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yO=r,y(O[1+as2() —a, y(1)]

considered. The existence of Hopf bifurcations at the positive equilibrium(x, »y. ) when r=z., is established by analyzing

Abstract: In this paper, a two-species Lotka-Volterra mutualistic system with delay

the distribution of the characteristic values. An explicit algorithm for determining the direction of the Hopf bifurcation and

the stability of the bifurcating periodic solutions is derived, by using the normal form theory and center manifold argu-

ment. Finally, some numerical simulations are carried out for supporting the analytic results.
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1 Introduction

There have been several previous reports dealing
with stability and Hopf bifurcation in a competitive
Lotka-Volterra system with delayst™. In 2004,
Song et al. ! considered the delayed competition sys-
tem. Taking the delay as the bifurcation parameter,
they analyzed the stability of the interior positive e-
quilibrium and the existence of local Hopf bifurca-
tion. In 2009, Zhang et al. "™ considered a matura-
tion delay in the same system, their results show that
Hopf bifurcation arisen from the positive equilibrium
as delay increase and crosses a critical value.

We are interesting the mutualistic system with
delay. The two-species Lotka-Volterra mutualistic
system with delay be modeled by the following sys-
tem

2 =rizW[1—axGt—70)+a,y()]
vy =r,y(O[1+a,x(t) —a,y(@)]

where r;(j=1,2),a;(i=1,2.,3.,4) ,r are positive con-

@y

stants, x(z) or y(1¢) can be interpreted as the densi-

ties of certain species, r is maturation time. For con-
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venience letting * =a,x,y=a,y, and dropping the
tildes for simplification of notation, (1) is trans-
formed into

W =rxW[1—2G—71) +ay®)]

. 2)
YO =r,y(OD[1+bx(t) —y(1)]

where a:£>0,b:;ﬁ>0. To be specific and for
1

ay

simplicity, we consider only system (2). Due to the
biological interpretation of system (2), we always
suppose that under the condition (H) 0<la<1, 0<b
<1, system (2) has a positive equilibrium E, deno-
ted by

_1+0b _1+a

T 1—ab™ T 1—ab

In the present paper, we investigate the effect of

X

delay on dynamics of Eq. (2). Taking the delay r as a
parameter, we show that if the positive equilibrium
E. of system (2) withoutdelay is asymptotically sta-
ble, then the positive equilibrium E, of system (2)
always stable for all zZ—=0. However, when the posi-
tive equilibrium E, of system (2) without delay is

unstable, then Hopf bifurcation occur as delay 7z pas-
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ses through a critical value, i. e. , a family of periodic 1 L Qq—PHwsTar | 2jx .
. . . o . r;=—cos '—— 5 5 T ,j=0,1,2,-
solutions will be bifurcated from the positive equilib- wo q" 5w wo
rium. (9

The rest of this paper is organized as follows. In
section 2, we consider the stability and local Hopf bi-
furcation of the positive equilibrium, In section 3,
we employ the normal form method and the center
manifold theory introduced by Hassard et al.'™ to
analyze the direction, stability and the period of the
bifurcating periodic solution at the critical values of

T.

2 The Existence of Hopf Bifurcation

By the translation u, (1) =2 () —x. su, (1) =

y(t)— y. ,system (2) is transformed into

l:h([):V](M]([)JFIx,)I:M]([_T)_auz([)] (3)
Z:tz([):rz(uz(f)_’_y* )[7{7141([)_’_141(1)]
The linearization of (4) at u=0 is
wD=—rx, u,G—o)Farx, u () )

W, () =—ryv, u, (1) +brov, u, ()
Thus, the characteristic equation of (5) is
M+pr—r+Atge ¥= (5
where p=rx. »S=nry. .q=nrnrnx.y. .r=abrrx.y..
The stability of the trivial solution of system (4) de-
pends on the locations of roots of characteristic Eq.
(6) when all roots of Eq. (5) locate in the left half of
the complex plane, the trivial solution of system (4)
is stable; otherwise, it is unstable. In the following,
we will investigate the distribution of roots of Eq.
(5). Noting that A=0 is not a solution to (5), and
when =0, Eq. (5) becomes
M+ (pt+sHaAtqg—r=0 (6)
we have the following result.
Lemma 1 When ¢ = 0, if the condition (H)
holds, Eq. (6) has two negative real roots.
In addition, we know that iw(w>>0) is a root of
Eq. (5) if and only if » satisfies the following equa-
tion
—' —r+ipwt (iswtq) (cos wr—isin wz) =0
Separating the real and imaginary parts, we have
W’ +r=swsin wrtqcos wr o
DPw=@gsin wt— SwCOS wT
This leads to
W'+ QCr—s"+pHo' +r'—¢*=0 (8)
When the condition (H) holds, it is easy to see
that r* —¢*<<0 and A= (2r—s"+p*) —4(** —¢*) >0,
then Eq.

