2016 4 5 F FRITEAFFWMCE AR FHO May 2016

#33% #3H Journal of Chongqing Normal University (Natural Science) Vol. 33 No. 3
EEZ5EH DOI:10. 11721/cqnuj20160329

MRS T2 Bl BRI ERG

(R R FeFR 22, HR 40133D)

WEZEALART T ALEXGRNELALERGMABE, ELERRANTRIET B#ORAELHE-—ER
REFHXEWNNE, MM TERRLSERECEAA AR XARLOHAHERTAREFF AT NFRRA, &
W 7 U T A A FE Clarke ) X 4% & . Mordukhovich % ## 4% % . | & Mordukhovich % #% 2 th it & xt £ H AR 44 ¢ 9]
R AL A AT ) . P Mordukhovich %k #4 #32 F M %k # 4. #lH Mordukhovich th b 8y B A& . L 7T & M
RHAPEXTS5ERhEAABERBOLET s REELEREARBN T 2R EERE. BHIANT M AL E
ATt AR ZEELENET —MARBENREELFNENH L, REXELE S HiRB LN E S
RIERE T — Ry RWIR N E A,

KEEWR M Ko 3EHE S B AR b &

HESHES0221.6 MERARAEED A XEHES:1672-6693(2016)03-0001-05

AT JE A AR T I TR A8 B A U AR AR R R 2 BARi ik )@, [ 20 42 70 AR L
K. KT Z HR RIS 5 7 k8 O A Ko 5 2 m SEah i B o8 iR . O T 2 B AR Ak 1) 8 v H b ek £k
B R R BN — & BA A RO E s ARG i 2 B A AL Rl A 1 4 B A BEe A S  FANE H
KTARGH 2 HAREAL R R A s Ak 5 PF 32 ) T R TR 725G TE . A i 3t AR WF 5T IR D6 2 H s ] i
FEAEPIRE ) U TR Clarke 7 CBS BERT MR B> o AR 22 2238 WX P& 3 il BEAT 1 WF S8 AR S

2008 4, Winkler il i Clarke J7 [a] FECFI R /3 1038 T CCT) 28 18] bty ) 2 40 4k 0] 80w A & figk 0 55 8 4%
fift 1) Fe AR 25 5 2015 48, SCHER[ 251 AT Clarke J7 In] 80 SCF M2 AR HE L TR I SCHRC3 11k 17 C(TH =5 [A] |
BT SO Pk 25 A 0 1) 2t A Ak T R 1) e O 1k 25 4, O ELAfL i Clarke J7 o] 8008 ST O Ze Pk A kL 42 10 T A 20
1 FE 53 B AR S P — A S B . T SCIR1-3 ] 19 JR & , % JE i MR BUr F IR 7E R &5 (8] B HAT )™ St
FAF I 2 B AR AG )8 Y B P 25 0, JF BT ATE MR 38 SO I 2t AR S e e v R AR S B =X

RS T S A E RSB, AR N T MR B SN AR 2 H AR O AR 1)U A5 S5 A
RO B AP 25 A, OF ELAE L 51 AR B9 R PR 45t T A 80U SR A0 P 2 R — D S B, R B T A
SO AR R T R SE AT g — e SR IR,

1 & ;iR

W CCR", int Cyconv C Fll cl C 4353z C WHINATR BRI, £4 C IAREBIN R Az iUE | B e Fn
TEx VA HEE LANE
core C={zE€C|YyER", IA>0,2+AyEC};cone C={Aala € C,A=0};
C°={vER"|[{v,d)<<0,YdEC};N(C,2)={dER"|{dyx—2)<0,Y2€C},
2 18N H ARG 1) & Pk In)
(P) min f()=Cf1(x)s fo(a) s fi(x)),
s.t. g (x)=0,=1,2,,m,2€EXCR",

xRS EHA:2016-02-26 [ %% H KR B 18] : 2016-04-29  18:34
BERTIE : EHF A KB4 (No. 11431004; No. 11301574; No. 11271391) ; 8 P Sl SRV AF 58RI B (No. cstc2015jcyjA00027) ; F P
T Z R 2= AR5 H (No. KJ1500303)
EER N XN SR & 5 A2 B BHE . E-mail: 332070262@qq. com; BEEH X w4, B 2% . E-mail: kequanz@163. com
[ 4& W ittt b < http://www. cnki. net/kems/detail/50. 1165. n. 20160429, 1834. 006. html



