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B1,B2,anddensenessresults.[Findings]Firstly,undermoreweakerassumptions,somenewcharacterizationsofsemi-

prequasi-invexityareobtained.Then,theoptimalityconditionsofsemi-prequasi-invextypemathematicalprogramming

problemsaregiveninthecaseofwithoutconstraintsandwithinequalityconstraints,respectively.Finally,severalapplica-

bleresultsofsemi-prequasi-invexityinmultiobjectiveoptimizationproblemaregained,andexamplesarealsoshowntoil-
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Convexityandgeneralizedconvexityplayanessentialroleinoptimizationtheory.Therefore,seekingsome

practicalcriteriaforconvexityorgeneralizedconvexityisespeciallycrucial.Inrecentdecades,therehasbeena

multitudeofcompositionsexploringonthissubject[1-11].Particularly,[1-2]establishedthecharacterizations

fortheclassicalinvexity.Yangetal.[3]foundedthepropertiesofprequasi-invexfunctionsunderasemicontinu-
itycondition.Luoetal.[4-5]improvedtheresultsin[3]underweakerassumptions.YangandLi[6-7]presented

somepropertiesofpreinvexfunctionsandsemistrictlypreinvexfunctions.Then,twosignificantgeneraliza-
tionsofconvexfunctionsaretheso-calledsemi-preinvexfunctionandG-preinvexfunctionswereintroducedby
Yang[8]andAntczak[12].Andthen,Luoetal.[9]discussedtherelationshipsbetweenG-preinvexfunctionsand

semistrictlyG-preinvexfunctions.Veryrecently,Zhaoetal.[10]obtainedsomepropertiesandimportantchar-
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acterizationsofsemi-prequasi-invexity.Yang[11]establishedanimportantpropertyregardingtoconditionCfor

preinvexity.

Motivatedbytheworksof[8-11],inthispaper,wegivesomenewresultsforsemi-prequasi-invexity.

Firstly,underweakerassumptions,weprovidesomenewcharacterizationsofsemi-prequasi-invexity,which

improve[10].Then,wediscusstheapplicationsofsemi-prequasi-invextypefunctionswithoutconstraintsand

withinequalityconstraintsnonlinearprogramming,respectively.Finally,theapplicationsofsemi-prequasi-in-
vextypefunctionsinmultiobjectiveoptimizationproblemarestudied,andsomeexamplesarealsogivento

illustratetheresults.

1Preliminaries

Nowletusrecallsomefundamentalconceptsaboutsemi-prequasi-invexity.

Definition1 AsetK⊆Rnissaidtobesemi-connectedifthereexistsavector-valuedfunctionη:K×K×
[0,1]→K,suchthatx,y∈K,λ∈[0,1]⇒y+λη(x,y,λ)∈K.

Example1 Thisexampleillustratestheexistenceofsemi-connectedset.LetK=[-1,0)∪(0,1],and

η(x,y,λ)=

x-y,1≥x>0,1≥y>0
x-y,-1≤x<0,-1≤y<0

-y
2-
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2
,1≥x>0,-1≤y<0
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ï
ï
ï
ï

ï
ï
ï
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.Then,itiseasytoverifythat

y+λη(x,y,λ)∈K,∀x,y∈K,λ∈[0,1],

Thisis,Kisasemi-connectedsetwithrespecttoη(x,y,λ).

Thefollowingclassofsemi-prequasi-invexfunctionswasintroducedbyYang[8].

Definition2 LetK⊆Rnbeasemi-connectedsetwithrespecttoη.Letη:K×K×[0,1]→K.Wesaythat

f:K→Rissemi-prequasi-invexif,

f(y+λη(x,y,λ))≤max{f(x),f(y)},∀x,y∈K,λ∈[0,1].

Wegivethefollowingexampletoillustratetheexistenceofsemi-preqsi-invexfunctions.

Example2 LetK=R,f(x)=
1,x≥0
0,x<{ 0

,η(x,y,λ)=
x+y-λ,x≥0,y≥0orx<0,y<0
x-y-λ,x≥0,y<0orx<0,y≥{ 0

.Then,itis

easytocheckthatKisasemi-connectedsetwithrespecttoη,andfisasemi-prequai-invexfunction.

Remark1 Itisclearthataprequasi-invexfunctionisasemi-prequasi-invexfunctionwhenη(x,y,λ)=

η(x,y).Buttheconverseisnottrue.

Definition3 LetK⊆Rnbeasemi-connectedsetwithrespecttoη:K×K×[0,1]→K.Letf:K→R.We

saythatfissemistrictlysemi-prequasi-invexif,

f(y+λη(x,y,λ))<max{f(x),f(y)},∀x,y∈K,f(x)≠f(y),λ∈(0,1).

