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Abstract:Inthispaper,aclassoflogisticmodelwithdelayisconsidered.Byapplyingthefrequencydomainapproach
andanalyzingtheassociatedcharacteristicequation,theexistenceofbifurcationparameterpointisdetermined.Ifthe
coefficientτischosenasabifurcationparameter,itisfoundthatHopfbifurcationoccurswhentheparameterτpasses
throughacriticalvalueτk.Thelengthofdelaywhichpreservesthestabilityofthepositiveequilibriumiscalculatedto
bebetweenzeroandacertainpositiveconstantτ+.Somenumericalsimulationsshowthatwhenthedelayτpasses
throughthecriticalvalueτ0,thepositiveequilibriumislocallystableandunstablewhenthedelayτ>τ0.
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0Introduction
Inspecificallyecologicalenvironment,biologi-

calactivityofpopulationsiscomplexanddiverse.
Alargenumberofstudieshaveshownthatdelay
usuallyoccursinthebiologicalactivity,Itisof
greatconcerntobiologiststhathow delayhas
effectonbiologicalpopulations.Therewerealot
ofliteraturesonstabilityofequilibriumpointof
LogisticmodelsinceCushing[1]foundthatadelay
couldunderminethestabilityofpositiveequilibri-
umandcausedperiodicoscillations.Cushing[1]in-
vestigatedthe Hopfbifurcationofthefollowing
model

dN(t)
dt = N(t)α-βN(t)[ -

γ∫0∞K(s)N(t-s)d( )s ]2 (1)

whereK(s)= s
τ exp

(-s
τ
),τ>0isaparameter

andα,β,γareallpositiveconstants.Gopalsamy
[2]

studiedtheconditionsofexistenceofHopfbifurca-
tionforthefollowingsystem

du(t)
dt =ru(t)1-u

(t-h)é

ë
êê

ù

û
úúK

(2)

andgaveanapproximationofHopfbifurcationpe-
riodicsolutions,whereK,rareconstantsandh>
0isaparameter.HuangandChen[3]investigated
theunconditionalstabilityandHopfbifurcationof
thefollowingLogisticmodelwithdelay

dN(t)
dt = N(t)α-βN(t-τ)[ -

γ∫t-∞K(t-s)N(s)d ]s (3)

whereα,β,γarepositiveconstants,τisnonnega-
tivedelayparameterandK(t)=te-t.Inthispa-
per,wewillcontinuetostudythelocalHopfbi-
furcationforsystem (3).Itisworthpointingout
thattheaforementionedwork(see[1-3])isused
thestate-spaceformulationfordelayeddifferential
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equations,known asthe “time domain”ap-
proach[4].Yetinthispaper,wewillusethefre-
quencydomainapproachwhichwasinitiatedand
developedbyAllwright[5],MeesandChua[6],and
MoiolaandChen[7-8].Thismethodologyhassome
advantagesovertheclassicaltime-domain meth-
ods.Atypicaloneisthatitutilizesadvancedcom-
putergraphicalcapabilitiestobypassquitealotof
profoundanddifficultmathematicalanalysis.

Inthispaper,wewilldevoteourattentionto
findingtheHopfbifurcationpointofmodel(3).
Meanwhile,thelengthofdelaypreservingthesta-
bilityofthepositiveequilibriumisestimated.The
mainmethodologyofstudyisthefrequencydomain
approach.Tothebestofourknowledge,thereare
fewpapers[9-10]thatdealwiththeresearchofHopf
bifurcationbythefrequency-domainapproach.

Theremainderofthepaperisorganizedasfol-
lows:inSection1,bymeansofthefrequency-do-
mainapproachformulatedbyMoiolaandChen[8],

theexistenceofHopfbifurcationparameterisde-
terminedandshownthatHopfbifurcationoccurs
whenthebifurcationparameterexceedsacritical
value.Thelengthofdelaypreservingthestability
ofthepositiveequilibriumisestimatedinSection
2.InSection3,somenumericalsimulationare
carriedouttoverifythecorrectnessoftheoretical
analysisresults.Finally,someconclusionsand
discussionsaregiveninSection4.

1ExistenceofHopfbifurcation
InEq.(3),let

x1(t)=∫
t

-∞
(t-s)e-(t-s)N(s)ds

x2(t)=∫
t

-∞
e-(t-s)N(s)d

ì

î

í

ï
ï

ï
ï s

(4)

Then(3)becomes
dN(t)
dt = N(t)[α-βN(t-τ)-γx1(t)]

dx1(t)
dt =-x1(t)+x2(t)

dx2(t)
dt = N(t)-x2(t

ì

î

í

ï
ï
ïï

ï
ï
ïï )

(5)

ItiseasytoseethatEq.(5)hasauniquepositive

equilibriumE0(x0,x0,x0),wherex0= α
β+γ

.