2 FERFREAFFHEARFHK htp://www. cqnuj. cn % 33 %

Hr £ R >R, i€I1={1,2,--, 0} H g,:R">R,; € J={1,2,--,m} HJm# Lipschitz, X 2 & T R ML=
MFE, (P T FTERR N S={2ER" g, (2)=0. € J}. P JGO={i€J|g (x)=0},

FEX 1M F2€S,1) HAFIE € SR ()< @), WFR R [n] 8 (P) A 8%, HAEGIE R EFF(f(S),R');
2) B 2 €S £ (o) <<f @) FR R RE (P) A 5543 8 . HEAIE N EFFy (f(S).RY) .,

EX 2 % CCR",x€cl C, CTEx b Pl E X h .

T(C;2):={dER"| F{(a,+st, )} T(CKR, ) ys. t.a,>xst, (2, —2)>d} o
E1 D NCDH=TC.0%2) T(C.a)=c Ur(C—a),
EX 3P HORAUETR WIESETHE, AE €0 Fe=0, M Q fExAbH) M EEHEE XWF .
N(T;Q): =lim sup N.(Z:0),

T,y 0

lim supwée} .
DL

,H\EPNE@Q):{JC* ER’

F2 D E24QNUAENG:D=0;2) # 0 BMENENG:QD=NG:0).,

EX 40 HR ) TR o:R"—>R=[ —co, +co ],z €R" H |o(x) | <<oo, M ¢ fEx ALK M KI5 5 5E
XK Bup(@) ={x" ER":(z" , — 1D ENUT,o(T))sepi @)},

F 3 Hle) =0, A oup ()=,

EX 5 ¥ R =R EJREB Lipschitz Hx, o€ R, W f fEx AW % F7 18] v B9 Clarke J7 i S 50E X N

f(z,v)=lim supM JH fEXAE R Clarke IR EEE N Ocf () = {EER" [ (£,0) <[ (x,v), Y vER"},

YTy 0 t

F4 &% R >R IEZER" LhRFH Lipschitz, WA o f () =cl conv oy f (2,

3138 197 & o R A [,y TIPS F IR RHE Lipschitz, MAETE ¢ € [243) ,6€ Oue (o)l 18 ¢(y) — ()<<
(Eyy—x),

3138 2l Xt TR Lipschitz M pREL /R —>R.0nf () SN F LR, BIA

lirrll;gup Ouf()Couf(x), VxER",
EX 68 & R >R &/ Lipschitz, &XT THEE 2. vER v 2Fy, A
FO)<f(y)=>(E,x—y)<<0, Y EE RS (),

MFR £ 76 R A,

3133 X TR P . #rESH f,(2) i €T Mg, (x),jEJ TEx AT Lipschitz, MEH

(Uauf  GNHU (jetjjmamg,- €))

R PR,

S H 3 SE e 4 RSCER3 ] Ay 51 B 3. 1 HTHIE,

134N W AMB ER PFRMNATE,HARERN A cl (A+B)=cl A+cl B,

513 597 % A,B & R THAHE A 0€ core (A+B)&A+B=R",

518 6 & K, ,K,,, K, & R PiydEas e, A el K, N Nel K,)°=cl (K] +-+K;).

2 FEHFR
Ao FE SCHR 3 TRl b EE N7 T M Ry 3 SCF 558 AU 1 78 43 6 B S A0 RUA SO 1 78 4 1 AL O L
JLF Burachik 1 Rizvi i TAE" .51 AT M IR 5 SCT BI85 T A 2008 10 78 40 M 2 1R i — A
FME,
EE 1 (FHAKMMT S LEFM X TALHE Z BiAa AR P) Bz € S, KE £ (o), i€ETHM
g;(x) ;€] fEchbJEJmER Lipschitz HAE R" LA A€ EFFy (£(S),RY) Y HALY
0€cl (conv ((Uayf (@)U (EL?J(i)ang(fr))))JrN(X,f)o