Definition4 LetK⊆Rnbeasemi-connectedsetwithrespecttoη:K×K×[0,1]→K.Letf:K→R.We

saythatfisstrictlysemi-prequasi-invexif,

f(y+λη(x,y,λ))<max{f(x),f(y)},∀x,y∈K,x≠y,λ∈(0,1).

Remark2 Itisapparentthatstrictsemi-prequasi-invexityimpliessemistrictsemi-prequasi-invexity.

Example3 Thisexampleillustratesthatasemistrictlysemi-prequasi-invexfunctionisunnecessarilya

semi-prequsai-invexfunctionandastrictlysemi-prequsai-invexfunction.LetK=R,
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,η(x,y,λ)=

x-y+λ,x≥0,y≥0
x-y-λ,x≤0,y≤0
x-y+λ,x>1,y<-1
x-y-λ,x<-1,y>1

y-x+λ,-1≤x≤0,y≥0
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.

ItisobviousthatKisasemi-connectedsetandwecancheckthatfisasemistrictlysemi-prequasi-invex

functionwithrespecttoηonK.However,letx=4,y=-4,λ=12
,wehave

f(y+λη(x,y,λ))=f -4+12 4-
(-4)+æ

è
ç
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1
4 =-112>max

{f(4),f(-4)}=-13.

Thus,fisneitherasemi-prequasi-invexfunctionforthesameη,norastrictlysemi-prequasi-invexfunc-
tionforthesameη.

Inthesequel,wegiveabasicresultonsemi-prequasi-invextypefunction.
Theorem1 LetKbeanonemptysemi-connectedsetinRnwithrespecttoη:K×K×[0,1]→K,andlet

f:K→Rbeasemistrictlysemi-prequasi-invexfunctionforthesameη,andg:I→Rbeastrictlyincreasing
function,whererange(f)⊆I.Then,thecompositefunctiong(f)isasemistriclysemi-prequasi-invexfunction
onK.

Proof Foranyx,y∈K,λ∈(0,1),ifg(f(x))≠g(f(y)),then,f(x)≠f(y).Sincefisasemistricly
semi-prequasi-invexfunction,wehavef(y+λη(x,y,λ))<max{f(x),f(y)}.Fromthestrictlyincreasing
propertyofg,wehave

g[f(y+λη(x,y,λ))]<g(max{f(x),f(y)})=max{g(f(x)),g(f(y))}.
Hence,g(f)isasemistriclysemi-prequasi-invexfunctiononK.

Remark3 InTheorem3.2of[8],theassumptionofconvexityforg:I→Risrequired,whileit’snotre-
quiredinTheorem1,andit’sextendedtosemi-prequasi-invexitycase.

Inresearchingthecharacterizationsforsemi-prequasi-invexfunctions,wedemandthefollowingcondi-
tions,whichhavebeenpresentedbyZhao[10].

ConditionB1 η(x,y,λ)issaidtosatisfyConditionB1if,forallx,y∈Kandα,λ1,λ2∈[0,1],

y+((1-α)λ1+αλ2)η(x,y,(1-α)λ1+αλ2)=z1+αη(z2,z1,α),
wherez1=y+λ1η(x,y,λ1)andz2=y+λ2η(x,y,λ2).

ConditionB2 η(x,y,λ)issaidtosatisfyConditionB2if,forallx,y∈Kandα,λ∈[0,1],

y+((1-α)λ+α)η(x,y,(1-α)λ+α)=z+αη(x,z,α),

wherez=y+λη(x,y,λ).
ConditionB3 LetKbesemi-connectedsetwithrespecttoη(x,y,λ),f(x)issaidtosatisfyConditionB3

if,forallx,y∈K,f(y+η(x,y,1))≤f(x).
Example4 Thisexampleillustratestheexistenceofη(x,y,λ),whichsatisfiesConditionB1andB2on

thesemi-connectedsetK.LetK=Randη(x,y,λ)=x-y.
ItiseasytoseethatKisasemi-connectedsetwithrespecttoη(x,y,λ),andfromthedefinitionofCondi-

tionB1andB2,wecanverifythatη(x,y,λ)satisfiesConditionsB1andB2onthesemi-connectedsetK.

2Somenewcharacterizationsofsemi-prequasi-invextypefunctions

Throughoutthissection,letKbeasemi-connectedsetwithrespecttoη(x,y,λ)inRn.
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Lemma1[10] Supposethatη(x,y,θ)satisfiesConditionB1,f(x)satisfiesConditionB3,andifthereex-
istsα∈(0,1),suchthatf(y+αη(x,y,α))≤max{f(x),f(y)},∀x,y∈K,then,thesetAdefinedbelowis
denseintheunitinterval[0,1].A={λ∈[0,1]:f(y+λη(x,y,λ))≤max{f(x),f(y)},∀x,y∈K}.

