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Abstract:Byusingafixedpointtheoremofasumoperator,thepositivesolutionofnonlinearfractionaldifferentialequation

boundaryvalueproblem:
-Dα

0+u(t)=f(t,u(t)),0<t<1,2<α≤3

u(0)=u′(0)=u′(1){ =0
isstudied,whereDα

0+ isthestandardRiemann-

Liouvillefractionalderivativeandf(t,u(t))=g(t,u(t))+h(t,u(t))andg,h:[0,1]×[0,¥)→[0,¥)arecontinuousand

increasingwithrespecttothesecondargument.Itsexistenceanduniquenessisproved,andaniterativeschemeisconstruc-
tedtoapproximateit.Finally,theexampleisgiventoillustratetheresult.
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1Introduction
Fractionaldifferentialequationsareusedinmechanics,physics,chemistry,engineering,economicsand

biologicalsciencesfields,etc.[1-9].Recently,therearemanypapersdiscusspositivesolutionsfornonlinearfrac-
tionaldifferentialequationboundaryvalueproblem.ItsexistenceandmultiplicityisstudiedbyusingofLeray-
Shaudertheory,fixed-pointtheorems,etc.[10-14].However,therearefewpapersconsideritsexistenceandu-
niqueness[15].

Inthispaper,weconsidertheexistenceanduniquenessofpositivesolutionfornonlinearfractionaldiffer-
entialequationboundaryvalueproblem:

-Dα
0+u(t)=f(t,u(t)),0<t<1,2<α≤3, (1)

u(0)=u′(0)=u′(1)=0. (2)

wheref(t,u(t))=g(t,u(t))+h(t,u(t)),andDα
0+isthestandardRiemann-Liouvillefractionalderivative.

Whenh(t,u(t))≡0,ZhaoY,SunSandHanZ[10]investigatedthepositivesolutionsfortheproblem(1)

and(2).Itsexistenceisprovedbymeansoftheloweranduppersolutionmethodandfixed-pointtheorem.They
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presentthefollowingresult.
Theorem1[10] Thefractionalboundaryvalueproblem(1)and(2)hasapositivesolutionuifthefollow-

ingconditionissatisfied:(Hf)f(t,u)∈C([0,1]×[0,+∞),R+)isnondecreasingwithrespecttou,f(t,ρ(t))≢
0fort∈(0,1)andthereexistsapositiveconstantμ<1suchthatkμf(t,u)≤f(t,ku),∀0≤k≤1,whereρ(t)=

∫
1

0
G(t,s)dsandG(t,s)=

tα-1(1-s)α-2-(t-s)α-1
Γ(α)

,0≤s≤t≤1

tα-1(1-s)α-2
Γ(α)

,0≤t≤s≤

ì

î

í

ï
ï

ï
ï 1

.

Theorem2[10] Supposef(t,u)iscontinuouson[0,1]×[0,+∞)andthereexistconstants0<a<b<c
suchthatthefollowingassumptionshold:(B1)f(t,u)<Ma,for(t,u)∈[0,1]×[0,a];(B2)f(t,u)≥Nb,for
(t,u)∈[1/4,3/4]×[b,c];(B3)f(t,u)≤Mc,for(t,u)∈[0,1]×[0,c].

Thentheboundaryvalueproblem(1)and(2)hasatleastthreepositivesolutionsu1,u2,u3with
max
0≤t≤1
|u1(t)|<a,b< min

1
4≤t≤

3
4

|u2(t)|<max
0≤t≤1
|u2(t)|≤c,a<max

0≤t≤1
|u3(t)|≤c,min

1
4≤t≤

3
4

|u3(t)|<b.

Inthisstudy,ourworkistoextendandimprovethemainresultsofthepaper[10].Bymeansofafixed
pointtheoremforasumoperator,wegettheexistenceanduniquenessofpositivesolutionsforproblem (1)

and(2).Meanwhile,aniterativeschemeisconstructedtoapproximatethisuniquesolution.

2Preliminariesandpreviousresults

Definition1[3] TheintegralIα
0+f(x)= 1

Γ(α)∫
x

0

f(t)
(x-t)1-αdt

,x>0,whereα>0andΓ(α)denotesthegam-

mafunction,iscalledtheRiemann-Liouvillefractionalintegraloforderα.
Definition2[3] Forafunctionf(x)givenintheinterval[0,∞),theexpression

Dα
0+f(x)= 1

Γ(n-α)
d
d

æ

è
ç

ö

ø
÷

x
n

∫
x

0

f(t)
(x-t)α-n+1dt

,

wheren=[α]+1,[α]denotestheintegerpartofnumberα,iscalledtheRiemann-Liouvillefractionalderivative
oforderα.

