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Abstract:[Purposes]Schedulingproblemsonasinglebatchprocessingmachinehaveawiderangeofpracticalapplications,

andmostofthemareNP-hard.Singlemachinebatchschedulingproblemswithcommonduedateisaveryimportantre-
searchdirection.[Methods]Byusingthecombinatorialoptimizationmethods,theproblemsofschedulingjobswithacom-
monduedateonasinglebatchprocessingmachinetominimizethenumberoftardyjobsandthetotaltardinessarestudied.
[Findings]Apolynomialtimealgorithmispresentedforminimizingthenumberoftardyjobsandapseudo-polynomialtime

dynamicprogrammingalgorithmisproposedforminimizingthetotaltardiness.[Conclusions]Theresearchmethodscan
beappliedtosolveotherbatchschedulingproblemswithacommonduedate.
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Batchschedulingismotivatedbymanyindustrialmanufacturingprocessesinwhichthemachinecan
processmultiplejobsatthesametime.IkuraandGimple[1]presentapolynomialtimealgorithmtodetermine
whetherafeasiblescheduleexistsforasinglemachinebatchschedulingproblemwithequalprocessingtimes,

agreeablereleasetimesandduedates.Polynomialtimealgorithmsaredevelopedforproblemswithagreeable
processingtimesandduedatestominimizemaximumtardinessandnumberoftardyjobsin[2].LiandLee[3]

provethatproblemwithagreeablereleasedatesanddeadlinesisstronglyNP-hard.Theydeveloppolynomial
timealgorithmsforminimizingmaximumtardinessandnumberoftardyjobswithjobshavingagreeablerelease
dates,duedatesandprocessingtimes.Baptiste[4]presentpolynomialtimealgorithmsforsinglemachinebatch
schedulingproblemsofminimizingmaximumtardiness,totaltardinessandweightednumberoftardyjobs
whenjobshavedifferentreleasedatesandequalprocessingtimes.Bruckeretal.[5]showthatasinglemachine
batchschedulingproblemwithdeadlinesisstronglyNP-hardevenifthejobsarereleasedatthesametime.

GiventheNP-hardnessofthesinglemachinebatchschedulingproblemswithdifferentjobduedates,in
thispaperwestudybatchschedulingproblemswithacommonduedatetominimizethenumberoftardyjobs
andthetotaltardiness.Theproblemwithacommonduedateisinterestingsinceinrealitythejobsreleasedat
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thesametimeareusuallyassignedacommonduedate.InSection1wepresentadescriptionofthemodel
understudy,andintroducethenotationthatwillbeusedinthispaper.InSection2weprovideapolynomial
timealgorithmforproblemofminimizingthenumberoftardyjobs.InSection3weproposeapseudo-polyno-
mialtimedynamicprogrammingalgorithmforproblemofminimizingthetotaltardiness.Finally,wedraw
someconclusionsandsuggestdirectionsforfutureresearch.

1Notation
Wehavenjobstobeprocessedonasinglebatchprocessingmachine,allofwhichareavailableattime

zero.TheprocessingtimeofjobJjisdenotedbypjandthecommonduedatebyd.Weassumethatallthe
jobshavebeenorderedinincreasingorderoftheirprocessingtimessuchthatp1≤p2≤…≤pn.

AbatchprocessingmachinecanprocessatmostBjobssimultaneously.Wecallabatchisfullifitcom-
priseexactlyBjobs;otherwise,wecallitapartialbatch.Letp(Bi)denotetheprocessingtimeofbatchBi,

whichisequaltothelongestprocessingtimeofthejobsinthisbatch.Let Bi denotethenumberofjobsin
batchBi.

Givenaschedule,forjobJj,weuseCjtodenoteitscompletiontime,itstardinessisdefinedasTj=
max{0,Cj-dj},anditsunitpenaltyisdefinedasUj=1ifCj>djandzerootherwise.Inthispaperwestudy
twoschedulingobjectives:∑Ujand∑Tj.

