscanberecoveredbythefollow-
ingiterations:onabipartitegraph,adegree-1encodingsymboliscopiedtoitsneighbor,recoveringonesource
symbol;therecoveredsourcesymbolissubsequentlyperformedXORoperationsonitsneighbors,releasing
moredegree-1encodingsymbols;thereleasedencodingsymbolsrepeatthisprocessuntildecodingfinishes.
Decodingissuccessfulifallthesourcesymbolsarerecovered,anddecodingfailsifanydegree-1encodingsym-
bolsdisappearduringtheprocess.
2.2Releaseprobability

Timeisdefinedasthenumberofthesourcesymbolsalreadyrecovered.Anencodingsymboliscalled‘re-
leased’ifithasd-2recoveredneighborsattimeK-(L+1),oneneighborisexactlyrecoveredattimeK-L
andtherestneighborisamongtheLunrecoveredones.Anexampleofthereleasedd=4encodingsymbolis
showninFig.1Foradegree-d (d≠1)encodingsymbol,thereleaseprobabilityattimeK-L (1≤L≤K-
d+1)is

Fig.1 Anexampleofthereleasedd=4encodingsymbol

Q(K,d,L)=
L·d(d-1)·∏

d-3

i=0
K-(L+1)-i

∏
d-1

i=0
K-i

(1)

Particularly,ford=1theencodingsymbolisreleased
attime0,Q(K,1,K)=1.

Therearesuchcharacteristics:asLgraduallydecreases
1)theencodingsymbolsoflowerdegreestendtore-

leaseatearliertime,andthoseofhigherdegreestendtore-
leaseatlatertime;

2)thereleaseprobabilityofanyencodingsymbolintheoverallprocessis1;

3)for3≤d≤éK/2ù,Q(K,d,L)increases,reachesapeak,andthendecreases,andfor éK/2 ù<d≤K,
Q(K,d,L)continuouslyincreasesuntilthepeakatL=1;

4)thepeakvalueofthereleaseprobabilityforadegree-dencodingsymbolenlargeswithdincreasingfrom
3toK.
2.3Degreedistribution

AssuggestedinRef.[1],gooddegreedistributionsshouldsatisfytworequirements:thenumberofre-
quiredencodingsymbolsforsuccessfuldecodingisassmallaspossibleinordertosuppressoverhead;thetotal
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degreeoftheencodingsymbolsisassmallaspossibleinordertoreduceXORoperations.
TheoptimaldistributionsatisfyingtherequirementsistheoreticallyIdealSolitondistribution,whichkeeps

thedegree-1encodingsizetobeconstantly1throughoutthedecodingprocess,i.e.eachtimeasourcesymbol
isrecovered,exactlyoneencodingsymbolisreleased.CompleterecoveryoftheKsourcesymbolsrequiresex-
actlyKencodingsymbols,however,thesolitarydegree-1encodingsymbolisactuallydifficulttopreservedur-
ingtheprocessanddecodingiscommonlyinclinedtointerrupt.BasedontheconceptofIdealSolitondistribu-
tion,RobustSolitondistributionisintroducedandgenerallyadoptedbymanyLTdesigns,whichpossessan

enlargeddegree-1encodingsizeofcln(K/δ)K whilekeepingaconstantreleaserate.Withthisdistribution,

KsourcesymbolscanberecoveredwithadditionalO(ln2(K/δ)K)encodingsymbols,andO(Kln(K/δ)XOR
operations.Theperformancedependsontheparameterset(K,δ,c),whichisstudiedbyRef.[8].

3 JDD-LTdesign
AmessageisdividedintoKequallengthsourcesymbols,andtheencodingsymbolsaregeneratedwiththe

weakeneddistributionΩWD.ThedecodercollectsanddecodesthemusingBPalgorithm.AfterγK(0<γ<1)

sourcesymbolsarerecovered,theimprovingdistributionΩIDisappliedandtheremainedsourcesymbolsare
recovered.
3.1Priorstage

ThisstageaimsatpartialrecoveryandtheweakeneddistributionΩWDissuggested[7]

ΩWD(x)=0.008x+0.494x2+0.166x3+0.073x4+0.083x5+0.056x8+
0.037x9+0.056x19+0.025x65+0.003x66 (2)

