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Abstract:Inthispaper,wediscussthenormalitycriterionconcerningsharedholomorphicfunctions,andprovethatifFbe
afamilyofmeromorphicfunctionsinadomainD,L[f]=a0f′+a1f(a0≠0),anda,b,c,dbefourholomorphicfunctions
inD.Foreachf∈F,ifa(z)≠d(z),b(z)+a1(z)a(z)+a0(z)a′(z)≠2c(z),c(z)-a0(z)a′(z)-a1(z)a(z)≠0,f(z)=
a(z)⇔L[f](z)=b(z)andL[f](z)=c(z)⇒f(z)=d(z),thenFisnormalinD.
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1Introductionandmainresults
LetDbeadomaininC,andFbeafamilyofmeromorphicfunctionsdefinedinadomainD.Fissaidtobe

normalinD,inthesenseofMontel,ifforanysequence{fn}⊂F,thereexistsasubsequence fn{ }
j suchthat

fnjconvergessphericallylocallyuniformlyinD,toameromorphicfunctionor¥[1-3].
Letg(z)beameromorphicfunction,abeafinitecomplexnumber.Iff(z)andg(z)assumethesameze-

ros,thenwesaythatshareaIM (ignoringmultiplicity)[1,4-5].
In2005,Chang,FangandZalcman[6]gotthefollowingresults.
TheoremA LetFbeafamilyofmeromorphicfunctionsdefinedinadomainD.andleta,b,canddbe

complexnumberssuchthatb≠0,c≠aandd≠b.Ifforeachf∈F,f=a⇔f′=bandf=c⇒f′=d,thenFis
normalinD.

In2012,Lü[7]replacedtheconditionf=a⇔f′=bandf=c⇒f′=dbyf(z)=a(z)⇔L[f](z)=b(z)and
f(z)=c(z)⇒L[f](z)=d(z)andprovedthefollowingresult.

TheoremB LetFbeafamilyofmeromorphicfunctionsinadomainD,letL[f]=a0f′+a1f(a0≠0),and
leta,b,c,dbefourholomorphicfunctionsinD.Foreachf∈F,if1)a(z)≠c(z);2)b(z)-a1(z)a(z)-
a0(z)c′(z)≠0;3)b(z)-a1(z)c(z)-a0(z)c′(z)≠0;4)f(z)=a(z)⇔L[f](z)=b(z)andf(z)=c(z)⇒
L[f](z)=d(z),thenFisnormalinD.

Anaturalquestionis:whetherFisnormalifwereplacetheconditionf(z)=c(z)⇒L[f](z)=d(z)in
TheoremBbyL[f](z)=c(z)⇒f(z)=d(z).
Inthispaper,weanswerthisquestionbythefollowingresult.
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Theorem1 LetFbeafamilyofmeromorphicfunctionsinadomainD,letL[f]=a0f′+a1f(a0≠0),and
leta,b,c,dbefourholomorphicfunctionsinD.Foreachf∈F,if1)a(z)≠d(z);2)b(z)+a1(z)a(z)+
a0(z)a′(z)≠2c(z);3)c(z)-a0(z)a′(z)-a1(z)a(z)≠0;4)f(z)=a(z)⇔L[f](z)=b(z)andL[f](z)=
c(z)⇒f(z)=d(z),thenFisnormalinD.

Ifa0=1anda1=0inL[f](z),wefindthatthecondition2)canreducetob(z)+a′(z)≠2c(z).
Thus,thefollowingcorollaryisanimmediatelyconsequenceofTheorem1.
Corollary1 LetFbeafamilyofmeromorphicfunctionsinadomainD,leta,b,c,dbefourholomorphic

functionsinD.Foreachf∈F,if1)a(z)≠d(z);2)b(z)+a′(z)≠2c(z);3)c(z)-a′(z)≠0;4)f(z)=
a(z)⇔f′=b(z)andf′=c(z)⇒f(z)=d(z),thenFisnormalinD.

