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The Limiting Distribution of Finite Mixture

General Error Eistribution
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Abstract: The general error distribution being a generalization of normal distribution is one of the most widely applied dis-
tributions in statistics. Finite mixture distribution as a model has been widely studied and applied in throughout the devel-
opment process of modern statistics. In this paper, based on an inequality of the general error distribution, the asymptotic
tail behavior of finite mixture general error distribution is studied and the asymptotic behavior of the tail of this distribution
is derived while Mills’ ratio is obtained. Then, an application of the asymptotic property of the tail of the distribution to
consider the limiting distribution of the extreme of independent identically distributed (i.i. d.) random variable sequence
with finite mixed general error distribution and how to choose the suitable normalized constants such that the distribution
of maxima converges to double exponential distribution.
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1 Introduction

General error distribution"" (for short GED) has been widely used in modeling volatility of high-frequency
time series with heavy tail since Nelson used it in his exponential general autoregressive conditionally het-
eroscedastic model. The probability density function (pdf) of the standardized GED is given by:

vexp{ —(1/2) |z/Xx]"}
attrr/o

for v>0 and £ € R, where A=[2 ¥I'(1/v)/I'(3/v) ]"*and I'C « ) denotes the Gamma function (cf. [1],
p.- 352). Nelson also pointed that the GED reduces to the standard normal distribution when v=2, and v repre-

flx)=

sents the tail thickness parameter, i. e. , for 0<Zv<(2 the tail of the GED is thicker than that of the normal dis-
tribution, and the GED has a thinner tail for v>2.
A finite mixture distribution is defined as follows. Let X,, X, -, X, be independent random variables
with cumulative distribution functions (cdf) F;(x),i=1,2,++,s. Define a new random variable Z by
X,, with probability p,
P X,, with probability p;

X,, with probability p,
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then Z is said to have a mixed distribution with s components and weights p; =0 for 1<Ci<Cs satisfying

2 p; =1. It is easy to check that the cdf of Z is given by

i=1
Flx)=p F(x)+p, Fo(x)+ -+ pF, (). (D
An particular case of (1) arises when F,(x)(k=1,2,++-,5) is an general error distribution with parameter
v, >>0. Then Z is said to have the mixed general error distribution (for short MGED) with scomponents.

Mladenovic'™

investigated the limiting distributions of maximum of i.i. d. random sequence with some
mixed distributions of two components. Cheng and Peng™! extended the above results to the general finite
mixed distributions. Liu and Peng " discussed the tail behavior of finite mixed distribution from the short-tail
symmetric distribution and the limiting distribution of maximum.

The aim of this paper is to establish the tail property of mixture general error distribution and the limiting
distribution of maxima of independent identically random sequence with common mixed distribution defined by

(.
An inequality on the tail behavior of the GED and an asymptotic Mills-type ratio have been studied by Peng

v

et al*!. Denote by Fla)= J f (&) dt the cdf of the GED. The symmetric property of f(x) implies F(—x)=1—

1:*‘(1‘). Let v>1. For all x>>0, we have

e <Ux Y (2

R
v

z<v1>x{rvjl<ﬁ<x> 200"
v
where A=[2"2"I"(1/v)/I(3/v) ]V*.
2 Tail behavior of the finite mixture GED
Theorem 1 F(x) is MGED which determined by (1). Then
1—F) =D, p,(1—F.(0) ~wt exp{— (1/2) (t/D"},
i=1

where v=min{v;,i=1,2,+,s}, A is the corresponding A,(i=1,2,++,5) when v=min{v;,i=1,2,,s5}, w=

> p,.a,%*l/(2L’%F<1/v,->>.

irv=vw,
i

Proof Since

1—F(t)—1—2pF(t)—Ep(l—F(t)), (3
= i=1
using inequality (2), we have
9 — Y; 1 —F. Y
&t] . (1+2(v, DA [,U’j <1 -Fz(t)<2/1, R )
v; v; fi(o v;

where f;(x) is the corresponding density function of the distribution function F,(x), i=1,2,,s.
Combining with (3) and (4), we have
1) .
A(z)-Ep, L f () (1+2<1ﬂ[)71)*'z*“1j < 2 (A—F () <
; i=1

U,

S By g (o =B,
i—1 v

i

Then, as t—>oo,

v, —1 . B . .
A(z>—2p/l (A o) expl %[ﬂ }(1+Mﬂj _

21 v; v;

‘ 1 v; v —1
z‘,lf’“exp{—% (/‘T) } { 2 pi 21 » tv (1 /v )exp{ /%) —0—% (%j } (1 —0—72(1} - DA ] +
Ep

H
2

L)L () (g 2 DA )
DI F(l/v)exp{ 2(,1[] +2(A)}(1+ o, j }N
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1= ()
wt exp{ 2(/\] }, (5)

where v=min{v;}, A is the corresponding A;(i=1,2,+*+,s) when v=min{v,}, w= Z pAT/ 2V (v,