Wedenotetheschedulingproblemsbythethree-fieldnotation.Forexample,1|B,dj=d|∑Tjdenotesthe
problemofminimizingthetotaltardinessonasinglebatchprocessingmachinewithjobshavingacommondue
date.

2Minimizingthenumberoftardyjobs
Forsinglemachinebatchschedulingproblemwithacommonduedate,minimizingthemaximumtardiness

isequivalenttominimizingthemakespan,thecompletiontimeofthelastbatch,whichcanbesolvedbyFB-
LPT(Fullbatchlargestprocessingtime)proposedbyBartholdi[6]inO(nlogn)time.TheFB-LPTalgorithm
firstindexesthejobsindecreasingorderoftheirprocessingtimes,thenfromthebeginningassignsadjacentB
jobsintoabatchuntilallthejobshavebeenassigned,andfinallyarrangesthebatchesinanyarbitraryorder.

Problem1|B|∑UjisstronglyNP-hardforgivenB[5].Ifjobshaveacommonduedate,wederiveapol-

ynomialtimealgorithmforthisproblem.Ascheduleiscalledinthebatch-SPTorder[5]ifinthisschedulefor
anytwobatchesB1andB2,batchB1isassignedbeforebatchB2andtheredoesnotexisttwojobsJk,Jlsatisfy
thatJk∈B1,Jl∈B2andpk>pl.Thefollowinglemmaestablishesaveryusefulpropertyofanoptimalschedule.

Lemma1 Forproblem1|B,dj=d|∑Uj,thereexistsanoptimalscheduleinwhichallthejobsarein

batch-SPTorderandalltheontimebatch(es)arefullexceptpossiblythefirstone.
Proof SupposethatthereexistsanoptimalschedulesuchthattherearetwobatchesPandQ,wherePis

finishedbeforedandQisfinishedafterdandtherearetwojobsJiandJjsuchthatJj∈P,Ji∈Qandpi<pj.
WeexchangejobsJiandJjbymovingJitobatchPandJjtobatchQ.Sincepi<pj,thecompletiontimesof
theontimebatcheswillnotincreaseaftertheexchange.Hence,thenumberofthetardyjobswillnotchange.
Repeatingapplyingthisargument,weconstructanoptimalscheduleinwhichtheontimejobshavesmaller
processingtimesthanthetardyjobs.

WeknowthatFB-LPTalgorithmgivesanoptimalscheduleforproblem1|B|Cmax.ApplyFB-LPTalgo-
rithmtotheontimejobsandthetardyjobs,respectively,thenarrangethebatchesinincreasingorderoftheir
processingtimes.Thecompletiontimeofthelastontimebatchwillnotincrease,aswellasthenumberofthe
tardyjobs.Hence,wecanobtainanoptimalschedulewiththedesiredproperty.

BasedonLemma1,wecannowpresentthefollowingalgorithmforproblem1|B,dj=d|∑Uj.Letlde-
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notethenumberofjobsinthefirstontimebatch.
Step1,Foreachl=1,2,…,B,assignljobswithsmallestprocessingtimestobatchB1.
Step2,StartingfromjobJl+1,groupsuccessiveBjobsintofullbatchesuntilthecompletiontimeofthe

batchBkislargerthand.Arrangetheremainingjobsinanyarbitraryorder.
Step3,AmongtheBfeasibleschedulesobtainedfromStep1andStep2,selecttheonewiththesmallest

numberoftardyjobs.

Thisalgorithmcanprovideanoptimalscheduleforproblem1|B,dj=d|∑UjaccordingtoLemma1.

ThetimecomplexityofthisalgorithmisO(nlogn),whichispolynomial.

3Minimizingthetotaltardiness
Inthissection,weexaminetheproblemofminimizingthetotaltardinesswithacommonduedate.Given

aninstance,applyalgorithmFB-LPTtoobtaintheminimummakesapn,denotethismakespanasC.Weonly
needtoinvestigatethecaseofC>d.

