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Abstract:ModifiedshiftedLaplacepreconditionersareintroducedtothesolutionofcomplexlinearsystems,whicharefre-

quentlyindefiniteandlarge,itisdifficulttosolveiteratively.Thespectralcharacteristicsofthepreconditionersarestud-

ied,andwefindthat,alleigenvaluesofthepreconditionedmatricesarelocatedononecircleandstronglyclustered.Nu-

mericalexperimentsontheHelmholtzequationsarepresentedtoillustratethenumericaleffectivenessofourprecondition-

ers.
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1Introduction

Considerthenonsingularcomplexlinearsystemsasfollows:

Cx=b,withC=A+iB, (1)

Wherei= -1,A,B∈Rn×n,AT=A,BT=B.Then,wecanfindthatthematrixCissymmetric,butnon-
Hermitian.Complexsystemsariseinanumberofapplications,suchastime-harmonicwavepropagations,scat-
teringphenomenawhichisariseninopticalandacousticproblems.Inournumericalexperiments,weusethe
examplesoftheHelmholtzequationwhichisdiscretizedbyfinitedifference.

Thecoefficientmatricesarelargeandusuallysparse,Krylovsubspacemethodsarebetterchoicewhena
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goodpreconditionerisintroduced.Inthispaper,modifiedshiftedLaplacepreconditionersareintroducedtoim-
provetheconvergenceoftheKrylovsubspacemethods.

Someeffectivepreconditionersforcomplexlinearsystemsareintroducedin[1-4].Axelsson,Kucherov[1]

andBenzi[4]presentedsomeeffectivepreconditionersbasedthe2n×2nequivalentrealformulationsinsteadof
then×ncomplexsystems.

Laird[2]tooktheLaplaceoperatorperturbedbyareal-valuedlineartermasapreconditionerandimproved
theconvergencerateofiterativemethods.In[5-8],theclassofshiftedLaplacepreconditionersarefurthergen-
eralizedbyalsoconsideringgeneralcomplexshifts.ThespectralcharacteristicsoftheshiftedLaplaceprecondi-
tionersarestudiedbyVanGijzen,Erlangga,Vuikin[8],andwecanfindthatthesepreconditionersareeffec-
tiveandsimpletoconstruct.

Recently,basedontheHermitianandskew-HermitianpartsofthecoefficientmatrixC,whenAisasym-
metricpositivesemidefinitematrixandBisasymmetricpositivedefinitematrix,orAisasymmetricpositive
definitematrixandBisasymmetricpositivesemidefinitematrix,Baietal.proposedin[13]amodifiedHermi-
tianandskew-Hermitiansplitting(MHSS)iterationmethod,whichismoreefficientthantheHSSiteration
method[14]forsolvingthecomplexsystem(1).IthasbeenprovedthattheMHSSiterationmethodisconver-
gentunconditionallyin[13].In[15-17],theauthorsgavesomevariantsofMHSSandestablishedtheconver-
gencetheoriesforthetheseiterationmethodundersuitableconditions.

Thispapergivestheclassofpreconditionersjustfromanalgebraicpointofview,andisbasedonthework
of[5-8].TodistinguishitfromtheshiftedLaplacepreconditioners,wereferthemasmodifiedshiftedLaplace

preconditioners.
InSection2ofthispaper,wewillestablishthemodifiedshiftedLaplacepreconditionersandstudythe

spectralpropertiesofthepreconditionersforthecomplexlinearsystems.InSection3ofthispaper,wegive
somenumericalexperimentsontheHelmholtzequations.Finally,conclusionsareobtainedinSection4.

2ThemodifiedshiftedLaplacepreconditioners

Inthispaper,weconsiderthefollowingpreconditionedlinearsystem:

P-1Cx=P-1b, (2)

wherethepreconditionerPisnon-singular.Thepreconditionerisveryimportant.Generallyspeaking,we
shouldchoosethepreconditionerPtolettheconditionnumberofthepreconditionedmatrixP-1Cislessthan
theconditionnumberoftheoriginalmatrixA,youcanturnto[4]formoredetailsaboutthepreconditioner.

