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Abstract:Inthispaper,westudythenormalitycriterionconcerningsharedaholomorphicfunction.LetFbeafamilyof
meromorphicfunctionsdefinedinD,letk(≥1),m(≥0)betwointeger,andletω≢0beaholomorphicfunctionwith
zerosofmultiplicityminD.If,foranyf∈F,themultiplicityofallzerosandpolesoffisatleastmax{m+k,m+1+k/2},

andifff(k),gg(k)shareωIMforeverypairoffunctionsf,g∈F,thenFisnormalinD.
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1Introductionandmainresult
LetDbeadomaininC,andFbeafamilyofmeromorphicfunctionsdefinedinadomainD.Fissaidto

benormalinD,inthesenseofMontel,ifforanysequence{fn}⊂F,thereexistsasubsequence fn{ }
j such

thatfnjconvergessphericallylocallyuniformlyinD,toameromorphicfunctionor∞[1-3].
Letg(z)beameromorphicfunction,abeafinitecomplexnumber.Iff(z)andg(z)assumethesameze-

ros,thenwesaythatshareaIM (ignoringmultiplicity)[1,4-5].
In2004,FangandZalcman[6]gotthefollowingresults.
TheoremA Supposethatkisapositiveintegeranda≠0isafinitecomplexnumber.LetFbeafamilyof

meromorphicfunctionsdefinedinadomainD.Ifforeachpairoffunctionsf,g∈F,fandgshare0,f(k)and
g(k)shareaIMinD,andthezerosoffareofmultiplicity≥k+2,thenFisnormalinD.

In2011,Meng[7]provedthefollowingresult.
TheoremB Takeapositiveintegerkandanon-zerocomplexnumbera.LetFbeafamilyofmeromor-

phicfunctionsinadomainD⊂Csuchthateachf∈Fhasonlyzerosofmultiplicityatleastk+1.Foreachpair
(f,g)∈Fifff(k)andgg(k)shareaIM,thenFisnormalinD.

TheoremC Takeapositiveintegerk≥2andanon-zerocomplexnumbera.LetFbeafamilyofholomor-
phicfunctionsinadomainD⊂Csuchthateachf∈Fhasonlyzerosofmultiplicityatleastk.Foreachpair
(f,g)∈F,ifff(k)andgg(k)shareaIM,thenFisnormalinD.
In2012,Zeng[8]provedthefollowingresult.
TheoremD Letkbeapositiveinteger,a(≠0)andbbetwofinitevalues.LetFbeafamilyofmeromor-
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phicfunctionsdefinedinD,allofwhosezeroshavemultiplicityatleastkandf(k)(z)=bwhenf(z)=0.Iffor
eachpairoffunctionsfandginF,ff(k)andgg(k)sharea,thenFisnormalinD.

ItisnaturaltoaskwhetherthereexistnormalitytheoremscorrespondingtoTheoremBifaisafunction?

Inthispaper,westudytheproblemandobtainthefollowingtheorem.
Theorem1 LetFbeafamilyofmeromorphicfunctionsdenedinD,letk(≥1),m(≥0)betwointeger,

andletω≢0beaholomorphicfunctionwithzerosofmultiplicityminD.If,foranyf∈F,themultiplicityof
allzerosandpolesoffisatleastmaxm+k,m+1+k/{ }2 ,andifff(k),gg(k)shareωIMforeverypairoffunc-
tionsf,g∈F,thenFisnormalinD.

Corollary1 LetFbeafamilyofholomorphicfunctionsdefinedinD,letk(≥1),m(≥0)betwointeger,

andletω≢0beaholomorphicfunctionwithzerosofmultiplicityminD.If,foranyf∈F,fhasonlyzeros
ofmultiplicitym+katleast,andifff(k),gg(k)shareωIMforeverypairoffunctionsf,g∈F,thenFisnor-
malinD.

Corollary2 LetFbeafamilyofholomorphicfunctionsdefinedinD,letk(≥1),m(≥0)betwointeger,

andletω≢0beaholomorphicfunctionwithzerosofmultiplicityminD.If,foranyf∈F,fhasonlyzeros
ofmultiplicitym+katleast,andff(k)≠ω(z),thenFisnormalinD.

Corollary3 LetFbeafamilyofmeromorphicfunctionsdefinedinD,letk(≥1),m(≥0)betwointe-
ger,andletω≢0beaholomorphicfunctionwithzerosofmultiplicityminD.If,foranyf∈F,themultiplic-
ityofallzerosandpolesoffisatleastmaxm+k,m+1+k/{ }2 ,andff(k)≠ω(z),thenFisnormalinD.