2SomeLemmas
Lemma1 (Zalcman’sLemma)[8]LetFbeafamilyofmeromorphicfunctionsintheunitdiscΔ,allof

whosezeroshavemultiplicityatleastk,andsupposethatthereexistsA≥1suchthat|f(k)(z)|≤Awhenever
f(z)=0.IfFisnotnormalatz0intheunitdisc,thenthereexist,foreach0≤α≤k.

1)arealnumberr,r<1;2)pointszn,|zn|<r;3)positivenumbersρn,ρn→0+;4)functionsfn,fn∈F,

suchthatgn(ξ)=
fn(zn+ρnξ)

ρα
n

→g(ξ)locallyuniformly,wheregisanon-constantmeromorphicfunctioninC,

allofwhosezeroshavemultiplicityatleastk,suchthatg#(ξ)≤g#(0)=kA+1.Inparticular,ghasorderat
mosttwo.

Lemma2[9] LetgbeameromorphicfunctionwithfiniteorderonC.Ifghasonlyfinitelymanycritical
values,thenithasonlyfinitelymanyasymptoticvalues.

Lemma3[10] Letg(z)beatranscendentalmeromorphicfunctionsuchthatg(0)≠¥ andthesetoffinite
onCsuchthatthesetoffinitecriticalandasymptoticvaluesofg(z)isbounded.Then,thereexistsR>0,

suchthat|g′(z)|≥|g
(z)|

2π|z|log
|g(z)|

R .

Lemma4[4] Supposethatf(z)ismeromorphicandtranscendentalintheplane.Thenasr→¥,T(r,f)≤

2+1æ

è
ç

ö

ø
÷

l N r,1æ

è
ç

ö

ø
÷

f + 2+2æ

è
ç

ö

ø
÷

l N r, 1
f(l)

æ

è
ç

ö

ø
÷

-1 +S
(r,f).

Lemma5[11] Letf(z)=anzn+an-1zn-1+…+a0+q(z)
p(z)

,wherea0,a1,…,anareconstantswithan≠0,

q(z)andp(z)aretwocoprimepolynomialswithdegq(z)<degp(z),kbeapositiveinteger.Iff(k)≠1,then

wehave:i)n=k,andk!ak=1;ii)f(z)=1k!z
k+…+a0+ 1

(az+b)m
;iii)Ifthezerosoffareoforder≥k+

1,thenm=1inii)andf(z)=
(cz+d)k+1
az+b

,wherec(≠0),dareconstants.

Lemma6[12] Letfbearationalfunctionsuchthatf′≠0onC.Then,eitherf=az+borf= a
(z+z0)n+

b,wherea(≠0),bandz0areconstants,andnisapositiveinteger.
Lemma7 LetFbeafamilyofmeromorphicfunctionsinadomainD,aandbbedistinctcomplexnum-

bersanda≠2b.Ifforf∈F,f(z)=0⇔f′(z)=aandf′(z)≠b,thenFisnormalinD.
Proof SupposethatFisnotnormalinD,thenthereexistsz0∈D,suchthatFisnotnormalatz0.By

Lemma1,forA=max{|a|,|b|},thereexistasequenceoffunctionfn∈F,asequenceofcomplexnumbers
zn→z0andasequenceofpositivenumbersρn→0,suchthatgn(ξ)=ρ-1

n fn(zn+ρnξ)→g(ξ),sphericallylocally
uniformlyinC,whereg(ξ)isanon-constantmeromorphicfunction.Moreover,g(ξ)isoforderatmost2,
andg#(ξ)≤g#(0)=A+1forallξ∈C.