Inordertodescribeafeasiblescheduleforproblem1|B,dj=d|∑Tj,wepartitionallthejobsinthis

scheduleintotwosubsets.
Thefirstsubsetcontainstheontimejobs(completedbeforeorattimed).Thesecondonecontainsthe

tardyjobs(completedaftertimed).Hence,thetotaltardinessofthejobsinthefirstsubsetiszeroandthese
jobsarefinishedontime.Inordertominimizethetotaltardiness,weonlyneedtominimizethetotaltardiness
ofthejobsinthesecondsubset.Sinceallthejobshaveacommonduedate,minimizingthetotaltardinessis
equivalenttominimizingthetotalcompletiontimeofthetardyjobs.Wenowpresentseveralpropertiesofan

optimalscheduleforproblem1|B,dj=d|∑Tjbasedonthoseofproblem1|B|∑Cj
[5,7-8].

Lemma2 Forproblem1|B,dj=d|∑Tjthereexistsanoptimalschedulesuchthatallthebatchescon-

tainconsecutivelyindexedjobs.
Proof ConsideranoptimalschedulewithjobsJiandJkbeingassignedinthesamebatchPandjobJj(i<

j<k)beingassignedinanotherbatchQ.ExchangejobsJiandJjbymovingJitoQandJjtoP.Becausepi≤
pj≤pk,exchangingjobsdoesnotincreasethecompletiontimesofallthebatches.Sincethejobshaveacom-
monduedate,thetotaltardinessdoesnotincreaseeitherafterthejobinterchange.Repeatingtheaboveproce-
dures,wecanobtainanoptimalschedulesuchthatallthebatchescontainconsecutivelyindexedjobs.

Lemma3 Forproblem1|B,dj=d|∑Tj,supposethereareltardybatchesB1,B2,…,Bl,thenitis

optimaltoorderthebatchesinp(B1)/B1 ,p(B2)/B2 ,…,p(Bl)/Bl order.

Lemma4 Forproblem1|B,dj =d|∑Tj,thereexistsanoptimalschedulesuchthatalltheontime

batchesareinbatch-SPTorderandtheontimebatch(es)arefullexceptpossiblythefirstone.
Proof SimilartotheproofofLemma1.
BatchBliscalledadeferredbatchofBk(orbatchBlisdeferredbybatchBk)ifbatchBlisassignedafter

batchBkandp(Bk)>p(Bl),andbatchBkiscalledadeferringbatchofBl.

Lemma5 Forproblem1|B,dj=d|∑Tj,thereexistsanoptimalschedulewithallthedeferringbatches

beingfull,allthedeferredbatchesbeingpartial,allthepartialbatchesandfullbatchesbeingscheduledin
increasingorderoftheirprocessingtimes,respectively.

Lemma6 Inanyoptimalschedule,thenumberofdeferredbatchesbyanyfullbatchisnolargerthan
B2-B-1.

Wenowprovideabackwarddynamicprogrammingalgorithm byusingstatevariablestodefinethe
deferredtardybatchesbyafulldeferringbatch,whichisbasedonthedynamicprogrammingalgorithmfor
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problem1|B|∑Cj
[5].Byenumeration,weconstructthefirstpossiblypartialbatchB1thatisfinishedon

timeinO(B)time,andbatchBsthatisstartedbeforetimedandfinishedatoraftertimedinO(nB)time,

respectively.Denotethenumberoftheremainingjobsasm,ordertheremainingjobsinincreasingorderof
theirprocessingtimes.LetσbeapartialschedulethatcontainsjobsJj,…,Jm,butdoesnotcontainjobJj-1,

andalsocontainspartialtardybatchesB1,B2,…,Br,inwhichp(B1)≤p(B2)≤…≤p(Br)fromLemma5,

andbatchesB1,B2,…,BraredeferredbythebatchcontainingjobJj-1thatremainstobescheduled.According
toLemma2,weassumethatBl={Jjl

,Jjl+1
,…,Jj′l

},wherej′l<jl+1forl=1,…,randjr+1=j.Wealso
assumethatr≤B2-B-1accordingtoLemma6.Denotethetotalprocessingtimeoftheontimebatchesin
partialscheduleσast.Defineσtobeinstate(t,j,j1,…,jr)and(t,j,ο)forr>0andr=0,respectively.Let
Fj(t,j1,…,jr)andFj(t,ο)denotetheminimumtotaltardinessofpartialscheduleσinstate(t,j,j1,…,jr)

and(t,j,ο),respectively.Theinitializationofthedynamicprogrammingalgorithmisasfollows:

Fm+1(t,ο)=
0,ift=0,…,d-1,

∞,{ otherwise.
forj=m,…,1,andt=0,…,d-1,therecursionequationsare

Fj(t,ο)=min

min
j+1≤k≤j+B

{Fk(t,ο)+m′pk-1},

min
j+1≤k≤m-B+1,j′1,…,j

′
r′

{Fk+B(t,j′1,…,j′r′)+m′pk+B-1},

min
j+1≤k≤m-B+1,j′1,…,j

′
r′

{Fk+B(t-pk+B-1,j′1,…,j′r′)},

Fj+B(t-pj+B-1,ο)

ì

î

í

ï
ï
ï
ï

ï
ï
ï
ï .

Wherem′isthenumberoftardyjobsinpartialscheduleσ,whichcanbecomputedineverystate.Thefirst
termintheminimizationcorrespondstothecasewhereafullorpartialbatch{Jj,…,Jk-1}isinsertedatthe
beginningofthetardybatchesinstate(t,k,ο).Thesecondtermcorrespondstothecasewhereafulltardy
batch{Jk,…,Jk+B-1}thatdoesnotcontainjobJjisinsertedatthebeginningofthetardybatchesinstate
(t,k+B,j′1,…,j′r)andbatchesB′1,B′2,…,B′r′satisfyB′1∪B′2∪…∪B′r={Jj,…,Jk-1}andaredeferredbythe
insertedfullbatch.Thethirdtermcorrespondstothecasewhereafullbatch{Jk,…,Jk+B-1}thatdoesnot
containjobJjisassignedtotheendoftheontimebatchesinstate(t-pk+B-1,k+B,j′1,…,j′r)andbatches
B′1,B′2,…,B′rsatisfyB′1∪B′2∪…∪B′r={Jj,…,Jk-1}andaredeferredbytheinsertedfullbatch.Theforth
termcorrespondstothecasewhereafullbatch{Jj,…,Jj+B-1}isassignedtotheendoftheontimebatchesin
state(t-pk+B-1,j+B,ο).

Also,forj=m+1,m,…,1,r=1,…,B2-B-1andj1<j2<…<jr<j-Band(jl+1-jl)modB≠0for
l=1,…,r,therecursionequationsare

Fj(t,j1,…,jr)=min

Fj(t,j2,…,jr)+m′pj′1
,

Fj+B(t-pj+B-1,j1,…,jr),

Fj+B(t,j1,…,jr)+m′pj+B-1,

min
j+1≤k≤m-B+1,j′1,…,j

′
r′

{Fk+B(t-pk+B-1,j1,…,jr,j′1,…,j′r′)},

min
j+1≤k≤m-B+1,j′1,…,j

′
r′

{Fk+B(t,j1,…,jr,j′1,…,j′r′)+m′pj+B-1}

ì

î

í

ï
ï
ï
ï

ï
ï
ï
ï .

Thefirsttermintheminimizationcorrespondstothecasewhereapartialtardybatchisinsertedatthe
beginningofthetardybatchesinstate(t,j,j2,…,jr).Thesecondtermcorrespondstothecasewhereafull
batch{Jj,…,Jj+B-1}isassignedtotheendoftheontimebatchesinstate(t-pj+B-1,j+B,j1,…,jr).The
thirdtermcorrespondstothecasewhereafullbatch{Jj,…,Jj+B-1}isinsertedatthebeginningofthetardy
batchesinstate(t,j+B,j1,…,jr).Theforthtermcorrespondstothecasewhereafullbatch{Jk,…,Jk+B-1}

thatdoesnotcontainjobJjisassignedtotheendoftheontimebatchesinstate(t-pk+B-1,k+B,j1,…,jr,j′1,
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…,jr)andbatchesB′1,B′2,…,B′r′satisfyB′1∪B′2∪…∪B′r={Jj,…,Jk-1}andaredeferredbytheinsertedfull
batch.Thefifthtermcorrespondstothecasewhereafullbatch{Jk,…,Jk+B-1}thatdoesnotcontainjobJjis
insertedatthebeginningofthetardybatchesinstate(t,k+B,j1,…,jr,j′1,…,jr)andbatchesB′1,B′2,…,B′r′
satisfyB′1∪B′2∪…∪B′r={Jj,…,Jk-1}andaredeferredbytheinsertedfullbatch.