Wecanrewritethenonlinearsystem (5)ina
matrixformas

dx(t)
dt =Ax(t)+ H(x) (6)

wherex= (N(t),x1(t),x2(t))T

A =
α 0 0
0-1 1
1 

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

0-1

H(x)=
-βN(t)N(t-τ)-γN((t)x1(t)

       0
       

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

0
Choosingthecoefficientτasabifurcationandin-

troducinga“state-feedbackcontrol”u=g(y(t-τ);

τ),wherey(t)= (y1(t),y2(t),y3(t))T,weobtain
alinearsystemwithanon-linearfeedbackasfollows

dx
dt=Ax+Bu

y= -Cx

u=g(y(t-τ);τ

ì

î

í

ï
ïï

ï
ï )

(7)

where

B =C =
100
010
æ

è

ç
ç
ç

ö

ø

÷
÷
÷

001

,u[g(y-τ),τ]=

-βy1(t)y1(t-τ)-γy1(t)y2(t)

       0
       

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

0
Next,takingLaplacetransformon(7),weobtain
thestandardtransfermatrixofthelinearpartof
thesystem:

G(s;τ)=C[sI-A]-1B
Then

 G(s;τ)=

  1
s-α    0   0

1
(s-α)(s+1)2 

1
s+1 

1
(s+1)2

1
(s+1)(s-α)  0  

1
(s+1

æ

è

ç
ç
ç
ç
ç
çç

ö

ø

÷
÷
÷
÷
÷
÷÷
)

(8)

Ifthisfeedbacksystemislinearizedabouttheequi-
libriumy= ～y= -C(x0,x0,x0)T,thentheJaco-
bianof(8)isgivenby

J(τ)=췍g췍y y= ～y=-C(x0,x0,x0)
T=
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2x0βe-sτ+γx0  γx0 0
    0    0  0
    0    0  

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

0

(9)

Set
h(λ,s;τ)=det|λI-G(s;τ)J(τ)|=

λ2- x0βe-sτ+γx0
s-α + γx0

(s+1)2(s-α
é

ë
êê

ù

û
úú)λ=0

(10)

Then,weobtainthefollowingresultsbyapplying
thegeneralizedNyquiststabilitycriterionwiths=
iω.

Lemma[8]Ifaneigenvalueofthecorresponding
Jacobianofthenonlinearsystem,inthetimedo-
main,assumesapurelyimaginaryvalueiω0ata
particularτ=τ0,thenthecorrespondingeigenval-
ueoftheconstantmatrixG(iω0;τ0)J(τ0)inthe
frequencydomainmustassumethevalue-1 +
i0atτ=τ0.

ToapplyLemma1,letλ=λ(iω;τ)betheei-
genvalueofG(iω;τ)J(τ)thatsatisfiesλ(iω0;τ0)=
-1+0i.Then

h(-1,iω0;τ0)=1+x0βe
-iω0τ0+γx0
iω0-α

+ γx0
(iω0+1)2(iω0-α)=0

(11)

Separatingtherealandimaginaryparts,weobtain
(1-ω20)x0βcosω0τ0+2ω0x0βsinω0τ0=

α-ω20α+2ω20-2γx0+ω20γx0 (12)

2ω0x0βcosω0τ0- (1-ω20)x0βsinω0τ0=
2ω0α-ω0+ω30-2ω0γx0 (13)

Thenwehave
P2
1+P2

2=P2
3+P2

4 (14)

where
P1=(1-ω20)x0β,P2=2ω0x0β,

P3=α-ω20α+2ω20-2γx0+ω20γx0,P4=
2ω0α-ω0+ω30-2ω0γx0

From(14),wecancalculatethevalueofω0,then
from(12)and(13),wecanobtain

τk=1ω0
2kπ+arcsin P3

P21+P22
-é

ë
ê
ê

ù

û
ú
úθ (k=0,1,2,…)

(15)

whereθsatisfies

tanθ=
1-ω20
2ω0

(16)

Accordingtothediscussionabove,wehavethe
followingconclusion.

Theorem1(ExistenceofHopfbifurcationpa-
rameter)Forsystem (5),Ifω0isthepositivereal
rootof(14),thenHopfbifurcationpointis

τk=1ω0
2kπ+arcsin P3

P21+P22
-é

ë
ê
ê

ù

û
ú
úθ (k=0,1,2,…)

whereθsatisfies(16).