Weclaim:i)g(ξ)=0⇔g′(ξ)=a,ii)g′(ξ)≠b.
Supposethatg(ξ0)=0.ThenbyHurwitz’stheorem,thereexistξn,ξn→ξ0,suchthatgn(ξ)=ρ-1

n fn(zn+
ρnξn)=0(fornsufficientlylarge).Thusf′n(zn+ρnξn)=a,inthelimitasn→¥ weobtaing′(ξ0)=a,Thisis
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g(ξ)=0⇒g′(ξ)=a.
Supposenowthatg′(ξ)=a,Weclaimthatg′(ξ)≢a,Indeed,Ifg′(ξ)≡a,wehaveg(ξ)=aξ+C,whereCisa

constant.Byasimplecalculation,weobtaing#(0)≤|a|≤A<A+1,whichcontradictthatg#(0)=A+1.
Sinceg′(ξ)=abutg′(ξ)≢aandf′n(zn+ρnξ)-a⇒g′(ξ)-aonsomeneighborhoodofthepointξ0,ξn→ξ0,

suchthatf′n(zn+ρnξ)=a.Thus,fn(zn+ρnξn)=0.Itiseasytodeducethatg(ξ0)=0.Thus,weprovei).
Nextweproveii).Supposeg′(ξ0)=b,Weclaimthatg′(ξ)≢b.Indeed,Ifg′(ξ)≡b,wehaveg(ξ)=bξ+

C,whereCisaconstant.Byasimplecalculation,weobtaing#(0)≤|b|≤A<A+1,whichcontradictthatg#

(0)=A+1.
Thus,byHurwitz’stheorem,thereexistsasequenceξn→ξ0,suchthatf′n(zn+ρnξn)=b.Sincef′n(z)≠b,

wehavef′n(zn+ρnξn)≠b,whichisacontradiction.Thus,ii)isproved.
Supposethatgisnotarationalfunction,byLemma4andg′(ξ)≠b,weknowgmusthaveinfinitelymany

zerosξ{ }n ,andξn→¥(n→¥).Leth(ξ)=g(ξ)-bξ,thenh′(ξ)=g′(ξ)-b≠0.Itiseasytoseethath(ξ)isa
meromorphicfunctionwithfiniteorder.Thus,fromLemma2andLemma3,thereexistsR>0suchthat
|ξnh′(ξn)|
|h(ξn)| ≥

1
2πlog

|h(ξn)|
R =12πlog

|bξn|
R →¥,n→¥,whichcontradictswith|ξnh′(ξn)|

|h(ξn)| =
a-b
b .

Thus,g(ξ)isarationalfunction.
Next,weconsiderthefollowingtwocases.

Case1 Ifb=0,fromg′≠bandLemma6,wehaveg=αξ+βorg=
α

(ξ+ξ0)n
+β,whereα,β,ξ0arecon-

stants,andnisapositiveinteger.Supposeg=αξ+β,theng=0hasasinglezeroξ=
-β
α
,meanwhileg′=αhas

infinitelymanyzeros.Itcontradictswithg(ξ)=0⇔g′(ξ)=a.Thus,g=
α

(ξ+ξ0)n
+β.Ifa=0,whichcontra-

dictswiththataandbaredistinctconstants.Ifa≠0,thenthenumberofzerosofg=0isatmostn,mean-

whilethenumberofzerosofg′= -nα
(ξ+ξ0)n+1

=aisn+1,whichcontradictswithg(ξ)=0⇔g′(ξ)=a.

Case2 Ifb≠0,wedistinguishthreecases.
Case2.1 Ifgisapolynomial.Fromg′≠b,wehaveg=αξ+β,whereα(≠0),β(≠b)areconstants,in

thesamemannerasabove,wegetacontradiction.

Case2.2 Ifg=q
(ξ)

p(ξ)
,whereq(ξ)andp(ξ)arecoprimepolynomials,anddegq(ξ)<degp(ξ).Byasimplecalcu-

lation,weobtainthat0istheonlyonedeficiencyvalueofg′=q′p-p′qp2 ,whichcontradictswithg′≠b,b≠0.