Now,weimproveLemma1byLemma2asfollows.
Lemma2 Supposethatη(x,y,θ)satisfiesConditionB1,f(x)satisfiesConditionB3,andforeachpairof

x,y∈K,ifthereexistsαx,y∈(0,1),suchthatf(y+αx,yη(x,y,αx,y))≤max{f(x),f(y)},then,thesetAis
denseintheunitinterval[0,1],A={λ∈[0,1]:f(y+λη(x,y,λ))≤max{f(x),f(y)},∀x,y∈K}.

Proof ItisexplicitfromConditionB3that0,1∈A.Below,onthecontradiction.SupposethatAisnot
densein[0,1],thisis,thereexistλ0∈(0,1)andaneighborhoodofλ0,denotedbyN(λ0),suchthat

N(λ0)∩A=∅. (1)

Since0,1∈A,itisclearthat{λ∈A:λ≥λ0}≠∅,{λ∈A:λ≤λ0}≠∅.Letλ1=inf{λ∈A:λ≥λ0},λ2=
sup{λ∈A:λ≤λ0}.By(1),wehave0≤λ2<λ1≤1.Since,foreachpairofx,y∈K,max{αx,y,(1-αx,y)}∈
(0,1),therealwaysexistμ1,μ2∈Awithμ1≥λ1andμ2≤λ2,suchthat

(max{αx,y,(1-αx,y)})(μ1-μ2)<λ1-λ2. (2)

Foreachpairofx,y∈K,denotez1=y+μ1η(x,y,μ1),z2=y+μ2η(x,y,μ2).Let

λ=αz1,z2μ1+(1-αz1,z2
)μ2∈(μ2,μ1).

ByConditionB1,wehavey+λη(x,y,λ)=z2+αz1,z2η(z1,z2,αz1,z2
),whichimpliesthat,

f(y+λη(x,y,λ))=f(z2+αz1,z2η(z1,z2,αz1,z2
))≤max{f(z1),f(z2)}≤

max{max{f(x),f(y)},max{f(x),f(y)}}≤max{f(x),f(y)},

whichmeansλ∈A.Wedividetheproofbytwocasesofλ.
Ifλ≥λ0,thenby(2),wehaveλ-μ2=αz1,z2

(μ1-μ2)<λ1-λ2.Itfollowsthatλ<λ1,whichcontradicts
withthedefinitionofλ1.

Ifλ<λ0,thenwecanconcludeagainfrom (2)thatλ>λ2,whichcontradictswiththedefinitionofλ2.
Hence,theresultisobtained.

Remark4 InLemma1,auniformλ∈(0,1)isneeded,whileinLemma2thisconditionhasbeenweak-
enedtoagreatextent.

Theorem2[10] Letf(x)beuppersemi-continuousonKandsatisfyConditionB3.Letη(x,y,θ)satisfy
ConditionsB1,B2,andlim

θ→0
θη(x,y,θ)=0forallx,y∈K.Then,ifthereexistsλ∈(0,1),suchthat

f(y+λη(x,y,λ))≤max{f(x),f(y)},∀x,y∈K,

thenf(x)issemi-prequasi-invexwithrespecttoη(x,y,θ)onK.
TheaboveTheorem2canbeimprovedasfollows.
Theorem3 Letf(x)beuppersemi-continuousonKandsatisfiesConditionB3.Letη(x,y,θ)satisfies

ConditionsB1,B2,andlim
θ↓0

θη(x,y,θ)=0forallx,y∈K.Foreachpairofx,y∈K,ifthereexistsλx,y∈(0,1),

suchthatf(y+λx,yη(x,y,λx,y))≤max{f(x),f(y)},thenf(x)issemi-prequasi-invexwithrespecttoη(x,y,θ)

onK.
Proof Bycontradiction,weassumethatf(x)isnotsemi-prequasi-invexwithrespecttoη(x,y,θ)onK.

Then,thereexistx,y∈Kandα∈(0,1),suchthat

f(y+αη(x,y,α))>max{f(x),f(y)}. (3)

ItisevidentbyLemma2thatthesetAisdensein[0,1],

A={α∈[0,1]:f(y+αη(x,y,α))≤max{f(x),f(y)},∀x,y∈K}.
Consequently,thereexistsasequence{αn}⊆A∩(0,1)withαn<αsuchthatlim

n→∞
αn→α.Letz=y+αη(x,y,α),and
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θη(x,y,θ)=0,wehavelim
n→∞

yn→y.SinceKissemi-connectedwithrespecttoη(x,y,θ),itfollows

fromα-αn

1-αn
∈(0,1)thatyn∈K.Again,fromConditionB2weobtain

z=y+αη(x,y,α)=y+αn+(1-αn)
α-αn

1-α
æ

è
ç

ö

ø
÷

n
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n
=yn+αnη(x,yn,αn).