Remark Clearly,whenm=0,Theorem1andCorollary1extendsTheoremBandC.

2Somelemmas
Lemma1(Zalcman’sLemma)[9-10] LetFbeafamilyofmeromorphicfunctionsintheunitdiscΔandαbe

arealnumbersatisfying-1<α<1.ThenifFisnotnormalatapointz0∈Δ,thereexist,foreach-1<α<1:

1)arealnumberr,r<1;2)pointszn,zn <r;3)positivenumbersρn,ρn→0+;4)functionsfn,fn∈F,

suchthatgn(ξ)=
fn(zn+ρnξ)

ρα
n

,sphericallyuniformlyoncompactsubsetsofC,whereg(ξ)isanon-constant

meromorphicfunctionandg#(ξ)≤g#(0)=1.Moreover,theorderofgisnotgreaterthan2.
ByusingthemethodofLemma2.6inMeng[11],wehavethefollowingLemmas.
Lemma2 Letfbeatranscendentalmeromorphicfunctionwhosezeroshavemultiplicityatleastk,and

letp(z)(≢0)beapolynomial.Thenff(k)-p(z)hasinfinitelymanyzeros.
Lemma3 Letp(z)=amzm+am-1zm-1+…+a1z+a0beapolynomial,wheream(≠0),am-1,…,a0are

constants.Letk≥1beaninteger,iffbeanonconstantpolynomial,andallthezerosoffhavemultiplicity
m+katleast,thenff(k)-p(z)hasatleasttwodistinctzeros.

Proof Sincefisanon-constantpolynomialwithzerosofmultiplicitym+katleast,thusdeg(ff(k))>
degp(z),thenff(k)-p(z)hasatleastonezero.

Ifff(k)-p(z)hasonlyonezeroz0.Wemayassumeff(k)-p(z)=A(z-z0)l,whereAisanon-zerocon-
stant,lisapositiveinteger.Then,l=deg(ff(k))>m+1,therefore,

(ff(k))(m)-Al(l-1)…(l-m+1)(z-z0)l-m=am·m! ≠0,
(ff(k))(m+1)-Al(l-1)…(l-m)(z-z0)l-m-1=0,

thusz0istheuniquezeroof(ff(k))(m+1).Sincefisanon-constantpolynomialwithzerosofmultiplicitym+k
atleast,thenz0isazerooff,thus(ff(k))(m)(z0)=0,itcontradictswith(ff(k))(m)(z0)=am·m! ≠0.Thus,

ff(k)-p(z)hasatleasttwodistinctzeros.
Lemma4 Letfbeanonconstantrationalfunctionwhosezerosandpoleshavemultiplicityatleast

m+1+k/2,kbeapositiveintegerandp(z)beanon-zeropolynomialofdegreem,thenff(k)-p(z)hasat
leasttwodistinctzeros.
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Proof Let

f=A
(z-α1)m1…(z-αs)ms
(z-β1)n1…(z-βt)nt

. (1)

WhereAisanon-zeroconstantandmi≥m+1+k/2(i=1,2,…,s),nj≥m+1+k/2(i=1,2,…,t).
Moreover,wedenote

m1+m2+…+ms=M≥(m+1+k/2)s,n1+n2+…+nt=N≥(m+1+k/2)t. (2)

By(1),weobtain

f(k)(z)=A
(z-α1)m1-k…(z-αs)ms-kg(z)
(z-β1)n1+k…(z-βt)nt+k

, (3)

whereg(z)isapolynomialofdegreeatmostk(s+t-1).Thus(1)togetherwith(3)imply

ff(k)(z)=A2 (z-α1)2m1-k…(z-αs)2ms-kg(z)
(z-β1)2n1+k…(z-βt)2nt+k

, (4)

Differentiatebothsidesof(4),weobtain

(ff(k)(z))′=
(z-α1)2m1-k-1…(z-αs)2ms-k-1g1(z)
(z-β1)2n1+k+1…(z-βt)2nt+k+1

, (5)

whereg1(z)isapolynomialofdegreeatmost(k+1)(s+t-1).