Case2.3 Ifg(z)=anξn+an-1ξn-1+…+ξ0+
q(ξ)
p(ξ)

,wherea0,a1,…,anareconstantswithan≠0,qandp

aretwocoprimepolynomialswithdegq<degp,andnisapositiveinteger.Becausegisarationalfunction,by
Lemma5,wehave

g(z)=bξ+a0+
A

(cξ+d)m
,g′(ξ)=b-

Acm
(cξ+d)m+1

, (1)

wherea0,c(≠0),d,A≠0areconstants,misapositiveinteger.Supposea=0,thenfromi),weobtainthat

themultiplicityofzerosofgisatleast2.Thus,therootsnumberofg=0isatmostm+1
2
,andtherootsare

differentfromeachother,meanwhileg′=0hasm+1distinctroots,whichcontradictswithi).Thusa≠0,

fromi),weknowthattherootsofg=0andg′=aareallsimple.Therefore, g
g′-aisaentirefunctionandhas

uniquezero-d
c whichisthepoleofg.So

g
g′-a≡k

(cz+d)l, (2)
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wherekisanonconstantandlisapositiveinteger.
From(1)and(2),weget

b
c
(cξ+d)m+2+ a0-bdæ

è
ç

ö

ø
÷

c
(cξ+d)m+1+A(cξ+d)≡(b-a)k(cξ+d)m+l+1-Acmk(cξ+d)l. (3)

Accordingto(3),weobtainl=1,a0-bdc=0
,and(m+1)b=a(m=1,2,…).Especially,ifm=1,wehavea=

2b,whichcontradictstheassumption.
Therefore,FisnormalinD.Lemma7isprovedcompletely.

3ProofofTheorems
3.1.ProofofTheorem1

Sincenormalityisalocalproperty,weassumethatD=Δ,theunitdisc.SetF1={F:F=f-a,f∈F},In
viewoftheformofL[f]andtheassumption,wecaneasilydeduceF(z)=0⇔F′(z)=φ(z),whereφ(z)=
b-a1a-a0a′

a0
.

SupposethatFisnotnormalatz0∈Δ.LetM=maxz∈D1
{|φ(z)|},andA=max{M,1},wherer>0isa

constantandD1={z:|z-z0|≤r}⊂Δ.Then,indomainD2=z:|z-z0|<r{ }2 ,wehave|F′(z)|=|φ(z)|≤

Awhenf(z)=0.SinceFisnotnormalatz0∈Δ,wehaveF1isnotnormalatz0∈Δaswell.ThenbyLemma
1,thereexistasequenceoffunctionfn∈F,asequenceofcomplexnumberszn→z0andasequenceofpositive
numbersρn→0,suchthatgn(ξ)=ρ-1

n [fn(zn+ρnξ)-a(zn+ρnξ)]→g(ξ)convergesuniformlytoanon-constant
meromorphicfunctiong(ξ)inCwithrespecttothesphericalmetric.Moreover,g(ξ)isoforderatmost2,
andg#(ξ)≤g#(0)=A+1forallξ∈C.

Inthefollowing,weclaimthati)g(ξ)=0⇔g′(ξ)=φ(z0),whereφ(z0)=
b(z0)-a0(z0)a′(z0)-a1(z0)a(z0)

a0(z0)
;ii)

g′(ξ)≠λ.whereλ=
c(z0)-a0(z0)a′(z0)-a1(z0)a(z0)

a0(z0) ≠0isaconstant.

Next,weprovetheclaimasfollows.
Weassumethatg(ξ0)=0.ThenbyHurwitz’stheorem,thereexistξn,ξn→ξ0,suchthat

gn(ξn)=ρ-1
n [fn(zn+ρnξn)-a(zn+ρnξn)]=0. (4)

ThusL[fn](zn+ρnξn)=b(zn+ρnξn).

Since L[fn](zn+ρnξn)
a0(zn+ρnξn) =f′n(zn+ρnξn)+

a1(zn+ρnξn)
a0(zn+ρnξn)fn(zn+ρnξn)=

f′n(zn+ρnξn)+
a1(zn+ρnξn)
a0(zn+ρnξn)

[ρngn(ξn)+a(zn+ρnξn)]→g′(ξ0)+a′(z0)+
a1(z0)
a0(z0)a

(z0). (5)