Bytheuppersemi-continuitypropertyoff(x)onK,thereexistsN>0suchthat,foralln>N,

f(yn)≤f(y)+ε,∀ε>0. (4)

Byαn∈Aand(4),itfollowthat,foralln>N,

f(z)=f(y+αη(x,y,α))≤max{f(x),f(yn)}≤max{f(x),f(y)+ε}.
Sinceεisarbitrary,thenf(z)=f(y+αη(x,y,α))≤max{f(x),f(y)},whichcontradicts(3).Thiscompletes
theproof.

Theorem4[10] Letη(x,y,θ)satisfyConditionsB1,B2.Letf(x)besemistrictlysemi-prequasi-invexwith
respecttoη(x,y,θ)onK,andsatisfyConditionB3.Then,ifthereexistsα∈(0,1),suchthatforallx,y∈K
withx≠y,f(y+αη(x,y,α))<max{f(x),f(y)},thenf(x)isstrictlysemi-prequasi-invexwithrespectto

η(x,y,θ)onK.
Now,weimprovetheabovetheorem,asfollows.
Theorem5 Letη(x,y,θ)satisfyConditionsB1,B2.Letf(x)besemistrictlysemi-prequasi-invexwith

respecttoη(x,y,θ)onK.Then,foreachpairx,y∈Kwithx≠y,ifthereexistsαx,y∈(0,1)suchthat,

f(y+αx,yη(x,y,αx,y))<max{f(x),f(y)}, (5)

thenf(x)isstrictlysemi-prequasi-invexwithrespecttoη(x,y,θ)onK.
Proof Supposethereexistx,y∈K,x≠y,λ∈(0,1)suchthatf(y+λη(x,y,λ))≥max{f(x),f(y)}.De-

notedz=y+λη(x,y,λ),then

f(z)≥max{f(x),f(y)}. (6)

Iff(x)≠f(y),bythesemistrictsemi-prequasi-invexityoff,wehavef(z)<max{f(x),f(y)},which
contradicts(6).Thus,weobtainf(x)=f(y),andalsoby(6),wehave

f(z)≥f(x)=f(y). (7)

Notethatthepairx,yisdistinct.From(5),thereexistsαx,y∈(0,1),suchthat

f(y+αx,yη(x,y,αx,y))<f(x)=f(y). (8)

Denotey=y+αx,yη(x,y,αx,y).
Ifλ<αx,y,letμ=(αx,y-λ)/αx,y,thenμ∈(0,1),accordingtoConditionB1wehave

y+μη(y,y,μ)=y+((1-μ)αx,y)η(x,y,(1-μ)αx,y)=y+λη(x,y,λ)=z,

which,togetherwith(8)andfissemistrictlysemi-prequasi-invexfunctionwithrespecttoη(x,y,θ)onK,

yieldsf(z)=f(y+μη(y,y,μ))<max{f(y),f(y)}=f(y).Thiscontradicts(7).
Ifλ>αx,y,defineυ=(λ-αx,y)/(1-αx,y),soυ∈(0,1),fromConditionB2weobtain

y+υη(x,y,υ)=y+((1-υ)αx,y+υ)η(x,y,(1-υ)αx,y+υ)=y+λη(x,y,λ)=z.
(8)andfissemistrictlysemi-prequasi-invexfunctionwithrespecttoη(x,y,θ)onK,impliesthat

f(z)=f(y+υη(x,y,υ))<max{f(y),f(x)}=f(x),

whichcontradicts(7).Thiscompletestheproof.
Remark5 Auniformα∈(0,1)isneededinTheorem4[10],whileinTheorem5itisweakenedtoagreat

extent.Moreover,theConditionB3isdeletedhere.
Example5 Thisexampleillustratesthat,inTheorem5,foreachpairx,y∈Kwithx≠yforallαx,y∈(0,1)
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if(5)doesnothold,thentheresultmaybenottrue.LetK=[0,+∞),η(x,y,λ)=x-y,andf(x)=
-x,x≤1
-1,x≥{ 1

.

ItiseffortlesstoseethatKisasemi-connectedsetwithrespecttoη(x,y,λ),andfromthedefinitionof
ConditionB1andB2,wecanverifythatη(x,y,λ)satisfiesConditionsB1andB2onthesemi-connectedsetK.
Then,accordingtoDefinition3,wecancheekthatf(x)isasemistrictsemi-prequasi-invexfunction.Howev-
er,forarbitrarilyx,y≥1,x≠y,αx,y∈(0,1),wehavef(y+αx,yη(x,y,αx,y))≮max{f(x),f(y)}.

Lettingx=2,y=3,λ∈(0,1),wehavef(3+λη(2,3,λ))=f(3-λ)=-1=f(x)=f(y).Thus,f(x)is
notastrictsemi-prequasi-invexfunctionwithrespecttothesameη(x,y,λ)onK.

3Applicationsintwokindsofnonlinearprogrammingproblems

Theapplicationsofsemi-prequasi-invextypefunctionswithoutconstraintsandwithinequalityconstraints

nonlinearprogrammingwillbediscussed,respectively.Now,wefirstconsiderthefollowingnonlinearpro-
grammingproblemwithoutconstraints.