(ff(k)(z))(m+1)=
(z-α1)2m1-k-m-1…(z-αs)2ms-k-m-1gm+1(z)

(z-β1)2n1+k+m+1…(z-βt)2nt+k+m+1 , (6)

wheregm+1(z)isapolynomialofdegreeatmost(k+m+1)(s+t-1).
Next,wediscusstwocases.
Case1 Ifff(k)-p(z)hasauniquezeroz0,thenlet

ff(k)(z)-p(z)=
B(z-z0)l

(z-β1)2n1+k…(z-βt)2nt+k
, (7)

whereBisanon-zeroconstant,lisapositiveinteger.
Here,wediscusstwosubcases.
Case1.1 Supposem≥l.Differentiatebothsidesof(7),wehave

(ff(k)(z))(m+1)-p(m+1)(z)= CQm+1(z)
(z-β1)2n1+k+m+1…(z-βt)2nt+k+m+1, (8)

whereQm+1(z)=(l-2N-tk)(l-2N-tk-1)…(l-2N-tk-m)z(m+1)t-(m-l+1)+…+b1z+b0isapolynomial,

b1,b0areconstants.
Comparing(4)with(7),bym≥l,wehave2N+tk+m=degg+2M-sk≤k(s+t-1)+2M-sk,hence,

2(M-N)≥m+k>0.From(6)and(8),weget2M-s(k+m+1)≤(m+1)t-(m-l+1).Hence

m-l+1≤(m+1)t+s(k+m+1)-2M≤
(m+1)N

m+1+k/2+
(k+m+1)M
m+1+k/2 -2M<

(m+1)M
m+1+k/2+

(k+m+1)M
m+1+k/2 -2M=0.

i.e.,l-m>1,itcontradictswithm≥l.
Case1.2 Supposem<l.Differentiatebothsidesof(7),wehave

(ff(k)(z))(m+1)-p(m+1)(z)=
(z-z0)l-m-1R(z)

(z-β1)2n1+k+m+1…(z-βt)2nt+k+m+1, (9)

whereR(z)=B(l-2N-tk)(l-2N-tk-1)…(l-2N-tk-m)z(m+1)t+…+c1z+c0isapolynomial,c1,c0are
constants.

Next,wediscussthreesubcases.
Case1.2.1 Ifl<2N+tk+m.By(4),(7),similartotheproofofSubcase1.1,wegetM>N.From

(6),(9),wehave2M-s(k+m+1)≤(m+1)t.i.e.,

2M≤(m+1)t+s(k+m+1)≤
(m+1)N

m+1+k/2+
(k+m+1)M
m+1+k/2 <

(m+1)M
m+1+k/2+

(k+m+1)M
m+1+k/2 =2M

,
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whichisimpossible.
Case1.2.2 Ifl=2N+tk+m.SupposeM>N,by(6),(9),weget2M-s(k+m+1)≤(m+1)t.i.e.,

2M≤(m+1)t+s(k+m+1)≤
(m+1)N

m+1+k/2+
(k+m+1)M
m+1+k/2 <

(m+1)M
m+1+k/2+

(k+m+1)M
m+1+k/2 =2M

,

whichiscontradiction.
Thus,M≤N.By(6),(9),weobtainl-m-a≤(k+m+1)(s+t-1).Sincel=2N+tk+m,then

2N-1+tk=l-m-1≤(k+m+1)(s+t-1),i.e.,

2N≤(k+m+1)(s+t-1)+1-tk<s(k+m+1)+t(m+1)≤M(k+m+1)
m+1+k/2 +

N(m+1)
m+1+k/2≤2N

,

whichiscontradiction.
Case1.2.3 Ifl>2N+tk+m.SupposeM≤N,by(4),(7),wehavel≤2N+tk+m,whichisacontra-

diction.Thus,M>N.From(6),(9),wehave2M-s(k+m+1)≤t(m+1).Then,

2M≤s(k+m+1)+t(m+1)≤M(k+m+1)
m+1+k/2 +

N(m+1)
m+1+k/2<2M

,

whichisimpossible.
Case2 Ifff(k)-p(z)hasnozero,thenl=0for(7).Proceedingasintheproofforcase1,wealsoob-

tainacontradiction.
Therefore,Lemma4isprovedcomplectly.

3Proofoftheorem
3.1ProofofTheorem1

Foranypointz0∈D,eitherω(z0)=0orω(z0)≠0.
Next,weconsiderthefollowingtwocases.
Case1 Ifω(z0)=0.Wemayassumez0=0.Then,ω(z)=znh(z)wheren≥1isapositiveintegerand

h(z)isholomorphicinDwithh(0)=1forD.LetF1= Fj=
fj(z)
zn ,fj∈{ }F .WeshallproveF1isnormalat

origin.Supposenot,byLemma1,thereexistpointszi→0,positivenumbersρi→0andFi∈F1suchthat

gi(ξ)=ρ
-k
2i Fi(zi+ρiξ)convergesuniformlytoanon-constantmeromorphicfunctiong(ξ)inCwithrespectto

thesphericalmetric.Moreover,g(ξ)isoforderatmost2.
Now,wedistinguishtwocases.