Then,from(5),wehave

g′(ξ0)=lim
n→¥

L[fn](zn+ρnξn)
a0(zn+ρnξn) -a′(z0)-a1

(z0)
a0(z0)a

(z0)=lim
n→¥

b(zn+ρnξn)
a0(zn+ρnξn)-a′

(z0)-a1
(z0)

a0(z0)a
(z0)=

b(z0)-a0(z0)a′(z0)-a1(z0)a(z0)
a0(z0) =φ(z0). (6)

Thisisg(ξ)=0⇒g′(ξ)=φ(z0).
Supposenowthatg′(ξ)=φ(z0).Weclaimthatg′(ξ)≢φ(z0).Indeed,Ifg′(ξ)≡φ(z0),wehaveg(ξ)=

φ(z0)ξ+C,whereCisaconstant.Byasimplecalculation,weobtaing#(0)≤|φ(z0)|≤A<A+1,whichcon-
tradictthatg#(0)=A+1.

Sinceg′(ξ)=φ(z0)butg′(ξ)≢φ(z0)and
L[fn](zn+ρnξ)-b(zn+ρnξ)

a0(zn+ρnξ)
⇒g′(ξ)-φ(z0)onsomeneighbor-

hoodofthepointξ0,ξn→ξ0,suchthatL[fn(zn+ρnξn)]=b(zn+ρnξn).Thus,fn(zn+ρnξn)=a(zn+ρnξn).It
iseasytodeducethatg(ξ0)=0.Thus,weprovei).
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Now,weproveii).From(5),thereexistξn,ξn→ξ,weget
L[fn](zn+ρnξn)-c(zn+ρnξn)

a0(zn+ρnξn) =f′n(zn+ρnξn)+
a1(zn+ρnξn)
a0(zn+ρnξn)

[ρngn(ξn)+a(zn+ρnξn)]-
c(zn+ρnξn)
a0(zn+ρnξn)→

g′(ξ)+a′(z0)+
a1(z0)
a0(z0)a

(z0)-c(z0)
a0(z0)=g′

(ξ)-
c(z0)-a0(z0)a′(z0)-a1(z0)a(z0)

a0(z0) =g′(ξ)-λ. (7)

Supposeg′(ξ0)=λ,Weclaimthatg′(ξ)≢λ.Indeed,Ifg′(ξ)≡λ,wehaveg(ξ)=λξ+C,whereCisacon-
stant.Byasimplecalculation,weobtaing#(0)≤|λ|≤A<A+1,whichcontradictthatg#(0)=A+1.

Thus,byHurwitz’stheoremand(7),thereexistsasequenceξn→ξ0,suchthatL[fn(zn+ρnξn)]-c(zn+

ρnξn)=0.
FromL[f](z)=c(z)⇒f(z)=d(z),wehavefn(zn+ρnξn)=d(zn+ρnξn).From(4)anda(z)≠d(z),we

deduce
g(ξ0)=lim

n→¥
ρ-1

n [fn(zn+ρnξn)-a(zn+ρnξn)]=lim
n→¥

ρ-1
n [d(zn+ρnξn)-a(zn+ρnξn)]=¥ (8)

acontradiction.Thus,ii)isproved.
Byi),ii)andLemma7,wecanobtainFisnormalinD.
Theorem1isprovedcompletely.
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分担全纯函数的亚纯函数的正规族

吴 春

(重庆师范大学 数学学院,重庆401331)
摘要:主要研究了亚纯函数分担全纯函数的正规族问题,证明了:如果F是区域D 上的亚纯函数族,且满足L[f]=a0f′+a1f(a0≠
0),a,b,c,d为D 上的4个全纯函数。如果对任意的f∈F,满足a(z)≠d(z),b(z)+a1(z)a(z)+a0(z)a′(z)≠2c(z),c(z)-a0(z)

a′(z)-a1(z)a(z)≠0,f(z)=a(z)⇔L[f](z)=b(z)且L[f](z)=c(z)⇒f(z)=d(z),则F在D 正规。
关键词:亚纯函数;正规族;分担函数

(责任编辑 黄 颖)

08 JournalofChongqingNormalUniversity(NaturalScience) http://www.cqnuj.cn     Vol.31No.5