TheoptimalvalueisequaltominB1,Bs,d-p(Bs)≤t<d
{F1(t,ο)+(t+p(Bs)-d)m′},wherem′isthenumberof

tardyjobsinstate(t,1,ο).Wecanobtaintheoptimalschedulebybacktracking.Thetimecomplexityofthis
algorithmisO(B2dnB2-B+2),whichispseudo-polynomialtime.

4Conclusion
Inthispaperweinvestigateschedulingproblemsofminimizingthenumberoftardyjobsandthetotal

tardinessonasinglebatchprocessingmachinewithjobshavingacommonduedate,polynomialtimealgorithm
andpseudo-polynomialtimedynamicprogrammingalgorithmaredeveloped,respectively.

Batchschedulingwithacommonduedateisaverychallengingtopicforfutureresearch,itwillbevery
interestingtoexplorethecomputationalcomplexityofminimizingthetotaltardinessandtheotherbatchsched-
ulingproblemswithacommonduedate.

References:
[1]IKURAY,GIMPLEM.Efficientschedulingalgorithmsfor
asinglebatchprocessingmachine[J].OperationsResearch
Letters,1986,5:61-65.

[2]LEECY,UZSOYR,MARTIN-VEGALA.Efficiental-
gorithmsforschedulingsemiconductorburn-inoperations
[J].OperationResearch,1992,40:764-775.

[3]LICL,LEECY.Schedulingwithagreeablereleasetimes
andduedatesonabatchprocessingmachine[J].European
JournalofOperationalResearch,1997,96:564-569.

[4]BAPTISTE P.Batching identicaljobs[J].Mathematical
MethodsofOperationsResearch,2000,52:355-367.

[5]BRUCKERP,GLADKY A,HOOGEVREEN H,etal.

Schedulingabatchingmachine[J].JournalofScheduling,

1998,1:31-54.
[6]LEEC Y,UZSOY R.Minimizing makespanonasingle
batchprocessingmachinewithdynamicjobarrivals[J].In-
ternationalJournalofProductionResearch,1999,37:219-
236.

[7]CHANDRU V,LEE C Y,UZSOY R.Minimizingtotal
completiontimeonabatchprocessingmachinewithjob
families[J].OperationsResearchLetters,1993,13:61-65.

[8]HOCHBAUMDS,LANDYD.Schedulingsemiconductor
burn-inoperationstominimizetotalflowtime[J].Operations
Research,1997,45:874-885.

运筹学与控制论

有公共交货期的单机分批排序问题

刘丽丽1,任 韩2,3,唐国春4

(1.上海第二工业大学 应用数学系,上海201209;2.华东师范大学 数学系,上海200062;

3.上海市核心数学与实践重点实验室,上海200062;4.上海第二工业大学 经济管理学院,上海201209)

摘要:【目的】单机分批排序问题有着广泛的应用背景,很多问题是NP-困难的。有公共交货期的单机分批排序问题是一个非常重

要的研究方向。【方法】利用组合最优化的方法,研究工件有公共交货期的最小化误工工件个数和总延误的单机分批排序问题。
【结果】对于最小化误工工件个数问题提出了一个多项式时间算法,对于最小化总延误提出了一个伪多项式时间的动态规划算法。
【结论】对于其他有公共交货期的分批排序问题的研究提供了重要的研究方法。

关键词:批处理;公共交货期;动态规划

(责任编辑 黄 颖)

5Vol.34No.2     JournalofChongqingNormalUniversity(NaturalScience) http://www.cqnuj.cn