Case1.1 Thereexistsasubsequenceof
zi

ρi
,wemaystilldenoteitas

zi

ρi
suchthatzi

ρi
→α,αisafinite

complexnumber.Wehave

Gi(ξ):=
fi(ρiξ)

ρn+k
2i
=
(ρiξ)nFi zi+ρiξ-

zi

ρ
æ

è
ç

ö

ø
÷

æ

è
ç

ö

ø
÷

i

(ρi)n (ρi)
k
2

→ξng(ξ-α)=g
~(ξ),

sphericallylocallyuniformlyinC.Hence,

Gi(ξ)G
(k)
i (ξ)-

ω(ρiξ)
ρn

i
=fi(ρiξ)f

(k)
i (ρiξ)-ω(ρiξ)

ρn
i

→g~(ξ)g
~(k)(ξ)-ξn

sphericallylocallyuniformlyinC.
Foranyf∈F,hemultiplicityofeveryzerooffismaxm+k,m+1+k/{ }2 atleast,themultiplicityof

everyzeroofg~ismaxm+k,m+1+k/{ }2 atleast,fromLemma2~4,wegetg~(ξ)g
~(k)(ξ)-ξn≢0,and

g~(ξ)g
~(k)(ξ)-ξnhastwodistinctzerosatleast.
Letξ0andξ*

0 betwodistinctzerosofg~(ξ)g
~(k)(ξ)-ξn.

WechooseapositivenumberδsmallenoughsuchthatD1∩D2=∅andsuchthatg~(ξ)g
~(k)(ξ)-ξnhasno

otherzerosinD1∪D2exceptforξ0andξ*
0 ,where
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D1 {= ξ∈C ξ-ξ0 < }δ ,D2 {= ξ∈C ξ-ξ*
0 < }δ . (10)

ByHurwitz’stheorem,forsufficientlylargeithereexistpointsξi∈D1,ξ*
i ∈D2suchthat

fi(ρiξi)f(k)
i (ρiξi)-ω(ρiξi)=0,fi(ρiξ*

i )f(k)
i (ρiξ*

i )-ω(ρiξ*
i )=0.

BytheassumptioninTheorem1,ff(k)andgg(k)shareωIMforeverypairoffunctionsf,g∈F.Then,forany
integerr,itfollowsthat

fr(ρiξi)f(k)
r (ρiξi)-ω(ρiξi)=0,fr(ρiξ*

i )f(k)
r (ρiξ*

i )-ω(ρiξ*
i )=0.

Wefixrandnotethatρiξi→0,ρiξ*
i →0ifi→∞.Wegetfr(0)f(k)

r (0)-ω(0)=0.
Sincethezerooffr(z)f(k)

r (z)-ω(z)havenoaccumulationpointsforsufficientlylargei,infactwehave

ρiξi=ρiξ*
i =0.Henceξi=ξ*

i =0.Thiscontradictswiththefactsthatξi∈D1,ξ*
i ∈D2,D1∩D2=∅.

Therefore,F1isnormalat0.

Case1.2 Thereexistsasubsequenceof
zi

ρi
,wemaystilldenoteitas

zi

ρi
suchthatzi

ρi
→∞.Then,

F(k)
i =

f(k)
i /zn+∑

k-1

t=0Ck-t(F(t)
i (z)/zk-t),ifn>k,

f(k)
i /zn+∑

k-n

t=0Ck-t(F(t)
i (z)/zk-t),ifn≤k

ì

î

í

ïï

ïï ,
(11)

whereCl,l=i,2,…,kareconstant.Thus,

ρ-k
2i g(k)

i (ξ)=F
(k)
i (zi+ρiξ)=

f(k)
i (zi+ρiξ)
(zi+ρiξ)n

+ C1
zi+ρiξ

F(k-1)
i (zi+ρiξ)+…+

Ck

(zi+ρiξ)k
Fi(zi+ρiξ) (12)

whereCl=0,l=n+1,…,k,ifn<k.Obviously,

lim
i→∞

1
h(zi+ρiξ)