(P1):minf(x),

x∈K,

whereKisasubsetofRn,f(x)isareal-valuedfunctiononK.

Theorem6 For(P1),supposethatK⊆Rnbeasemi-connectedsetwithrespecttoη:K×K×[0,1]→K.

Iffissemistrictlysemi-prequasi-invexandsemi-prequasi-invexfunctionwithrespecttoη,andlim
λ↓0

λη(x,y,λ)=0,

then,(i)anylocalefficientsolutionof(P1)isaglobalefficientsolutionof(P1);(ii)thesolutionsetof(P1)is

asemi-connectedsetwithrespecttothesameη.
Proof (i)Assumeonthecontrarythatthereexistsy∈Ksuchthat,yisalocalefficientsolutionof(P1),

butisnotaglobalefficientsolutionof(P1).Then,thereexistsx∈Ksuchthatf(x)<f(y).
Andfromthesemistrictlysemi-prequasi-invexityoff,wehave

f(y+λη(x,y,λ))<max{f(x),f(y)}=f(y),∀λ∈(0,1). (9)

Sinceλcanbearbitrarysmall,(9)impliesthatyisnotalocalefficientsolutionof(P1),whichisacontradiction.
(ii)Letα=inf

x∈K
f(x),andS={x∈K:f(x)=α}.Now,foranyx,y∈S,bythesemi-prequasi-invexityof

fonKwithrespecttoη,wehave

f(y+λη(x,y,λ))≤max{f(x),f(y)}=α,∀λ∈[0,1]⇒y+λη(x,y,λ)∈S,∀λ∈[0,1].
Hence,thesolutionsetof(P1)isasemi-connectedsetwithrespecttoη.
Theorem7 Letf(x)bestrictlysemi-prequasi-invexwithrespecttothevector-valuedfunctionη,and

lim
λ↓0

λη(x,y,λ)=0.Then,thesolutionof(P1)isunique.

Proof Onthecontrary,letybeasolutionof(P1),ifthesolutionof(P1)isnotunique.Then,thereex-
istsx∈Ksuchthatx≠yandf(x)=f(y).Since,f(x)bestrictlysemi-prequasi-invexfunctionwithrespectto
thevector-valuedfunctionη,weobtain

f(y+λη(x,y,λ))<f(y),∀λ∈(0,1),

whichimpliesthatyisnotasolutionof(P1),thisisacontradiction.
WegivethefollowingexampletoillustratethecorrectnessoftheTheorem6.

Example6 LetK=[-1,1],f(x)=x2andη(x,y,λ)=λx-y.

Then,itiseasytoaffirmthatKisasemi-connectedsetwithrespecttoη,andlim
λ↓0

λη(x,y,λ)=0,and

f(x)isastrictlysemi-prequai-invexfunctionwithrespecttothesameηonK.Obviously,wecanseethatthe
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solutionsetof(P1)isasingletonset{0},thatis,thesolutionof(P1)isx=0,anditisunique.
Now,weconsiderthefollowingnonlinearprogrammingproblemwithinequalityconstraints.

(P2):minf(x),     

gi(x)≤0,i∈J={1,…,m},x∈K,

WhereKisasubsetofRn,f,gi(i∈J)arereal-valuedfunctionsonK.AndD={x∈K|gi(x)≤0,i∈J}de-
notesthefeasiblesetof(P2).

Theorem8 For(P2),supposethatK⊆Rnbeasemi-connectedsetwithrespecttoη:K×K×[0,1]→K,

andf,gi(i∈J)aresemi-prequasi-invexfunctionswithrespecttothesameη.Then,thefeasiblesetDandop-
timalsolutionsetof(P2)isasemi-connectedsetwithrespecttothesameη.

Proof (a)supposex,y∈D,wehavey+λη(x,y,λ)∈K,andgi(x)≤0,gi(y)≤0,∀i∈J.Bythesemi-
prequasi-invexityofgi(i∈J)onK,weobtain

gi(y+λη(x,y,λ))≤max{gi(x),gi(y)}≤0,∀λ∈[0,1],i∈J.
Thatis,y+λη(x,y,λ)∈D,∀λ∈[0,1].

Thus,thefeasibleDisasemi-connectedsetwithrespecttothesameη.
(b)LetCdenotetheoptimalsolutionsetof(P2),then,foranyx,y∈C,wehavef(x)=f(y).

Fromtheresultofpart(a)wegety+λη(x,y,λ)∈D.
Suppose,bycontradictionthaty+λη(x,y,λ)∉C,itfollowsthat

f(y+λη(x,y,λ))>f(x)=f(y). (10)

Sincef(x)issemi-prequasi-invexfunctionwithrespecttoη,wehave

f(y+λη(x,y,λ))≤max{f(x),f(y)}=f(y),∀λ∈[0,1],

whichcontradicts(10).Thus,theoptimalsolutionsetCisasemi-connectedsetwithrespecttothesameη.