2Estimationofthelengthofdelayto

 preservestability
Inthepresentsection,wewillobtainanestimation

τ+forthelengthofthedelayτwhichpreservesthesta-
bilityofthepositiveequilibriumE0(x0,x0,x0),i.e.,
E0(x0,x0,x0)isasymptoticallystableifτ<τ+.In
ordertoobtainourresult,weassumethat

(H)x0β<2
ItiseasytoobtainthatthelinearizationofEq.(5)

nearE0(x0,x0,x0)
dN(t)
dt = -x0βN(t-τ)-γx0x1(t)

dx1(t)
dt = -x1(t)+x2(t)

dx2(t)
dt = N(t)-x2(t

ì

î

í

ï
ï
ïï

ï
ï
ïï )

(17)

Weconsidersystem(5)inC([-τ,∞),R3)with
theinitialvalues

N(ξ)=φ1(ξ),x1(ξ)=φ2(ξ),x2(ξ)=

φ3(ξ),φi(0)≥0,i=1,2,3,ξ∈ [-τ,0]

TakingLaplacetransformofsystem(17),weget
～sN= -x0βe-sτM(s)-x0βe-sτ～N-γx0～x1+φ1(0)

(s+1)～x1= ～x2+φ2(0)

(s+1)～x2= ～N+φ3(0

ì

î

í

ï
ï

ï
ï )

(18)

where～N,～x1and～x2aretheLaplacetransformof
～N(t),x1(t)andx2(t),respectively,andM(s)=

∫ 0-τe-sτN(t)dt.Solving(18)for～Nleadsto～N1=

K(s,τ)
J(s)

,where

K(s,τ)= (s+1)2[x0βe-sτM(s)+φ1(0)]+
γx0φ3(0)-γx0(s+1)φ2(0)

J(s)= (s+x0βe-sτ)(s+1)2+γx0
Followingalongthelinesof[11]andusingthe
Nyquistcriterion,weobtainthattheconditionsfor
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localasymptoticstabilityofE0(x0,x0,x0)are
givenby

Im{J(iω0)}>0 (19)
Re{J(iω0)}=0 (20)

whereIm{J(iω0)}andRe{J(iω0)}aretheimagi-
narypartandrealpartofJ(iω0),respectivelyand
ω0isthesmallpositiverootof(20).Itfollows
from(19)and(20)that

ω0-ω30> (1-ω20)x0βsinω0τ-
2ω0x0βcosω0τ (21)

2ω20-γx0= (1-ω20)x0βcosω0τ-2ω0x0βsinω0τ
(22)

From(22),weobtain
2ω20-γx0≤ (1+ω20)x0β+2ω0x0β (23)

Then
 (2-x0β)ω20-2x0βω0- (β+γ)x0≤0 (24)
whichleadstoω0≤ω+,where

ω+=
2x0β+ (2x0β)2+4(2-x0β)(β+γ)x0

2(2-x0β)
.

By(21),wehave

ω20<1-
(1-ω20)x0β

ω0
sinω0τ+2x0βcosω0τ

Hence

2ω20<2-
2(1-ω20)x0β

ω0
sinω0τ+4x0βcosω0τ

(25)

Inviewof(22),weget
2ω20= (1-ω20)x0βcosω0τ-2ω0x0βsinω0τ+γx0

(26)

Substituting(26)into(25)andrearranging,we
get

(-ω20-3)x0βcosω0τ+
2(1-ω20)x0β

ω0
-2x0

é

ë
êê

ù

û
úúβ ·

sinω0τ<2-γx0 (27)

Itfollowsfrom(27)that

(-ω20-3)x0β(cosω0τ-1)+
2(1-ω20)x0β

ω0 -2x0
é

ë
êê

ù

û
úúβ ·

sinω0τ<5+ω2+-γx0 (28)

Usingthebounds
(-ω20-3)x0β(cosω0τ-1)=

2(ω20+3)sin2
ω0τæ

è
ç

ö

ø
÷

2 ≤ 12
(ω2++3)ω2++τ2

and
2(1-ω20)x0β

ω0 -2x0
é

ë
êê

ù

û
úúβsinω0τ≤ (2ω2+x0β+4x0β)τ

weobtain
L1τ2+L2τ≤L3

where

L1= 12
(ω2++3)ω2+,L2=

(2ω2++x0β+4x0β),L3=5+ω2+-γx0
It is easy to see that if τ < τ+ =

-L2+ L22+4L1L3
2L1

,thestabilityofE0(x0,x0,

x0)ofsystem (5)ispreserved.Thuswearenow
inapositiontostatethefollowingresult.

