
 2015年3月 重庆师范大学学报(自然科学版) Mar.2015
第32卷 第2期 JournalofChongqingNormalUniversity(NaturalScience) Vol.32 No.2

 DOI:10.11721/cqnuj20150219

TheLimitingDistributionofFiniteMixture
GeneralErrorEistribution

*

HUANGJianwen,LIUYanmin,LUOYuanfeng
(SchoolofMathematicsandComputationalScience,ZunyiNormalCollege,ZunyiGuizhou563002,China)

Abstract:Thegeneralerrordistributionbeingageneralizationofnormaldistributionisoneofthemostwidelyapplieddis-
tributionsinstatistics.Finitemixturedistributionasamodelhasbeenwidelystudiedandappliedinthroughoutthedevel-
opmentprocessofmodernstatistics.Inthispaper,basedonaninequalityofthegeneralerrordistribution,theasymptotic
tailbehavioroffinitemixturegeneralerrordistributionisstudiedandtheasymptoticbehaviorofthetailofthisdistribution
isderivedwhileMills’ratioisobtained.Then,anapplicationoftheasymptoticpropertyofthetailofthedistributionto
considerthelimitingdistributionoftheextremeofindependentidenticallydistributed(i.i.d.)randomvariablesequence
withfinitemixedgeneralerrordistributionandhowtochoosethesuitablenormalizedconstantssuchthatthedistribution
ofmaximaconvergestodoubleexponentialdistribution.
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1Introduction
Generalerrordistribution[1](forshortGED)hasbeenwidelyusedinmodelingvolatilityofhigh-frequency

timeserieswithheavytailsinceNelsonuseditinhisexponentialgeneralautoregressiveconditionallyhet-
eroscedasticmodel.Theprobabilitydensityfunction(pdf)ofthestandardizedGEDisgivenby:

f(x)=vexp
{-(1/2)|x/λ|v}

λ21+1/vΓ(1/v)
,

forv>0andx∈R,whereλ=[2-2/vΓ(1/v)/Γ(3/v)]1/2andΓ(·)denotestheGammafunction(cf.[1],

p.352).NelsonalsopointedthattheGEDreducestothestandardnormaldistributionwhenv=2,andvrepre-
sentsthetailthicknessparameter,i.e.,for0<v<2thetailoftheGEDisthickerthanthatofthenormaldis-
tribution,andtheGEDhasathinnertailforv>2.

Afinitemixturedistributionisdefinedasfollows.LetX1,X2,…,Xsbeindependentrandomvariables
withcumulativedistributionfunctions(cdf)Fi(x),i=1,2,…,s.DefineanewrandomvariableZby

Z=

X1, with probability p1
X2, with probability p2
… …

Xs, with probability p
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thenZissaidtohaveamixeddistributionwithscomponentsandweightspi≥0for1≤i≤ssatisfying

∑
s

i=1
pi=1.ItiseasytocheckthatthecdfofZisgivenby

F(x)=p1F1(x)+p2F2(x)+…+psFs(x). (1)
Anparticularcaseof(1)ariseswhenFk(x)(k=1,2,…,s)isangeneralerrordistributionwithparameter

vk>0.ThenZissaidtohavethemixedgeneralerrordistribution(forshortMGED)withscomponents.
Mladenovic′[2]investigatedthelimitingdistributionsofmaximumofi.i.d.randomsequencewithsome

mixeddistributionsoftwocomponents.ChengandPeng[3]extendedtheaboveresultstothegeneralfinite
mixeddistributions.LiuandPeng[4]discussedthetailbehavioroffinitemixeddistributionfromtheshort-tail
symmetricdistributionandthelimitingdistributionofmaximum.

Theaimofthispaperistoestablishthetailpropertyofmixturegeneralerrordistributionandthelimiting
distributionofmaximaofindependentidenticallyrandomsequencewithcommonmixeddistributiondefinedby
(1).

AninequalityonthetailbehavioroftheGEDandanasymptoticMills-typeratiohavebeenstudiedbyPeng

etal[5].DenotebyF̂(x)=∫
x

-∞

f(t)dtthecdfoftheGED.Thesymmetricpropertyoff(x)impliesF̂(-x)=1-

F̂(x).Letv>1.Forallx>0,wehave

2λv

vx1-v 1+2
(v-1)λv

v x-æ

è
ç

ö

ø
÷

v
-1

<F̂(-x)
f(x)<

2λv

vx1-v, (2)

whereλ=[2-2/vΓ(1/v)/Γ(3/v)]1/2.

2TailbehaviorofthefinitemixtureGED
Theorem1 F(x)isMGEDwhichdeterminedby(1).Then

1-F(t)=∑
s

i=1
pi(1-Fi(t))~wt1-vexp{-(1/2)(t/λ)v},

wherev=min{vi,i=1,2,…,s},λisthecorrespondingλi(i=1,2,…,s)whenv=min{vi,i=1,2,…,s},w=

∑
i:v=vi

piλvi-1i /(21/viΓ(1/vi)).

Proof Since

1-F(t)=1-∑
s

i=1
piFi(t)=∑

s

i=1
pi(1-Fi(t)), (3)

usinginequality(2),wehave
2λvii

vi
t1-vi 1+2

(vi-1)λvii

vi
t-væ

è
ç

ö

ø
÷i

-1

<1-Fi(t)
fi(t) <

2λvii

vi
t1-vi, (4)

wherefi(x)isthecorrespondingdensityfunctionofthedistributionfunctionFi(x),i=1,2,…,s.
Combiningwith(3)and(4),wehave

A(t)=∑
s

i=1
pi
2λvii

vi
t1-vifi(t)1+2

(vi-1)λvii

vi
t-væ

è
ç

ö

ø
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-1

<∑
s

i=1
pi(1-Fi(t))<

∑
s

i=1
pi
2λvii

vi
t1-vifi(t)=B(t).