Theaveragedegreeofthecorrespondingencodingsymbolsisconstantlyabout5.87.Inordertoevaluate
thedistributionperformance,wedefinethecumulativeprobability

Pc(γ)=
∑
N

j=1
n(γ≤γj≤1)

K
,0≤γ≤1 (3)

 Fig.2 Cumulativeprobability,ε=0.05

whereNisthenumberoftrials,γjistherecoveryfrac-

tioninthejthtrial,andnisthenumberoftheunrecovered
symbolsineachtrial.LetN=5000,respectivelyK=2000,

K=3000andK=4000.Pc(γ)fortheconstantoverheadε=0.
05isshowninFig.2.

Thethreecurvesuniversallydropsharplyinthefinal1%
fractionandceasebeforeγ=1.Itisimpliedthatin5000trials
foreachsourcesizetheencodingsymbolsarestablyrecovered
foraratioofγ=0.99.
3.2Posteriorstage

LetΩISDrepresenttheidealsolitondistributionmentioned

inChap.2.3

ΩISD(i)=
1/K,i=1
1/i(i-1),i=2,…,{ K

(4)

Letr(1≤r<K)representthenumberoftheexpectedhigherdegreeterms.ByremovingthefirstK-r
lowerdegreetermsandmakingnormalization,weobtain

ΩID(i)= ΩISD(i)

∑
K

i=K-r+1
ΩISD(i)

=
(K-r)K
ir(i-1)

,K-r+1≤i≤K (5)

ThenewdistributionΩIDistheimprovingdistribution.Forlackingthelowerdegreeterms,ΩIDtargetsthe
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posteriorstagethatrequireslargereleaserateasthemajorityofthesourcesymbolsarerecovered.
AsintroducedinChap.2.2,adegree-dencodingsymboltobereleasedattimeK-Lhastheprobability

Q(K,d,L).Theprobabilitythatanencodingsymboltobechosenasdegree-dandreleasedattimeK-Lis
R(K,d,L)=ΩID(d)Q(K,d,L) (6)

Sinceeveryencodingsymbolhasaninfluenceonrelease,theoverallreleaseprobabilityattimeK-Lis

R(K,L)= ∑
K-L+1

i=1
ΩID(i)Q(K,i,L) (7)

AssumeγKencodingsymbolsarerecovered

R(K,L)= ∑
K-L+1

i=K-r+1
L·

(K-r)K
r

·
∏
i-3

j=0
K-(L+1)-j

∏
i-1

j=0
K-

é

ë

ê
êê

ù

û

ú
úúj

(8)

Thereleaseprobabilityoftheposteriorstageisanalyzedunderseveralvaluesofrandγ=0.99.Fig.3and
Fig.4demonstratetheinfluenceofKandronthefinal1%unrecoveredsourcesymbols.Particularlyasr=
K-1,i.e.onlythedegree-1termisremovedfromtheIdealSolitondistribution,itisobservedthattherelease
probabilitykeepsapproximatelyconstant(about1/K),whichisalmostcorrespondenttotheIdealSolitondis-
tribution.Byremovingmoreofthelowerdegreeterms,inthecaseofr=K-50,releaseprobabilityuniversal-
lyincreasesforeachcaseoftheunrecoveredsizeL.Theenlargedfractionofthehigherdegreetermsacceler-
atestheposteriorreleaserate.Inthecaseofr=K-100,theposteriorreleaseprobabilityisevenhigher,

whichisclosetoorevenlargerthan0.01.Itisimpliedthateachoftheremainedsourcesymbolscanberecov-
eredwithfewerencodingsymbolscomparedwiththecaseofalargerr.Ifrisreducedfurther,e.g.r=
K-200andr=K-300,thereleaserateinclinestowardthelowerpartofL,andforthehigherpartitwitnes-
sesaslightdecreasewhichsuggestsdeteriorationofthebeginningrateintheposteriorstage.