Lemma1[10] Lety∈C[0,1]and2<α≤3.Theuniquesolutionofproblem
-Dα

0+u(t)=y(t),0<t<1, (3)

u(0)=u′(0)=u′(1)=0, (4)

isu(t)=∫
1

0
G(t,s)y(s)ds,t∈ [0,1],where

G(t,s)=

tα-1(1-s)α-2-(t-s)α-1
Γ(α)

,0≤s≤t≤1

tα-1(1-s)α-2
Γ(α)

,0≤t≤s≤

ì

î

í

ï
ï

ï
ï 1

。 (5)

HereG(t,s)iscalledtheGreenfunction.
Lemma2 TheGreenfunctionG(t,s)inLemma1hasthefollowingproperty:

1
Γ(α)t

α-1(1-s)α-2s≤G(t,s)≤ 1
Γ(α)t

α-1(1-s)α-2fort,s∈(0,1). (6)

Proof Evidently,therightinequalityholds.Soweonlyshowthattheleftinequality.
If0≤s≤t≤1,thenwehave0≤t-s≤t-ts=(1-s)t,andthus(t-s)α-1≤(1-s)α-1tα-1.

Hence      G(t,s)= 1
Γ(α)

[tα-1(1-s)α-2-(t-s)α-1]≥ 1
Γ(α)

[tα-1(1-s)α-2-tα-1(1-s)α-1]=

1
Γ(α)

[(1-s)α-2-(1-s)α-1]tα-1= 1
Γ(α)t

α-1(1-s)α-2s.
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If0≤t≤s≤1,thenwehaveG(t,s)= 1
Γ(α)t

α-1(1-s)α-2≥ 1
Γ(α)t

α-1(1-s)α-2s.

Sotheleftinequalityalsoholds.
Anon-emptyclosedconvexsetP⊂Eisaconeifitmeets:i)x∈P,λ≥0⇒λx∈P;ii)x∈P,-x∈P⇒x=

θ.Suppose(E,‖·‖)isaorderBanachspace,ifaconeP⊂E,i.e.x≤yifandonlyify-x∈P.Ifx≤yand
x≠y,thenwedenotex<y.WedenotethezeroelementofEbyθ.

PuttingP0={x∈P|xisaninteriorpointofP},aconePissaidtobesolidifP0isnon-empty.Ifthereis
apositiveconstantN>0suchthat,forallx,y∈E,θ≤x≤yimplies‖x‖≤N‖y‖,Piscallednormal;Nis
calledthenormalityconstantofP.

Ifx≤yimpliesAx≤Ay,wesaythatanoperatorA:E→Eisincreasing.
Forallx,y∈E,thenotationx~ymeansthatthereexistλ>0andμ>0suchthatλx≤y≤μx.Clearly~

isanequivalencerelation.Givenw>θ(i.e.w≥θandw≠θ),wedenotethesetPw={x∈E|x~w}byPw.Itis
easytoseethatPw⊂Pforw∈P.

Theorem3[16] LetPbeanormalconeinarealBanachspaceE,A:P→Pbeanincreasingγ-concaveopera-
torandB:P→Pbeanincreasingsub-homogeneousoperator.Assumethat:

(i)thereisw>θsuchthatAw∈PwandBw∈Pw;
(ii)thereexistsaconstantδ0>0suchthatAx≥δ0Bx,∀x∈P.

ThenoperatorequationAx+Bx=xhasauniquesolutionx*inPw.Moreover,constructingsuccessivelythe
sequenceyn=Ayn-1+Byn-1,n=1,2,…foranyinitialvaluey0∈Pw,wehaveyn→x*asn→∞.

Remark1 WhenBisanulloperator,Theorem3alsoholds.

3Mainresults
Inthissection,weapplyTheorem3toinvestigatetheproblem(1)and(2),thenewresultontheexist-

enceanduniquenessofpositivesolutionisobtained.
Inthispaper,wewillworkintheBanachspaceC[0,1]={x:[0,1]→Riscontinuous}withthestandard

norm‖x‖=sup{|x(t)|:t∈[0,1]}.Noticethatthisspacecanbeendowedwithapartialordergivenbyx,y∈
C[0,1],x≤y⇔x(t)≤y(t)fort∈[0,1].

LetP={x∈C[0,1]|x(t)≥0,t∈[0,1]}bethestandardcone.Evidently,PisanormalconeinC[0,1]and
thenormalityconstantis1.