ERR Bk, X € EFFy (F(S), R FETE o€ X\{z ), flif%
FO<f() Vi€lig,()<0=g,(x), V€T (),



%3 X e A F MR T % B AT AL 8 & A M 4 3

HR fi() i€ Mg, (o). €T ¥ hthi™eag, WA
(&,a—2)<0,Y&Eouf (), Vi€ (y x—2)<0,Y 7 Edug, (), V€T (),
MAFHE— D BM, 0§56 .ao—2)<M,, Y& €uf (). Vi€, FBFLE—AHE M, <05 (. 0— )<
M, .Y 7 €0ug; (. V€T (@),
KX F YV a € cl(conv( (iLeJIaMf, (@)U (jeLijang @), (asx—x)y<max{M, .M, } <0,

D5 B 2 LAY BE N(X L 2) o A (Box—x)<<0. HLATHICa+Box—2)<<0, HI
0¢ clCconv((Uayf () U (]_GLjJG)aMg, @EHN+NX, 1),
ook, mvE 2,515 3 FGIH 4 WAL ES
clCconv((Uau/f, () U <]_€ij(;)ang ()N +NX, 1)

RS, BB 0¢ clconv((Uauf, () Ul eLjJ(f‘)c’aM;,rj(E)>>)+N(X,E> U R R B E BT 3 pERY,
p70, H M<<0 ffi1%
(&9, p)<<M=0, ¥ §€ conv((Uanf, () U(_eLjJ(i)aMg, (), ¥ 9ENX, 1),

N X M, ENX o) X R A AR LM 6 p € T(X,2) =cl goﬂx—zx, L =0, M4
(&, p)<SM=0, ¥ §€ conv ((Uanf (21, M.

(Eha—o)<<0,V&€oufi (), Vi ;{y ,xa—x)<0, V5 €oug; (2, VieT,
T p€ T(X, ) JUAETE (o, CX KR AliAG 2, > Hot, (o, — ) —>p o B PEE B A2 HE o, € [20x,)
H & €ouf: (u) flif
file)— fi(o)<(&,x,—x), Vi€],
Hr o, =2+ (x,—2), A€ 0,1, Wik vi—>x., XEH f. () R/E Lipschitz, A F5 (&8 7. FHILER
GILE AR T 9 . AR — etk o e o (6 ) AT {6 —~& e T, th M IR AR S T R & €
oufi (), Vi€l, WH
L(filx)— fi(@)) =& ,t,— (x,—2)),
hm t,,(f,-(x,,)*f,-(i))é}if}}<$ﬁ, sty (2, —a))=(& ,pr»<0,
FILFEE N, >0, 8% n>N, A £ (x)<<f: ()., Y n>max{N,} e, .8 fi(x)<f. (), Vi€l,

R, g (x,)<<g; (@), ViET(). 1%ﬂ¥j€f(§)ﬁﬁvgj(;)<oo Mg (O WELNR g (x,)<<0, HIL
fi 2€ EFFy (f(S),R.), HEEE

EE 2 CARUMMFESPERMO X TAEEH 2 HAR LRI B & (P) Rk € S, BREL [, ()i €1 Fl g, (),
jE€J TEx b JRFE Lipschitz H7E R EOhih . 54

0oe Core(cl(cone(conv(igla,wf,-(5)) U (jE[jJG)aMg] (@ONNFNX.2)),
MxEEFF(f(S),RY ),
EB W€ EFF(f(S),RY),A= (iy,a‘”f'(z)) U (]QL%T)aMg,, @), M I e X\{Z}.i, € 1. fH15
Fi, (oO<f, (@;fi(oO<fi (@), Vic\li};g@)<0=g;), YiEeT (@,

W fi() i €T Mg, (o) oy € #3280 s 80 W iy %€ SCRTRIX TV y € AVA (yh e — 20 <<0, X T A A
£ 14 2 SCAT AL, %Y v € cl(cone(conv A)) s F (v, x—x)<<0, PRV 2 € core(cl(cone(conv A))+N(X,2)) . &
MFEBAEM JER, IA=>0,1H15