\/52 — p? *ZV—F«/Z

(8) has only one positive root w, =

. From (7), we can determine

2

then (5) with =1¢; has a pair of purely imaginary
roots tiw,, and 7, <z, <z, <---.

Summarizing the above discussion, we have the
following result.

Lemma 2 When the condition (H) holds

1 if z&€(0,7,), then all roots of Eq. (6) have
strictly negative real parts;

2) if z=1;, then all roots of Eq. (6) has a simple
pair of purely imaginary roots Fiw; »j=0,1,2,+-.

Let A(z) =a(7) Tiw(z) be the root of Eq. (6)
satisfying a(7;) =0,w(z;) =w;+j=0,1,2,; then
we have the following result.

Lemma 3 When the condition (H) holds, the
following transversality conditions are satisfied

Q) B
dr
Proof Differentiating the two sides of Eq. (5)

Rc<

=1, >O’j:071’2,"'

with respect to ¢, we have
(@)71:(2A+7))eh‘h‘7i
dr AGA+q) A

oyt VA

i) e =wte

The proof is complete.

Lemma 4 When the condition (H) holds, if ¢>

7o » then Eq. (H) has at least one root with strictly

Re< >0 =0,1,2,)

positive real part.

Applying Lemmas 1~4, we can get the follow-
ing the stability and bifurcation results for system
(2).

Theorem 1 For system (2)., when the condition
(H) holds,

1 if € (0,7,), then the positive equilibrium
E. is local asymptotically stable;

2) if t>17,, then he positive equilibrium E. is
unstable and system (2) undergoes a Hopf bifurca-

tion at E, when t=¢;,j=0,1,2,--,

3 The Direction and Stability of the Hopf
Bifurcation

In the previous sections, we obtained conditions
for Hopf bifurcation to occur when r=<¢;,;=0,1,2,
««+. In this section, we shall study the direction and
stability of the Hopf bifurcation by using techniques
from normal form and center manifold theory'®’. For
convenience, we denote the critical value of 7, de-
rived by (9), as 7 and let r=7+p,x€R. Then =0
is the Hopf bifurcation value of the system (2).
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Let u, () =x(ct) —x, yu; (t) =y(zt) —y, ; then
system (2) may be written as a FED in C=C([ —1,
0],R*) as

w (D=7 (i (D+2. [ —u, G— 1) Fau, ()]

{ﬁz(t)erﬂuz(Z)er*)[/ml(l)—uz(r)]
(10)

For ¢=0(g¢:.¢4,)" €C, let

0 1A « 1 (0
Lﬂ¢:(;+#)< riax )<¢( ))

by Tryy. ) \$.(0)
— AT 0 551(*1)
(T+”)< 0 o)(¢2(—1>)

and
—ri¢1 (0 (— 1D Far ¢ (0 ¢, (0)
bry ¢ (0) ¢, (0) =7, 85 (0) )
By the Riesz representation theorem, there ex-
ists a 2X 2 matrix, 5(@,) (—1<<0<<0), whose ele-

ments are of bounded variation functions such that
0
L) =| [dy(@. 190
—1

In fact, we can choose

f<#,¢>:<;+#>(

Go=Gro( T s —
T Tre (rQby! —rgyx)
<%+/J>( e )8(0+1)
0 0

For ¢&€ C' ([ —1,0],R*), define the operator A(y) as

d
AGog@ — Y
U [dy(£) (&) .0=0
-1
0566[7190)
R #0=|

Then system (2) is equivalent to the following opera-
tor equation

u,=A(x, +R(x,
For ¢ &€ C'([0,1],(R*)" ), deline

J—é%,s € (0,1]
A" g(s) =- '