Theorem4 Assumethat
(H1)g,h:[0,1]×[0,∞)→[0,∞)arecontinuousandincreasingwithrespecttothesecondargument,

h(t,0)≢0;
(H2)thereexistsaconstantγ∈(0,1)suchthatg(t,λx)≥λγg(t,x),∀t∈[0,1],λ∈(0,1),x∈[0,∞)

andh(t,μx)≥μh(t,x)forμ∈(0,1),t∈[0,1],x∈[0,∞);
(H3)thereexistsaconstantδ0>0suchthatg(t,x)≥δ0h(t,x),t∈[0,1],x≥0.
Thenproblem(1)and(2)hasauniquepositivesolutionu*inPw,wherew(t)=tα-1,t∈[0,1].Moreo-

ver,foranyinitialvalueu0∈Pw,constructingsuccessivelytheiterativescheme

un+1(t)=∫
1

0
G(t,s)f(s,un(s))ds,n=0,1,2,…,

wehaveun(t)→u*(t)asn→∞,whereG(t,s)isgivenas(5).
Proof Tobeginwith,fromLemma1,theproblem(1)and(2)hasanintegralformulationgivenby

u(t)=∫
1

0
G(t,s)f(s,u(s))ds=∫

1

0
G(t,s)[g(s,u(s))+h(s,u(s))]ds,

whereG(t,s)isgivenasinLemma1.
DefinetwooperatorsA:P→EandB:P→Eby
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Au(t)=∫
1

0
G(t,s)g(s,u(s))ds,Bu(t)=∫

1

0
G(t,s)h(s,u(s))ds.

Itiseasytoprovethatuisthesolutionofproblem(1)and(2)ifandonlyifu=Au+Bu.
Byassumption(H1)andLemma2,weknowthatA:P→PandB:P→P.InthesequelwecheckthatA,B

satisfyallassumptionsofTheorem3.
Firstly,weprovethatA,Baretwoincreasingoperators.
Infact,from(H1)andLemma2,foru,v∈Pwithu≥v,weknowthatu(t)≥v(t),t∈[0,1]andobtain

Au(t)=∫
1

0
G(t,s)g(s,u(s))ds≥∫

1

0
G(t,s)g(s,v(s))ds=Av(t).Thatis,Au≥Av.Similarly,Bu≥Bv.

NextweshowthatAisaγ-concaveoperatorandBisasub-homogeneousoperator.
Infact,foranyλ∈(0,1)andu∈P,from(H2)weknowthat

A(λu)(t)=∫
1

0
G(t,s)g(s,λu(s))ds≥λγ∫

1

0
G(t,s)g(s,u(s))ds=λγAu(t).

Thatis,A(λu)≥λγAuforλ∈(0,1),u∈P.SotheoperatorAisaγ-concaveoperator.Also,foranyμ∈(0,

1)andu∈P,by(H2)weobtain

B(μu)(t)=∫
1

0
G(t,s)h(s,μu(s))ds≥μ∫

1

0
G(t,s)h(s,u(s))ds=μBu(t),

Thatis,B(μu)≥μBuforμ∈(0,1),u∈P.SotheoperatorBisasub-homogeneousoperator.
NowweshowthatAw∈PwandBw∈Pw,wherew(t)=tα-1.
By(H1)andLemma2,

Aw(t)=∫
1

0
G(t,s)g(s,w(s))ds≤ 1

Γ(α)w
(t)∫

1

0
(1-s)α-2g(s,1)ds,

Aw(t)=∫
1

0
G(t,s)g(s,w(s))ds≥ 1

Γ(α)w
(t)∫

1

0
s(1-s)α-2g(s,0)ds.

From(H1)and(H3),wehaveg(s,1)≥g(s,0)≥δ0h(s,0)≥0.

Sinceh(t,0)≢0,wecanget∫
1

0
g(s,1)ds≥∫

1

0
g(s,0)ds≥δ0∫

1

0
h(s,0)ds>0,andinconsequence,

l1:= 1
Γ(α)∫

1

0
s(1-s)α-2g(s,0)ds>0,l2:= 1

Γ(α)∫
1

0
(1-s)α-2g(s,1)ds>0.

Sol1w(t)≤Aw(t)≤l2w(t),t∈[0,1];andhencewehaveAw∈Pw.Similarly,

1
Γ(α)w

(t)∫
1

0
s(1-s)α-2h(s,0)ds≤Bw(t)≤ 1

Γ(α)w
(t)∫

1

0
(1-s)α-2h(s,1)ds,

Fromh(t,0)≢0,weeasilyproveBw∈Pw.Hencethecondition(i)ofTheorem3issatisfied.