Example7 ThisexampleillustratesthecorrectnessofTheorem8.LetK=R,f(x)=
1,x>0
0,x≤{ 0

,g1(x)=

2,x>0
0,x≤{ 0

,g2(x)=
3,x>0
0,x≤{ 0

andη(x,y,λ)=

x-y+λ,x>0,y>0
x-y-λ,x≤0,y≤0

y-x+λ,x≤0,y>0

y-x-λ,x>0,y≤

ì

î

í

ï
ïï

ï
ïï 0

.

Obviously,wecangetthatKisasemi-connectedsetwithrespecttoη,andf,g1,g2aresemi-prequai-in-
vexfunctionswithrespecttothesameηonK.Then,itiseasyaccessibletoascertainthat(-∞,0]isthefea-
siblesetandthesolutionsetof(P2).Accordingtoy+λη(x,y,λ)=y+λ(x-y-λ)∈(-∞,0],∀λ∈[0,1],

weobtainthatthefeasiblesetDandoptimalsolutionsetof(P2)aresemi-connectedsetswithrespecttothe
sameη.Thus,theconclusionofTheorem8holds.

Theorem9 For(P2),supposethatK⊆Rnbeasemi-connectedsetwithrespecttoη:K×K×[0,1]→K,

andf(x)issemistrictlysemi-prequasi-invexfunctionwithlim
λ↓0

λη(x,y,λ)=0.Then,anylocalefficientsolution

of(P2)isaglobalefficientsolutionof(P2).
TheproofissimilartotheTheorem6,hence,theproofisomitted.

4Applicationsinmultiobjectiveoptimizationproblem

Now,weconsiderthefollowingmultiobjectiveoptimizationproblem
(MP):minf(x)=(f1(x),…,fm(x))T,

s.t.x∈K,

wheref:K→Rmisavector-valuedfunctionandK⊆Rnisasemi-connectedsetwithrespecttoη:K×K×
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[0,1]→K.
LetRm

+={x∈Rm|x=(x1,…,xm),xi≥0,1≤i≤m},Rm
++={x∈Rm|x=(x1,…,xm),xi>0,1≤i≤m}.

Inthesequel,werecallthedefinitionsofefficientsolutionandweaklyefficientsolution.
Definition5[4] Apointx∈Kiscalledaglobalefficientsolutionof(MP),iftheredoesnotexistsany

pointy∈K,suchthatf(y)∈f(x)-Rm
+\{0}.

Apointx∈Kiscalledalocalefficientsolutionof(MP),ifthereisaneighborhoodN(x)ofx,suchthat
theredoesnotexistsanypointy∈K∩N(x),suchthatf(y)∈f(x)-Rm

+\{0}.

Definition6[4] Apointx∈Kiscalledaglobalweaklyefficientsolutionof(MP),iftheredoesnotexists
anypointy∈K,suchthatf(y)∈f(x)-Rm

++.
Apointx∈Kiscalledalocalweaklyefficientsolutionof(MP),ifthereisaneighborhoodN(x)ofx,

suchthattheredoesnotexistsanypointy∈K∩N(x),s.t.f(y)∈f(x)-Rm
++.

Then,wegivearesultonsemistrictlysemi-prequasi-invexfunction.
Theorem10[10] Letf(x)besemi-prequasi-invexwithrespecttoη(x,y,θ)onK.Letη(x,y,θ)satisfy

ConditionsB1andB2.Then,ifthereexistsα∈(0,1)suchthat,forallx,y∈Kwithf(x)≠f(y),

f(y+αη(x,y,α))<max{f(x),f(y)},f(y+(1-α)η(x,y,1-α))<max{f(x),f(y)},

then,f(x)issemistrictlysemi-prequasi-invexwithrespecttoη(x,y,θ)onK.
Now,weimprovetheabovetheorem,asfollows.
Theorem11 Letf(x)besemi-prequasi-invexwithrespecttoη(x,y,θ)onK.Letη(x,y,θ)satisfyCondi-

tionsB1,B2andlim
θ↓0

θη(x,y,θ)=0forallx,y∈K.Then,ifthereexistsα∈(0,1)suchthat,forallx,y∈K

with

f(x)≠f(y),f(y+(1-α)η(x,y,1-α))<max{f(x),f(y)},

then,f(x)issemistrictlysemi-prequasi-invexfunctionwithrespecttoη(x,y,θ)onK.
Proof Bycontradiction,weassumethereexistx,y∈K,λ∈(0,1)suchthat,f(x)≠f(y)and

f(y+λη(x,y,λ))≥max{f(x),f(y)}. (11)