=1 (13)

uniformlyoncompactsubsetofC.Atthesametime,

lim
i→∞

Clρl
n

(zi+ρiξ)l
=lim

i→∞

Cl

(zi/ρi+ξ)l
=0,l=1,2,…,k (14)

uniformlyoncompactsubsetofC.By(12),(13)and(14),wehave

f(k)
i (zi+ρiξ)
ω(zi+ρiξ)

= f(k)
i (zi+ρiξ)

(zi+ρiξ)nh(zi+ρiξ)
= 1
h(zi+ρiξ)ρ

-k
2i g(k)

i (ξ)-
Clρ1-

k
2i g(k-1)

i (ξ)
zi+ρiξ

-…-Clρ
k
2igi(ξ)

(zi+ρiξ)
é

ë
êê

ù

û
úúk (15)

Thus,

fi(zi+ρiξ)f
(k)
i (zi+ρiξ)

ω(zi+ρiξ)
-1→g(ξ)g

(k)(ξ)-1 (16)

sphericallylocallyuniformlyinC-ξg(ξ){ }=∞ .
Ifgg(k)≡1,thenghasnozeros.Ofcourse,galsohasnopoles.Sincegisanon-constantmeromorphic

functionoforderatmost2,thenthereexistconstantscisuchthat(c1,c2)≠(0,0),andg(ξ)=ec0+c1ξ+c2ξ
2
.Ob-

viously,thisiscontrarytothecasegg(k)≡1.Hencegg(k)≢1.FromLemma2,Lemma3andLemma4,we
getg(ξ)g

(k)(ξ)-1hastwodistinctzerosatleast.
Letξ1andξ*

1 betwodistinctzerosofg(ξ)g
(k)(ξ)-1.

WechooseapositivenumberσsmallenoughsuchthatD1∩D2=∅andsuchthatg(ξ)g
(k)(ξ)-1hasno

otherzerosinD1∪D2exceptforξ1andξ*
1 ,where

D1=ξ∈C ξ-ξ1 <{ }σ ,D2=ξ∈C ξ-ξ*
1 <{ }σ (17)

ByHurwitz’stheorem,forsufficientlylargeithereexistpointsζi∈D1,ζ*
i ∈D2suchthat

SimilartotheproofofCase1.1,wegetacontradiction.Therefore,F1isnormalat0.
ItremainstoprovethatFisnormalatorigin.SupposefjkbeasequenceoffunctionsinF .SinceF1is

normalat0,thereexistsΔr=z:z <{ }r ,F1isnormalonΔr,thenthereexistδ<r
2suchthatFjkuniformly

convergestoameromorphicfunctionu(z)or∞onΔ2δ.NotingFjk(0)=∞,wededucethatexistspositive
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constantRsuchthat Fjk ≥Rforallz∈Δδ.Thus,fjk≠0forallz∈Δδandforallk.Therefore,1/fjkisana-
lyticinΔδ.Therefore,wehave

1
fjk(z)=

1
Fjk(z)

1
z n ≤R

2n

δn,z =δ
2.

(18)

ByMontel’sTheorem,Fisnormalatz=0.
Case2 Ifω(z0)≠0.SupposethatFisnotnormalatz0.ByLemma1,thereexistpointszn→z0,ρn→0,

fn→Fsuchthatρ-k
2n fn(zn+ρnξ)→g(ξ)sphericallylocallyuniformlyinC,g(ξ)isanonconstantmeromorphic

functioninC,andg#(ξ)≤1.Moreover,theorderofg(ξ)isnotgreaterthan2.
Sinceforanyf∈F,themultiplicityofzerosoffismaxm+k,m+1+k/{ }2 atleast,thenthemultiplici-

tyofzerosofgismaxm+k,m+1+k/{ }2 atleast.
Thus,fromLemma2,Lemma3andLemma4,wegetgg(k)-ω(z0)≢0,andgg(k)-ω(z0)hastwodis-

tinctzerosatleast.SimilartotheproofofCase1.1,wegetacontradiction.Thus,Fisnormalatz0.Theo-
rem1isprovedcompletely.
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亚纯函数分担全纯函数的正规族

吴 春

(重庆师范大学 数学学院,重庆401331)

摘要:主要研究了亚纯函数分担全纯函数的正规族问题,证明了:如果F 是区域D 上的亚纯函数,k(≥1),m(≥0)为两个整数,ω≢0
为一个全纯函数,在D内其零点的重级为m。如果对任意的f∈F,f的所有零点及极点的重级至少为 max{m+k,m+1+k/2},且
对任意的f,g∈F 都有ff(k),gg(k)IM分担ω,则F 在D 正规。

关键词:亚纯函数;正规族;全纯函数
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