Foru∈P,by(H3),Au(t)=∫
1

0
G(t,s)g(s,u(s))ds≥δ0∫

1

0
G(t,s)h(s,u(s))ds=δ0Bu(t).Thenweget

Au≥δ0Bu,u∈P.
Finally,bymeansofTheorem3,theoperatorequationAu+Bu=uhasauniquepositivesolutionu*in

Pw.Moreover,constructingsuccessivelytheiterativeschemeun=Aun-1+Bun-1,n=1,2,…foranyinitialval-
ueu0∈Pw,wehaveun→u*asn→∞.Thatis,problem(1)and(2)hasauniquepositivesolutionu*inPw.
Foranyinitialvalueu0∈Pw,constructingsuccessivelytheiterativescheme

un+1(t)=∫
1

0
G(t,s)f(s,un(s))ds,n=0,1,2,…,

wehaveun→u*asn→∞.
Corollary1 Whenh(t,u(t))≡0,assumethat
(H4)g:[0,1]×[0,∞)→[0,∞)iscontinuousandincreasingwithrespecttothesecondargument,

g(t,0)≢0;
(H5)thereexistsaconstantγ∈(0,1)suchthatg(t,λx)≥λγg(t,x),∀t∈[0,1],λ∈(0,1),x∈[0,∞).
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Thenproblem
-Dα

0+u(t)=f(t,u(t)),0<t<1,2<α≤3
u(0)=u′(0)=u′(1){ =0

hasauniquepositivesolutionu*inPw,wherew(t)=tα-1,t∈[0,1].Moreover,foranyinitialvalueu0∈Pw,

constructingsuccessivelytheiterativescheme

un+1(t)=∫
1

0
G(t,s)f(s,un(s))ds,n=0,1,2,…,

wehaveun(t)→u*(t)asn→∞,whereG(t,s)isgivenas(5).
Remark2 ByRemark1andTheorem4,Corollary1isobvious.Theuniquepositivesolutionisnotcon-

sideredinTheorem1andTheorem2;Corollary1givestheexistenceanduniqueness.Moreover,theunique
positivesolutionu*weobtainsatisfies:(i)thereexistλ>μ>0suchthatμtα-1≤u*≤λtα-1,t∈[0,1],(ii)we
cantakeanyinitialvalueinPwandthenconstructaniterativeschemewhichcanapproximatetheuniquesolu-
tion.

4Example
WepresentoneexampletoillustrateTheorem4.
Example1 Considerthefollowingproblem:

-D
5
2
0+u(t)=u

1
5(t)+arctanu(t)+t2+t+π2

u(0)=u′(0)=u′(1)

ì

î

í
ïï

ïï =0
. (7)

Inthisexample,wehaveα=52.Letg
(t,u)=u

1
5(t)+t+π2

,h(t,u)=arctanu(t)+t2,γ=15.Obviously,

g,h:[0,1]×[0,∞)→[0,∞)arecontinuousandincreasingwithrespecttothesecondargument,h(t,0)=t2≢
0.Besides,fort∈[0,1],λ∈(0,1),x∈[0,∞),wehave

g(t,λu)=λ
1
5u

1
5(t)+t+π2≥λ

1
5u

1
5(t)+λ

1
5 t+πæ

è
ç

ö

ø
÷

2 =λ
1
5 u

1
5(t)+t+πæ

è
ç

ö

ø
÷

2 =λγg(t,u);

andfort∈[0,1],μ∈(0,1),x∈[0,∞),wehavearctan(μu)≥μarctanu,andthush(t,μu)≥μh(t,u).
Moreover,ifwetakeδ0∈(0,1],thenweobtain

g(t,u)=u
1
5(t)+t+π2≥t+

π
2≥t

2+arctanu≥δ0(t2+arctanu)=δ0h(t,u).

HencealltheconditionsofTheorem4aresatisfied.AnapplicationofTheorem4impliesthatproblem(7)has
auniquepositivesolutioninPw,wherew(t)=t

3
2,t∈[0,1].
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非线性分数阶微分方程边值问题正解的存在性与唯一性

古传运1,郑凤霞1,钟守铭2

(1.四川文理学院 数学与财经学院,四川 达州635000;

2.电子科技大学 数学科学学院,成都611731)

摘要:利用和算子的不动点定理,研究了非线性分数阶微分方程边值问题:
-Dα

0+u(t)=f(t,u(t)),0<t<1,2<α≤3

u(0)=u′(0)=u′(1){ =0
的正解,其中

Dα
0+是标准的Riemann-Liouville分数阶微分,f(t,u(t))=g(t,u(t))+h(t,u(t))和g,h:[0,1]×[0,∞)→[0,∞)都是连续函数且

g(t,u),h(t,u)关于u是单调递增。证明了其解存在唯一性,同时构造一迭代序列去逼近它。最后,举例应用了所得结果。

关键词:分数阶微分方程;边值问题;正解;存在唯一性;和算子的不动点定理
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