In[8],VanGijzen,Erlangga,VuikintroducedashiftedLaplacepreconditioner:

L+iC-z2M
topreconditiontheHelmholtzoperator:

L+iC-z1M.
Whenweturntothecomplexlinearsystemsoftheform(1),wecanrewritethecoefficientmatrixasfol-

lows:

C=A+αB-(α-i)B=L-z1B, (3)

whereL=A+αB,z1=α-i=α1+iβ2,inthispaper,weallchooseα>0.LookingforaformofC,weconsider
thepreconditioner:

P=L-z2B, (4)

wherez2=α2+iβ2,inordertodistinguishitfromtheshiftedLaplacepreconditionersforHelmholtzopera-
tor,wereferthemasmodifiedshiftedLaplacepreconditioners.Wecanfindthatthesepreconditionersarestill
easytoconstruct.
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In[12],forthecomplexlinearsystem:
(A-h2pI+ih2qI)x=b,

ifwechooseα2=α
q
,β=-1,then,wecangetthepreconditioner:

P1=A+h2(α-p)I+ih2qI(α>p),

whichisintroducedin[12].So,wecanconsiderthemodifiedshiftedLaplacepreconditionersasagenerationof
thepreconditionerin[12].Inournumericalexperiments,wewillcomparetheresultswiththeresultsofthe
modifiedshiftedLaplacepreconditioners.
InthefollowingTheorem,wewilldiscussthespectrumresultsofthepreconditionedmatrixP-1CwhenB

isasymmetric,realandnonsingularmatrix,theproofoftheTheoremissimilartotheproofin[8].
Theorem1 Letβ2≠0,andassumethatLisasymmetricrealmatrix,Bisasymmetric,realandnonsin-

gularmatrix.Then,theeigenvaluesλ=λr+iλiofP-1Aarelocatedonthecirclegivenby
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thecentercofthiscircleis
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2
, (6)

andtheradiusRis

R=
(β2-β1)2+(α2-α1)2

(2β2)2
. (7)

Proof Letλ=λr+iλibeaneigenvalueofP-1Awitheigenvectorx.Bisasymmetric,realandnonsingular
matrix,thenwecanget

(L-z1B)x=λ(L-z2B)x, (8)

anditiseasytoseethatL-z1BandL-z2Bsharethesameeigenvectors,whicharetheeigenvectorsof
Lx=ωBx.

Substitutingthisinto(8)yields
ω-z1=λ(ω-z2), (9)

andweknowthat,λ=λr+iλi,z1=α1+iβ1,z2=α2+iβ2,substitutingthisinto(9)yields

ω-α1=λr(ω-α2)+λiβ2
-β1=-λrβ2+λi(ω-α2{ )

. (10)

Then,bydirectcomputation,wecanget
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Thecenterofthecirclecanalsobewrittenas

c=z1-z2z2-z2
,

andtheradiusas

R= z2-z1
z2-z2 .

Theorem2 Letβ2=0,andassumethatLisasymmetricrealmatrix,Bisasymmetric,realandnonsin-
gularmatrix.Then,theeigenvaluesλ=λr+iλiofP-1Aarelocatedonthecirclegivenby

-β1λr+(α1-α2)λi+β1=0
Proof Letβ2=0,from(10)andthenbydirectcomputation,wecanget

-β1λr+(α1-α2)λi+β1=0.
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Remark IfthecomplexlinearsystemisnonsymmetricorBissingular,themodifiedshiftedLaplacepre-
conditionercanstillbeappliedtothiscase,butwecan’tgetthesimilarspectrumresultsofthepreconditioned
matrix,seeexample2.

3Someconsiderations

In[8],theauthorsgivethechoiceoftheoptimalshift,thatis:

z2=-iz1 ,

inourtest,wealsogivethechoice.Anotherchoiceistheconstantα,ifα→0,thepreconditionerPcorresponds
tousingtheoriginaloperatorC,whichmeansthatperformingthepreconditioningoperationisashardassol-
vingtheoriginalsystem.So,weshouldchooseasuitableα.Inournumericalexperiments,wealltakeα=1.

ThebasicalgorithmofKrylovsubspacemethodsistheconjugategradientmethod(CG),onlythreevec-
torsisusedinmemory.WhenthecoefficientmatrixCissymmetric,andpositivedefinite,theconjugategradi-
entmethodworkwell.Otherwise,theconjugategradientmethodmaybreakdown.GMREShastheadvantage
thattheoreticallythealgorithmdoesnotbreakdownunlessconvergencehasbeenreached.Themainproblem
inGMRESisthat,whentheiterationnumberincreases,theamountofstoragealsoincreases.Therefore,the
applicationofGMRESmaybelimitedbythecomputerstorage.Toremedythisproblem,arestartedversion,

GMRES(m).Inournumericalexperiments,wealltaketherestartedGMRES(m).