2+ Ad € cl(cone(conv A))+N(X,2).,

K R AE 21 € cl(cone(conv A LI I 2, € N(X, D) f#i18 2+ ad=2 + 2., X X BN PERTHL.NX, ) =N(X,2),
A

(21— 2)<0,{z,,y—2)<<0,VyEX,
L y=zyd=x—x . WEH (zF+Ad ,x—2)<0;{zFA(x— 1) sx—x)<0,



4 FERFREAFFHEARFHK htp://www. cqnuj. cn % 33 %

Nl T aFzHxc—r, 2= =2l z—x | >0, WA (z,x—2)<<0, H = MIEREER 0
0é core(cl(cone(conv((_LEJIaMf, () UC eLijaMg_, @OON+HNX, 7)),

AT it
B 1 W TG % H AR (P T € S BREL /()i € 1 fErAbJ i #f Lipschitz ELZE R" 1 fh

™M, &H 0€ core(cl(conv( LeJlaMf,v(Eﬂ)—f—N(X,}))amU}EEFF(f(S),RQ)o

1994 4F ,Maeda IR G AHES Q) Q' () X IE WM & A4 A7 4 I 57 7 3% Kuhn-Tucker 22 e 1 5%

419752012 4, Burachik 1 Rizvi BI A T Hi LA XS FrE X H
M (z)={zx € R" | g(x) = 0.f,(x) = f(2)}.i € [;M(2) =0 MG,

2015 4, B 38 22 H T Burachik F1 Rizvi B TAE $& 10 7R THEG M) .M (@) B Clarke J5 1] 350 X H 1Y
2R ML T . BRI AE Burachik, Rizvi FIBA 72209 TAEZERE F0P 32 6 T4 M) .M () B M R4 2 X
T HL T,

EX T MR ELT G MO LR E SR -

Ly(M@@) ) ={dER"|(&,d)=0, VY E€COuf (2)i€ I, (n.d)=0, Y € g, () .j€J (D},

fAIE N Ly (M(2) s 2) = {d ER" [ (Ouf:(2)+d)=0,i € I,(Oug,;(x)d)=0,;E J ()},

S TER SR, Ly (MG ) &AM,

EHE 3 XTI Z B RIRE(P) R €S, REL f.(x) i €1 M g;(x),j € J fExhbJE R #F Lipschi-
tz, WA

S core(cl(cone(conv((ILEJ]@Mf, @ U <,eL7J<7>8ng O HFNX2)ELy (M), ) NT(X,2)=1{0},

R BARAE Ly (M), ) NT(X,2)={0}=(Ly(M(2), ) N T(X.,2)°=R", H15/ 8 6 FEL
(Ly (M), 2)°+ NCX ,2)) By ]

(Ly(M@) ) N T(X ) =cl(Ly (M) ,2)°+T(X . 2)*) =cl(Ly (M) ,2)°+N(X.2)) =
Ly(M(2),2)°+N(X.2)=R",
Mg 5 FMES X By vEn A,
Ly(M(@),2) NT(X,2)=1{0}S0€ core(Ly (M) ,2)°+N(X.2)),

M HRFFUE Ly (M (D) ,E)(’:cl(cone(conv((iLeJIamf,v(f)) U (jELiJ(;)alwg‘, () BRpA],

FH s SCAT AT,

Ly (M) ,§>°=<<Ql<amf,.<z>)°> N (jegﬂ(ang(E))°))°=((iL€JIaMf,(I))°ﬂ <j€LjJ(T)aMg,.<E>>°>°=
((IL&JIaMf, @ U (jeLjJ@ang ()= (cl(cone(conv((iylaMf{ @ U (ijJ(DSng @M,

BIA Ly (M(Z),2)°=cl(cone(conv( <1L€JIaMf, @ U <J€%J(;)awg, (X)) MAL, JIF e

EIE 4 XFFAREHE L BRI R (P B € S BREL £ () i€ 1 Ml g, (). € J fEx kb &R Lipschi-
tz H7E R" BN, & Ly (M) . 2) N T(X,2)={0} . MAx€ EFF(f(S).R}),