Letz=y+λη(x,y,λ).Therearetwocasestobeconsidered.
1)Weassumethatf(x)<f(y).Andinequality(11)implies

f(z)≥f(y)>f(x). (12)

Sincef(x)issemi-prequasi-invexfunction,weobtain

f(z)≤max{f(x),f(y)}=f(y),

which,togetherwith(12),leadsto

f(z)=f(y)>f(x). (13)

Now,weassertthat

f(y+μη(z,y,μ))=f(z)=f(y),∀μ∈(0,1). (14)

Bythewayofcontradiction,weassumethat∃μ∈(0,1),suchthat

f(y+μη(z,y,μ))<f(z). (15)

Denotey=y+μη(z,y,μ),β1=(λ-λμ)/(1-λμ).
Then,itfollowsthat0<β1<1,andfromConditionB1,B2,weobtain

y+β1η(x,y,β1)=y+[β1+μλ(1-β1)]η(x,y,β1+μλ(1-β1))=

y+[μλ+β1(1-μλ)]η(x,y,μλ+β1(1-μλ))=y+λη(x,y,λ)=z,

implying
f(z)=f(y+β1η(x,y,β1))≤max{f(x),f(y)}, (16)

sincef(x)issemi-prequasi-invex.Then,combining(16)and(15)yieldsf(z)≤f(x),whichcontradicts(13).
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Consequently,(14)holds.
Next,defineasequence{zk}byinductionasfollows:

z1=y+(1-α)η(x,y,1-α),

z2=y+(1-α)η(z1,y,1-α),
︙

zk=y+(1-α)η(zk-1,y,1-α),∀k≥2,k∈N.
Then,undertheconditionthat,thereexistsα∈(0,1),suchthatforallx,y∈Kwithf(x)≠f(y),

f(y+(1-α)η(x,y,1-α))<max{f(x),f(y)},

andtheassumptionf(x)<f(y),wehave

f(z1)=f(y+(1-α)η(x,y,1-α))<f(y),

f(z2)=f(y+(1-α)η(z1,y,1-α))<f(y),
︙

f(zk)=f(y+(1-α)η(zk-1,y,1-α))<f(y),∀k≥2,k∈N. (17)

FromConditionB1,wegetzk=y+(1-α)kη(x,y,(1-α)k),∀k∈N+.

Since0<α<1,thenzk→yask→∞.Choosek1∈Nsuchthat(1-α)k1<λ,anddenoteβ=(1-α)k1/λ,

then0<β<1.Then,fromConditionB1,weobtain

y+βη(z,y,β)=y+λβη(x,y,λβ)=y+(1-α)k1η(x,y,(1-α)k1)=zk1
,

which,togetherwith(17),yields

f(y+βη(z,y,β))=f(zk1
)<f(y),

whichcontradicts(14).
2)Weassumef(x)>f(y).Similarly,wehave

f(y)<f(z)=f(x), (18)

and

f(z+μη(x,z,μ))=f(z)=f(x),∀μ∈(0,1). (19)

Andthen,defineasequence{zk}byinductionasfollows:

z1=y+(1-α)η(x,y,1-α),

z2=z1+(1-α)η(x,z1,1-α),
︙

zk=zk-1+(1-α)η(x,zk-1,1-α),∀k≥2,k∈N.
Accordingtotheconditionthat,thereexistsα∈(0,1)suchthat,forallx,y∈Kwithf(x)≠f(y),

f(y+(1-α)η(x,y,1-α))<max{f(x),f(y)},

andtheassumptionf(y)<f(x),wehave

f(z1)=f(y+(1-α)η(x,y,1-α))<f(x),

f(z2)=f(z1+(1-α)η(x,z1,1-α))<f(x),
︙

f(zk)=f(zk-1+(1-α)η(x,zk-1,1-α))<f(x),∀k≥2,k∈N. (20)

FromConditionB2,itiseasytoverifythatzk=y+(1-αk)η(x,y,1-αk),∀k∈N+.Since0<α<1,thenzk∈

Kforallk∈N.Chooseak1∈Nsuchthat1-αk1>λanddenoteβ=[(1-αk1)-λ]/(1-λ),thenitiseasyto
knowthat0<β<1.AgainfromconditionB2

z+βη(x,z,β)=y+((1-β)λ+β)η(x,y,(1-β)λ+β)=y+(1-αk1)η(x,y,1-αk1)=zk1
,

which,togetherwith(20),yieldsf(z+βη(x,z,β))=f(zk1
)<f(x),whichcontradicts(19).Thiscompletes

theproof.
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Remark6 Wedeletetheassumptionf(y+αη(x,y,α))<max{f(x),f(y)},whileit’snecessaryinTheo-
rem10.Moreover,theproofissimplified.