U $(— O dn(2,0) 55 =0
—1
and a bilinear form
<</)(s),¢(9)>:?b(0)¢(0)*
0 0 _
J J YE— D dy() ¢ (&) dE
=0

N
where () =%(0,0). Then A(0) and A" are adjoint
operators. From the discussion in Section 2, we
know that £ iw, 7 are eigenvalues of A(0) and there-
It is not diffi-
cult to verify that the vector q(9) = (1,a) e (g€
[—1,0 and ¢" (s)=D(B,1)e“*’(s&€[0,1]) are the

eigenvectors A(0) and A* corresponding to the ei-

fore they are also eigenvalues of A" .

genvalue iw, 7 and —iw, 7, respectively, where

g T o 71(1)() ;+7’2y*

71&)()T+7‘1‘T* e
a— i

riax . riax .

iw, T\ —1

72ia)();+72y* +(1*w<)?2*?r2y* )rlxy, e “f )
raxs

o

Following the algorithms given in Hassard et al.[®

and using a computation process similar to that of

Wei and Li'™, we can obtain the coefficients which

will be used in determining the important quantities:
220 =2D7 (—r Be 7 +riaaf+r,ba—r,a’)

gn =Dz (—r ™ —rfe 7 +2raaf+2r,ba—2ra")
g0 =2D7 (—r Be ™ +riaa B+ riba—r.a)

gn=2D7 {r]ﬁ[*%W;‘)) (0 e™ =W (0)e 7 —

ﬂ)(—1)—%W(23))(—1)+%aaW§é)(0)+aa D (0)+
%aWE%’(O)Jra 1f)(0):|—|—r2 [%baW%)(O)+ba D (0) 4

%bW;é) (0) +6WD (0) —a WP (0) — 24 W2 (o)}}

(1)
where
Wzo(@)zlgizﬂq(ﬁ)Jf&oia(@)jLElCZiwa?g
Wo T wo T
W11(0):—@q(6)+1g1~6(9)+E2
wo T wo T
and
B =gz [AonTne.e ™7 —nar
77’263)* leof—krgy%
rleiiw"?_drla
—bryatr.a’
[T NX riax . !
Ez:r< ) X
rby. Ty«

—r (e +e ™)+ 2ara

2brya—2r,a°

Consequently, g; in (11) can be expressed by the
parameters and delay in (10). Thus, we can compute
the following quantities

L

61(0):2 (g1 820 —2 ‘gll ‘2_%)+%

w0 T

__ Re(e, (0
# Re(V ()
~Im(e, (0)) FIm ()

wo T

.8 =2Re(c, (0))

TZZ

which determine the properties of bifurcating periodic
solutions at the critical value 7, i. e. s p; determines
the directions of the Hopf bifurcation: if p>>0(u, <<
0), then the Hopf bifurcation is supercritical (sub-
critical) and the bifurcating periodic solutions exist
for t>7(c<{7); B, determines the stability of bifur-

cating periodic solutions: the bifurcating periodic so-
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lutions on the center manifold are stable (unstable) if
B<<0(B,>0); and T, determines the period of the
bifurcating periodic solutions: the period increases
(decreases) if T,>0(T,<<0).

From the discussion in Section 2, we know that
Re()'(2))>>0, therefore we have the following result.

Theorem 2 The direction of the Hopf bifurcation
of the system(2) at the positive equilibrium (x. ,y, )
when r=7, with 7=¢;,j=1,2, - is supercritical
(subcritical ) and the bifurcating periodic solutions

are stable(unstable) if Re(c; (0))<<0(>0).

4 Numerical Simulations

In the previous section, we have derived an ex-

plicit algorithm for determining the direction of the
Hopf bifurcations and stability of the bifurcating pe-
riodic solutions by using the center manifold theory
and normal form method. In this section, we shall
carry out some numerical simulations for supporting
our theoretical analysis.

We choose r, =0. 18,7, =0.2,a=0. 3,b=0. 4.
From Section 2, we can obtain (z. ,y.,)=(1.590 9,
1.477 3). We have carried out numerical simulations
on system (2) using Matlab with these parameter
values. Thus phase plots are shown in Fig. 1. The

simulations support our theoretical result.
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