HEH 2 AER 3 Bk 4,

3 HIEMRE

AT M s> TR W08 T FE R 28 [ ARG 2 B bR LR 1) B A e oV 25 #F . JF HLAE T Burachik #
Rizvi i TAE 5L TAE MRS B ST MR M Ao . 3 o 2R P Al ik L 2 7 T A 550 1 78 00 J PR 2% 1 1) —
NEEMIE . TR TAE R, AT LABHE 7E— MY Asplund %5 8] i 2 &5 BAT AR R A 2598, DL SCTE — i i T BR 4
Z A R BA M E9E . . COD) 2 [ 885, [R]IE AR SO 32 245 5 B A0 ) SOM PR 2 15l 7 — 20 sl 35 5
75 M U B 78 SR S 10 AT LAOGE 2% 26 E0AT R0 3 Sr 28 (0L iy e I 1k 2 15 55

S E 3k

[1] Winkler K. A characterization of efficient and weakly effi- cient points in convex vector optimization[ J ]. SIAM Jour-



Vol. 33 No. 3

Journal of Chongqing Normal University (Natural Science)

ol

http://www. cqnuj. cn

nal on Optimization,2008,19(2) :756-765.

[2] Zhao K Q. Strong Kuhn-Tucker optimality in nonsmooth
multiobjective optimization problems[]]. Pacific Journal of
Optimization,2015,11(3) :483-494.

[3] Zhao K Q, Yang X M. Characterizations of efficient and
weakly efficient points in nonconvex vector optimization
[J]. Journal of Global Optimization,2015,61(3):575-590.

[4] Jahn J. Vector optimization[ M]. New York: Springer-Ver-
lag.2004.

[5] Mordukhovich B S. Variational analysis and generalized dif-
ferentiation I: basic theory [ M ]. Berlin: Springer-Verlag,
2006.

[6] Clarke F H. Optimization and nonsmooth analysis [ M ].
New York:Wiley,1983.

Operations Research and Cybernetics

[7] Rockafellar R T, Wets R J. Variational analysis[ M]. Ber-

lin: Springer-Verlag.1998.

[8] Fan L,Liu S,Gao S. Generalized monotonicity and convexi-

ty of non-differentiable functions[J]. Journal of Mathemati-
cal Analysis and Applications,2003,279(1) :276-289.

[9] Rockafellar R T. Convex analysis[ M]. New York: Prince-

ton University Press,1970.

[10] Maeda T. Constraint qualifications in multiobjective opti-
mization problems:differentiable case[]J]. Journal of Opti-
mization Theory and Applications,1994,80(3) :483-500.

[11] Burachik R S, Rizvi M M. On weak and strong Kuhn-
Tucker conditions for smooth multiobjective optimization
[J]. Journal of Optimization Theory and Applications,
2012,155(2) :477-491.

Optimality Conditions for Multiobjective Optimization Problems in Terms of the M Subdifferential

LIU Jinjie, ZHAO Kequan

(School of Mathematical Science, Chongqing Normal University, Chongqing 401331, China)
Abstract: Throughout this paper, we consider the nonsmooth multiobjective programming problem with inequality constraints. In
the studying of the multiobjective programming problem, many researchers focus on the optimality of the solutions. What’s more,
for the nonsmooth multiobjective programming problem., it is meaningful to discuss in the term of the generalized differential. The
classical generalized differential tools include the Clarke subdifferential and the Mordukhovich’s subdifferential. In our paper, we
mainly use the Mordukhovich’s subdifferential to study the nonsmooth multiobjective programming problem. The M subdifferential
is short of the Mordukhovich’s subdifferential. In this paper, we introduce the definition of the Mordukhovich’s pseudoconvex. Then
the necessary and sufficient optimality condition of the weak efficiency solutions and the sufficient optimality condition of the efficien-
cy solutions are given. What’s more., we introduce the concept of the linearizing cones by using the Mordukhovich’s subdifferential
and propose an equivalent description of the efficient solutions’ optimality condition with it. Finally, we give some further research
problems for following study.

Key words: M subdifferential; nonsmooth multiobjective programming; optimality conditions
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