4Numericalexamples

Helmholtzequationsareveryimportantinthewavepropagationphenomena.Similartothenumericalex-
perimentsin[4],basedonthefinite-differencediscretizationofthepartialdifferentialequation(PDE),two
typesofmodelproblemswereconsidered:

-Δu-pu+iqu=f. (11)

AllthenumericalexperimentswereperformedwithMatlab7.0.Inallofourrunsweusedazeroinitial

guessandletr(k)tobetheresidualvectorafterk-thiteration.When‖r(k)‖2/‖r(0)‖2≤10-6,Thealgorithm
stop.Theright-handsidevectorsb=Ce,e=(1,1,…,1)T.WewillusepreconditionedGMRES(10)tosolvethe
complexlinearsystems.

Example1 Weconsider(11)onthe2DdomainΩ=[0,1]×[0,1]withdifferentvaluesofp,qand
boundaryconditions,andweletp>0,q>0.

Wediscretizetheseproblemsbyfinitedifferencesusinguniformm×mgrids,then,wecangetthefollow-
ingcomplexlinearsystemwhichisn×nwithn=m2.

Cx=(T-h2pI+ih2D)x=b, (12)

whenp=200,thediagonalmatrixDhasrandomentriesintheinterval(0,200).Wecanfindthat,Aisindefi-
niteandBispositivedefinite.Inthisexample,wechangethepreconditionerwhichisintroducedin[12]to:

P1=A+h2(α-p)I+ih2qD,α=200,

andgivethemodifiedshiftedLaplacepreconditioner:

P2=A-h2pI+h2qD+i1-ih2qD.
Fromfig.1,wecangettheresultsthattheeigenvaluesofP-1Aarestronglyclustered,andarelocatedin

acircle,whichareexpectedinTheorem1.
Fromfig.2,wecanfindthatthemodifiedshiftedLaplacepreconditionersperformwell,andaremoreef-

fectivethanthepreconditionerswhichareintroducedin[12].
FromTab.1,wecanseetheiterationscountsfordifferentgrids,wefindthattheconvergencebehaviorof

thispreconditionerisindependentofthegridsizeh.
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Fig.1 SpectrumofAandP-1Aon30×30grid

Tab.1 GMRESiterationsfordifferentgridsforexample1

Grid Nopreconditioning P=P1 P=P2

10×10 55 27 14

20×20 114 27 14

30×30 186 29 15

40×40 275 28 14

Example2 Inthisexample,weletp=-200,q=0
andaboundaryconditionoftheform

췍u
췍n+βu=0on

{(1,y)|0<y<1},

andDirichletboundaryconditionsaresatisfiedonthere-
mainingthreesidesoftheunitsquare,withthecomplex
functionβchosensoastomaketheimaginarypartofC

Fig.2 Convergencecurveandtotalnumbersof

GMRESiterationson30×30gridforexample1

indefinite.Takingsuitableβ,wecangetthecomplexlin-
earsystemoftheform (12),wherethediagonalentries
ofDislistasfollows:

di+(j-1)m=
(-1)j-1100/h,wheni=m
0,{ else

,

i,j=1,…,m.Usingthefivepointfinitedifferencetodis-
cretizetheHelmholtzequation(11)resultsinthefollow-
inglinearsystem:

Cx=(T-h2pI+iD)x=(A+iB)x=b. (13)

Atthiscase,thematrixAisnon-singularandposi-
tivedefinite,thematrixBissingularandindefinite.In
thisexample,wegivethemodifiedshiftedLaplaceprecon-
ditioner:

P3=A+B+i1-iB.
FromFig.3andTab.2,wecanfindthatthemodifiedshiftedLaplacepreconditionerscanstillbeapplied

tothecasewhenBissingular.

Fig.3 Convergencecurveandtotalnumbersof

GMRESiterationson30×30gridforexample2

Tab.2 GMRESiterationsfordifferentgridsforexample2

Grid Nopreconditioning P=P3

10×10 23 5

20×20 43 6

30×30 57 8

40×40 73 8

5Conclusion

Inthispaper,weintroducethemodifiedshiftedLa-
placepreconditioners,andwegivesomepropertiesabout
it,then,wegivenumericalexampletoillustratetheeffi-
cientofourmethod.
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对称复线性系统的修正转移Laplace预条件子

何 军,刘衍民,田俊康,张转周

(遵义师范学院 数学与计算科学学院,贵州 遵义563002)

摘要:介绍了修正转移Laplace预条件子来解决对称复线性系统,这类系统常常是不定的、大型的,并且用迭代的方法来求解很困

难。研究了预处理子的性质,表明预处理后的矩阵的特征值变得非常集中。数值例子阐述了预条件子的有效性。

关键词:预条件子;复线性系统;子空间迭代

(责任编辑 游中胜)
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