Theorem12 Letfi(x),i=1,…,m,besemi-prequasi-invexwithrespecttoη(x,y,θ)onK,withη(x,y,θ)

satisfyConditionsB1,B2,andlim
θ↓0

θη(x,y,θ)=0forallx,y∈K.Andforeachi=1,…,m,thereexistsαi∈(0,

1)suchthat,forallx,y∈Kwithfi(x)≠fi(y),

fi(y+(1-αi)η(x,y,1-αi))<max{fi(x),fi(y)}.
Then,anylocalefficientsolutionof(MP)istheglobalefficientsolutionof(MP).

Proof Assumeonthecontrarythat,thereexistsy∈Ksuchthatyisalocalefficientsolutionof(MP),

butisnotaglobalefficientsolutionof(MP).Then,thereexistsx∈Ksuchthat

fi(x)≤fi(y),1≤i≤m, (21)

andforsomej,

fj(x)<fj(y),1≤j≤m. (22)

Fromthesemi-prequasi-invexityoff1(x),…,fm(x),and(21),wehave

fi(y+λη(x,y,λ))≤max{fi(x),fi(y)}=fi(y),∀λ∈[0,1]. (23)

Then,fromTheorem11,weknowthatf1(x),…,fm(x),issemistrictlysemi-prequasi-invexfunctions.
And(22)impliesthat

fj(y+λη(x,y,λ))<max{fj(x),fj(y)}=fj(y),∀λ∈(0,1). (24)

Theconditionthatlim
λ↓0

λη(x,y,λ)=0togetherwith(23)and(24),wegetyisnotalocalefficientsolutionof

(MP),whichisacontradiction.
Theorem13 Letf1(x),…,fm(x),besemistrictlysemi-prequasi-invexfunctionwithrespecttothesame

vector-valuedfunctionη,andlim
λ↓0

λη(x,y,λ)=0.Then,anylocalweaklyefficientsolutionof(MP)isaglobal

weaklyefficientsolutionof(MP).
Theorem14 Letfi(x),i=1,…,m,besemi-prequasi-invexwithrespecttothevector-valuedfunction

ηonK,withlim
θ↓0

θη(x,y,θ)=0,andforsomek,letfk(x)bestrictlysemi-prequasi-invexfunctionwithrespect

tothesamevector-valuedfunctionη.Supposethatthereexistsλ=(λ1,…,λm)≥0,withλk>0,k∈{1,…,m},

suchthaty∈KisalocalsolutionofminλTf(x),s.t.x∈K.Then,yisalsoaglobalefficientsolutionof
(MP).

Proof Assumeonthecontrarythat,y∈Kisnotaglobalefficientsolutionof(MP),i.e.,thereexists
somex∈K,f(x)≠f(y),suchthatfi(x)≤fi(y),1<i<m.

Then,foranyβ∈[0,1],fromsemi-prequasi-invexityoffi(x),wehave

fi(y+βη(x,y,β))≤max{fi(x),fi(y)}=fi(y),

alsofromthestrictlyprequasi-invexityoffk(x),weobtain

fk(y+βη(x,y,β))<max{fk(x),fk(y)}=fk(y),∀β∈(0,1).
Hence,byλ=(λ1,…,λm)≥0,withλk>0,k∈{1,…,m},wehave

∑
m

i=1
λifi(y+βη(x,y,β))<∑

m

i=1
λifi(y),0<β<1.

Thatis,λTf(y+βη(x,y,β))<λTf(y),0<β<1.Whichisacontradiction.
Theorem15 Letfi(x),i=1,…,m,besemistrictlysemi-prequasi-invexwithrespecttothevector-valued

functionηonK,andlim
θ↓0

θη(x,y,θ)=0.Supposethereexistsλ=(λ1,…,λm)≥0,withλk>0,k∈{1,…,m},

suchthaty∈KisalocalsolutionofminλTf(x),s.t.x∈K.Then,yisalsoaglobalweaklyefficientsolution
of(MP).
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Remark7 Ifm=1in(MP),thenthemutiobjectivemathematicalprogramming(MP)reducestoasingle
objectivemathematicalprogramming(P1).
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运筹学与控制论

半预拟不变凸性的性质与应用注记

李科科1,彭再云2,刘亚威2,唐莉萍3

(1.重庆师范大学 数学科学学院,重庆401331;2.重庆交通大学 数学与统计学院,重庆400074;

3.重庆工商大学 数学与统计学院,重庆400067)

摘要:【目的】对半预拟不变凸性及其应用进行了深入研究。【方法】借助假设条件B1,B2和稠密性结果。【结果】首先,在更弱的假

设下,获得了半预拟不变凸性的新刻画。然后,分别给出了无约束与不等式约束情形下半预拟不变凸型数学规划问题的最优性条

件。最后,得到了半预拟不变凸性在多目标规划问题中的几个应用型结果,并举例说明所得结果。【结论】所得结果推广和改进了

最近的一些文献。

关键词:性质;半连续性;半预拟不变凸函数;非线性规划;多目标规划问题
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