1="i=s =i=s

Similarly, we can prove, as t—>c°,

B(t) ~wt' vexp{—%(/\—')v}. 6)

Therefore, by (5) and (6), we can gain the desired result.
The following corollary provides a Mills” ratio for the MGED.
Corollary 1  F(z) is the cdf of the MGED,

(i) as t—>°°, we have

1—F() _ Aw2 VT /o),

F ) " e
Mg
(i) lF(t)c'(t)exp(_Ji . duj.
S w)
For large enough ¢, where
C(t)»/\“”wexp(*%j , as t»oos}(t)zzjvt‘*‘"
and
(=120 DA,

Proof (i) (7) follows by Thoerem 3. The proof of (ii) can be found in Peng et al "', So we omitted that.
3 Limiting distribution of the MGED

In this section, we consider the limiting distribution of the partial maximum of an independent and identi-
cally distributed sequence obeying the MGED and how to choose suitable norming constants such that the dis-
tribution of maxima belongs to the domain of attraction of D(A),where D(A) =exp(—exp(—ax)).

Theorem 2 Let {Z,,n=1} be a sequence of i. 1. d. random variables with common distribution F(z) given
by (1). Let M,=max(Z,,Z;,+*,Z,) denote the partial maximum. For x&€ R, we have

lim P(M,<<a,x+b,) =exp(—exp(—z)),

n—>co

where
_ 212
v (log n)' "

ay

and

2" A log w— ((v—1) /v)log(2log n) — (v—1)log A
v (log W) V¢ ’
Proof. Combining with Corollary 1(ii) and Theorem 1. 6. 2", we have F(x) € D(A). The normalizing

constants a, and b, can be determined as follows:

b, =22 (log )"+

Set u,=a,x+b,, let us first determine the «, such that n(1—F(u,)) ~exp(—x), as n—>0,

By Theorem 2, we have

_ —~ 1—w _i ﬁ b
1—F(u,) ~wu, exp{ Z(Aj },

hence
wl e 1w, \" —>1
nwu,, xp{ 72 +x} .
as n—>°°, So we have

log n+log w— (v—1)log u,,*%(%)v+xﬁo, (8



98 Journal of Chongqing Normal University (Natural Science) http://www. cqnuj. cn Vol. 32 No. 2
which implies
Uy
21"1log n
Taking logarithms, we have
vlog u, —log 2—wvlog A—log log n—=>0,
thus
log u,,:%(log 2+vlog A+log log n) +o(1). 9

Putting (9) in (8), we have

ul =2)" [log n——

which implies that

u, =22 [log n—2—

2"

11og(21og n) — (v—1)log A+log w+x+o(1)} =

1/v /v __
22 (log n) o Clog M1

22
v (log m)' 1"
hence, by Theoreml. 2. 3", the proof is complete.

References:

[1] Nelson D B. Conditional heteroskedasticity in asset returns:
A new approach[ J]. Econometrica,1991,59(2) :347-370.

[2] Mladenovic' P. Extreme values of the sequences of inde-
pendent random variables with mixed distributions[J].
Matematicki Vesnik,1999,51(1/2):29-37.

[3] Cheng Q, Peng Z. Limiting distributions of maxima on
mixed distributions[ J]. Journal of Southwest University:
Natural Science Edition,2011,33(1) :5-10.

[4] Liu B, Peng Z. Extreme value distribution of finite mixed

short-tail symmetric distribution[J]. Journal of Southwest

BREST

11og(2log n) — (v—1)log Atlog erero(l)} )

1/v

+ [vzllog(Zlog n)+ (v—1)log A—log w}-’-

x+o(Uog )" ') =b,+a,x+o((log )" 1),

University : Natural Science Edition,2013,35(1) :85-88.

[5] Peng Z,Tong B, Nadarajah S. Tail behavior of the general
error distribution[ J]. Communications in Statistics-Theory
and Methods,2009,38(11):1884-1892.

[6] Leadbetter M R, Lindgren G,Rootzen H. Extremes and re-
lated properties of random sequences and processes|[ M.
New York:Springer.1983.

[7] Resnick S 1. Extreme value, regular variation, and point

processes M. New York:Springer-Verlag,1987.

MARZE 5T IR IR 53 fn

FHAL, NETR, FiE%

I SO 24 58 K0 5T R B2 22 B
WMEENES2AMES, JTAREZLAEER T EEAR) ZH 2 AL —,
EH-NMBEBARET) ZWHARMER. XBEXFA ARZLAN AN EELF A E

RBER AT ENRIPEHLER.AHFET Mill’

T X 563002)
ERBEELPAENRZ TP EALETRF
BEBRTARBA)S IR ZE LA W

sE, KEMNAHERBEG, XREZHA A BMA LW TR T FRAZ

- AT W ST LR BT S R K (B B AR IR o AT DL R (T AL TE W AR R R A S B R A B A

KRN RELA; AL BESA; BHER

(A% | P )