Then,ast→∞,

A(t)=∑
s

i=1
pi

λvi-1i

21/vit
1-viΓ(1/vi)exp-12
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wt1-vexp -12
tæ

è
ç

ö

ø
÷

λ{ }
v
, (5)

wherev=min
1≤i≤s

{vi},λisthecorrespondingλi(i=1,2,…,s)whenv=min
1≤i≤s

{vi},w=∑
i:v=vi

piλvi-1i /(21/viΓ(1/vi)).

Similarly,wecanprove,ast→∞,

B(t)~wt1-vexp -12
tæ

è
ç

ö

ø
÷

λ{ }
v

. (6)

Therefore,by(5)and(6),wecangainthedesiredresult.
ThefollowingcorollaryprovidesaMills’ratiofortheMGED.
Corollary1 F(t)isthecdfoftheMGED,
(i)ast→∞,wehave

1-F(t)
F′(t)~

λw21+1/vΓ(1/v)
v t1-v. (7)

(ii) 1-F(t)=c(t)exp-∫
t

λ

g(u)

f
~(u)

dæ

è
ç

ö

ø
÷u .

Forlargeenought,where

c(t)→λ1-vwexp -æ
è
ç

ö

ø
÷

1
2
,ast→∞,f

~(t)=2λ
v

vt1-v

and

g(t)=1+2
(v-1)λv

v t-v.

Proof (i)(7)followsbyThoerem3.Theproofof(ii)canbefoundinPengetal[5].Soweomittedthat.

3LimitingdistributionoftheMGED
Inthissection,weconsiderthelimitingdistributionofthepartialmaximumofanindependentandidenti-

callydistributedsequenceobeyingtheMGEDandhowtochoosesuitablenormingconstantssuchthatthedis-
tributionofmaximabelongstothedomainofattractionofD(Λ),whereD(Λ)=exp(-exp(-x)).

Theorem2 Let{Zn,n≥1}beasequenceofi.i.d.randomvariableswithcommondistributionF(x)given
by(1).LetMn=max(Z1,Z2,…,Zn)denotethepartialmaximum.Forx∈R,wehave

lim
n→∞

P(Mn≤anx+bn)=exp(-exp(-x)),

where

an= 21/vλ
v(logn)1-1/v

and

bn=21/vλ(logn)1/v+2
1/vλ[logw-((v-1)/v)log(2logn)-(v-1)logλ]

v(logn)1-1/v .

Proof. CombiningwithCorollary1(ii)andTheorem1.6.2[6-7],wehaveF(x)∈D(Λ).Thenormalizing
constantsanandbncanbedeterminedasfollows:

Setun=anx+bn,letusfirstdeterminetheunsuchthatn(1-F(un))~exp(-x),asn→∞.
ByTheorem2,wehave

1-F(un)~wu1-vn exp -12
unæ

è
ç

ö

ø
÷

λ{ }
v
,

hence

nwu1-vn exp -12
unæ

è
ç

ö

ø
÷

λ
v

+{ }x →1.

asn→∞.Sowehave

logn+logw-(v-1)logun-12
unæ

è
ç
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ø
÷

λ
v

+x→0, (8)

79第2期     HUANGJianwen,etal:TheLimitingDistributionofFiniteMixtureGeneralErrorEistribution



whichimplies
uv

n

2λvlogn→1.

Takinglogarithms,wehave
vlogun-log2-vlogλ-loglogn→0,

thus

logun=1v
(log2+vlogλ+loglogn)+o(1). (9)

Putting(9)in(8),wehave

uv
n=2λv logn-v-1v log(2logn)-(v-1)logλ+logw+x+o(1é

ë
êê

ù

û
úú),

whichimpliesthat

un=21/vλ logn-v-1v log(2logn)-(v-1)logλ+logw+x+o(1é

ë
êê

ù

û
úú)
1/v

=

21/vλ(logn)1/v- 21/vλ
v(logn)1-1/v+

v-1
v log(2logn)+(v-1)logλ-logé

ë
êê

ù

û
úúw +

21/vλ
v(logn)1-1/vx+o

((logn)1/v-1)=bn+anx+o((logn)1/v-1),

hence,byTheorem1.2.3[6],theproofiscomplete.
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有限混合广义误差分布的极限分布

黄建文,刘衍民,罗远峰

(遵义师范学院 数学与计算科学学院,贵州 遵义563002)
摘要:作为正态分布的推广,广义误差分布是在统计中是应用最广泛的分布之一。有限混合分布在现代统计中的整个发展过程中

作为一个模型得到了广泛的研究和应用.这篇文章在广义误差分布的一个重要不等式的基础上研究了有限混合广义误差分布的

尾部性质,得到了它的尾部的渐近性质,同时得到了 Mill’s率。然后利用有限混合广义误差分布的尾部渐近性质讨论了同服从该

分布的独立随机变量序列最大值的极限分布以及如何选择适当的的规范化常数使得最大值的分布收敛到双指数分布。
关键词:广义误差分布;极值分布;混合分布;尾部性质
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