    
     Fig.3 Releaseprobability,K=3000,γ=0.99       Fig.4 Releaseprobability,K=6000,γ=0.99

4Simulationresults
Theperformanceismeasuredintermsofdecodinginefficiency(theaveragevalueof1+ε),encodingspeed

(averagedegreeperencodingsymbol),anddecodingspeed(thenumberofXORoperationsforoveralldeco-
ding).SimulationsareunderavarietyofsourcesizesrangingfromK=3000toK=10000.Eachsampleona
curveiscomputedbyaveragingthevaluesof1000trials.ForJDD-LTdesign,γ=0.99,r=K-100.Twosta-
gesarerespectivelydisplayed,theresultofthepriorstageisdenotedbyJDD-1,andthatoftheposteriorstage
isdenotedbyJDD-2.ForthereferencedesignwithRobustSolitondistribution(denotedbyRSD),theopti-
mizedparametersδ=0.01andc=0.02areselectedbasedonRef.[8].

ThedecodinginefficiencyisshowninFig5.ForRSDdesign,itstartsat1.098atK=3000andgradually
dropsto1.058atK=10000.Theoverheadεapproachesafloornearzerowithincreaseofthesourcesize.
JDD-LTdesignhasthesimilarcharacteristicasRSDdesign,buttheinefficiencyissubstantiallylower.The
valuesarerespectively1.043atK=3000and1.02atK=10000asforJDD-1,andrespectively1.05and1.
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029asforJDD-2.TheaverageoverheadforJDD-LTdesignishalfofthatforRSDdesign.
TheaveragedegreepersymbolisshowninFig.6.ThevaluesofRSDdesignstartat15.91(K=3000)

andslowlyincreaseto18.17(K=10000),andthoseofJDD-LTdesignarecorrespondingly8.496and10.01.
Notethatforthepriorstage(JDD-1)theaveragedegreeisconstantly5.87.Inall,theaveragenumberofXOR
operationsforgeneratinganencodingsymbolbyJDD-LTdesignishalfofthatbyRSDdesign.

         
      Fig.5 DecodinginefficiencyVSsourcesize             Fig.6 AveragedegreeVSsourcesize

Fig.7 DecodingspeedVSsourcesize

  ThenumberofXORoperationsfordecodingisshownin
Fig.7.ItwitnessesaboutahalfdecreaseontheJDD-2curve
comparingtheRSDcurveconcerningeverysourcesize.The
lowestpointoftheJDD-2curveis0.268×105(K=3000)and
thehighestpointis1.03×105(K=10000),andthoseofthe
RSDcurvearerespectively0.524×105(K=3000)and1.922
×105(K=10000).Theimprovementismainlycontributedby
theJDD-1stagewiththeweakeneddegreedistributionreducing
theoveralldegreeoftheencodingsymbols.ShownontheJDD-
1curve,thelowestpointis0.184×105(K=3000)andthe
highestpointis0.599×105(K=10000).Foreachofthethree
curves,thenumberofXORoperationsstablyincreasesinap-
proximatelinearity.Notethattheslopesaredifferent.FromthehighesttothelowestarerespectivelyRSD,

JDD-2andJDD-1.ItisfurtherimpliedthatthenumberofXORoperationsincreasesslowerwiththesource
sizeforJDD-LTdesignthanforRSDdesign.

5Conclusion
ThispaperproposesajointdegreedistributionLTcodesdesignwithaweakeneddegreedistributionfor

thepriorencodingstageandanimprovingdegreedistributionfortheposteriorencodingstage.Thecombina-
tionofthetwodistributionssuppressestheoverheadwhileenhancingtheencodinganddecodingspeed.Simu-
lationsdemonstratetheimprovementcomparingthesingleRobustSolitondistributiondesign.
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一种联合度分布LT码设计

马 耀 国

(重庆师范大学 信息技术中心,重庆401331)

摘要:LT码是一类前向纠错信道编码,用于纠正信道分组删除 (Packeterasure)。这类编码具有广泛的用途,包括计算机科学、

网络传输、媒体存储、大文件下载等等。在LT码的设计中,度分布是成功解码和快速运算的关键。这篇文章展示了一种新的

LT码设计,它将弱分布用于前期解码,再将增强型分布用于后期解码。由于弱分布具有低的平均度数,它可以显著地增加编码

及解码的速度。同时,增强型度分布具有高的平均度数,能够提高成功解码的概率。通过一系列的仿真,笔者观察到这种设计

的编码冗余度和编解码所需的异或运算量比使用Robustsoliton分布的参考方案降低大约50%。

关键词:LT码;度分布;释放速度;冗余度;XOR运算
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