Theorem2 Supposethat(H)holds.Ifthere
existsaparameter0≤τ<τ+suchthatL1τ2+
L2τ≤L3,thenτ+isthemaximumvalue(length
ofdelay)ofτforwhichE0(x0,x0,x0)ofsystem
(5)isasymptoticallystable.

3Numericalexamples

Inthissection,wepresentsomenumericalre-
sultsofsystem (5)toverifytheanalyticalpredic-
tionsobtainedintheprevioussection.Letuscon-
siderthefollowingsystem:

dN(t)
dt = N(t)[1-0.5N(t-τ)-0.3x1(t)]

dx1(t)
dt = -x1(t)+x2(t)       (29)

dx2(t)
dt = N(t)-x2(t

ì

î

í

ï
ï
ïï

ï
ï
ïï )

whichhasapositiveequilibriumE0(x0,x0,x0)=

(5
4
,5
4
,5
4
)andsatisfiestheconditionsindicatedin

Theorem1.Takek=0forexample,bysomecom-
putationbymeansofMatlab7.0,wegetτ0≈1.95.

Thus,thepositiveequilibriumE0= (54
,5
4
,5
4
)is

stablewhenτ<τ0whichisillustratedbythecomput-
ersimulations (seeFigs.1~7).Whenτpasses
throughthecriticalvalueτ0,thepositiveequilibrium

E0= (54
,5
4
,5
4
)losesitsstabilityandaHopfbifur-

cationoccurs,i.e.,afamilyofperiodicsolutionsbifur-

catefromthepositiveequilibriumE0= (54
,5
4
,5
4
),

whicharedepictedinFigs.8~14.
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   Fig.1 Dynanicialbehaviorofsystem(4.1)      Fig.2 Dynanicialbehaviorofsystem(4.1)  

  
Fig.3 Dynanicialbehaviorofsystem(4.1)      Fig.4 Dynanicialbehaviorofsystem(4.1)

  
   Fig.5 Dynanicialbehaviorofsystem(4.1))     Fig.6 Dynanicialbehaviorofsystem(4.1)

Figs.1-7 Behaviorandphaseportraitofsystem
(29)withτ=1.9<τ0≈1.95.Thepositiveequi-

libriumE0= (54
,5
4
,5
4
)isasymptoticallystable.

Theinitialvalueis(0.3,0.4,0.2).
Figs.8~14Behaviorandphaseportraitofsystem
(29)withτ=2>τ0≈1.95.Hopfbifurcation

occursfromthepositiveequilibriumE0= (54
,5
4
,

5
4
).Theinitialvalueis(0.3,0.4,0.2). Fig.7 Dynanicialbehaviorofsystem(4.1)
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   Fig.8 Dynanicialbehaviorofsystem(4.1)      Fig.9 Dynanicialbehaviorofsystem(4.1)

 
 Fig.10 Dynanicialbehaviorofsystem(4.1)      Fig.11 Dynanicialbehaviorofsystem(4.1)

4Conclusionsanddiscussions
Inthispaper,weinvestigatedaclassofLo-

gisticmodelwithdelay.Bychoosingthecoeffi-
cientτasabifurcatingparameterandanalyzing
theassociatingcharacteristicequation.Itisfound
thataHopfbifurcationoccurswhenthebifurca-
tingparameterτpassesthroughacriticalvalue.

Meanwhile,thelengthofdelaypreservingthestabil-
ityofthepositiveequilibriumE0(x0,x0,x0)is
estimated.Consideringcomputationalcomplexity,

thedirectionandthestabilityofthebifurcatingpe-
riodicorbitsofsystem (3)havenotbeenstudied.
Itisbeyondthescopeofthepresentpaperandwill
befurtherinvestigatedelsewhereinthefuture.

 
 Fig.12 Dynanicialbehaviorofsystem(4.1)      Fig.13 Dynanicialbehaviorofsystem(4.1)
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 Fig.14 Dynanicialbehaviorofsystem(4.1)
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具有时滞的Logistic模型的分支问题的频域分析

徐昌进1,陈大学2

(1.贵州财经学院 经济系统仿真重点实验室,贵阳550004;2.湖南工程学院理学院,湖南 湘潭411104)

摘要:研究一类具有时滞的Logistic模型。运用频域法并分析该模型对应的特征方程,得到了系统 Hopf分支点,通过选择时

滞τ作为参数,发现当参数通过某一临界值时,Hopf分支产生,Hopf分支产生,同时得到了系统正平衡点稳定的时滞范围处于零

与某个正常数之间,数值模拟验证当时滞τ=τ0 时,系统的正平衡点是局部稳定的,当τ>τ0 时,系统的正平衡点是不稳定的。

关键词:Logistic模型;稳定性;Hopf分支;频域;时滞
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