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Abstract:Inthisarticle,weconcernwiththeproblemofdelay-dependentstabilityforsingularsystemswithintervaltime-
varyingdelay.Thepurposeoftheproblemistodesignstabilitycriteriasuchthatthesingularsystemisregular,impulse

freeandasymptoticallystable.Somenewdelay-dependentstabilitycriteriaarederivedbytakingnewLyapunov-Krasovskii

functionalandfreeweightingmatrices.Theintroducedfunctionalmakesuseoftheinformationofnotonlyboththelower

andupperboundsoftheintervaltime-varyingdelay,butalsotheintervalofthetwobounds.Theproposedstabilitycriteria

aregivenintermsoflinearmatrixinequalityanditisaccordinglyeasytocheckbyuseofMatlab.Numericalexamplesare

giventodemonstratethattheproposedmethodcanobtainlargerallowabledelayboundsthanthemethodsinreference,

whichillustratestheeffectivenessoftheapproach.
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Introduction
Sincetime-delaywhichexistsinmanyapplicationsisoftencausesinstabilityandpoorperformanceofsys-

tems,considerableattentionhasbeendevotedtothestabilityanalysisoftime-delaysystemsduringthelast
decades,forexample[1-20],andthereferencestherein.

Recently,thestabilityanalysisofintervaltime-varyingdelaysystemhasbeenafocusedtopicoftheoretical
andpracticalimportance[3-8].Atypicalexampleofdynamicsystemswithintervaltime-varyingdelaysisnet-
workedcontrolsystems[3].Heetal.investigatedHfilterdesignforsystemswithintervaltime-varyingde-
lays[3].Veryrecently,thestabilityanalysisofsystemwithadelayvaryinginanintervalwasstudiedin[8].

Ontheotherhand,thestabilityanalysisofsingularsystems,whichareknownasdescriptorsystems,im-
plicitsystems,generalizedstate-spacesystemsorsemi-statesystems,havewidelyinvestigatedbymanyre-
searchers[9-17].Thesingularmodelcanpreservethestructureofpracticalsystemsandcanbetterdescribea
largeclassofphysicalsystemsthanstate-spaceones[16-17].Itshouldbepointedoutthatwhenthestabilityprob-
lemforsingularsystemsisinvestigated;theregularityandabsenceofimpulses(forcontinuoussystems)and
causality(fordiscretesystems)arerequiredtobeconsideredsimultaneously[18].Hence,thestabilityanalysis
ofsingularsystemswithintervaltime-varyingdelayismuchmorecomplicatedthanthatforstate-spaceones.
Tothebestoftheauthors’knowledge,noresultshavebeenreportedintheliteratureconcerningtheproblem
ofstabilityofthesingularsystemswithintervaltime-varyingdelay.

Inthispaper,wewilldealwiththeproblemofstabilityofaclassofsingularsystemswithintervaltime-
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varyingdelay.Neithermodeltransformationnorredundantmatrixvariableswillbeemployed.Byemployinga
newLyapunov-Krasovskiifunctional,whichconsidersnotonlythelowerandupperboundsoftheinterval
time-varyingdelay,butalsotheintervalofthetwobounds,sufficientconditionsaregivenintheformoflinear
matrixinequality(LMI)suchthattimedelaysystemisasymptoticallystable.Comparedwithsomeexisting
results,ourconditionsareshowntobelessconservative.

Notion Throughthispaper,thesuperscripts“T”standforthetransposeofamatrixandtheinverseofa
matrix;Rndenotesn-dimensionalEuclideanspace;Rn×mdenotesthesetofallrealmatriceswithmrowsandn
columns;P>0meansthatPispositivedefinite;Iistheidentitymatrixofappropriatedimension;*denotes
thematrixentriesimpliedbysymmetry.

1Systemdescriptionandpreliminaries
Considerthefollowinguncertainsingularsystemwithintervaltime-varyingdelay

Ex·(t)=Ax(t)+Aτx(t-τ(t))

x(t)=φ(θ),θ∈[-τM,0{ ]
(1)

wherex(t)∈Rnisthestatevector;τ(t)isthetime-varyingdelaysatisfying
0≤τm≤τ(t)≤τM,τ

·(t)≤τD≤1 (2)

φ(θ)∈C([-τM,0],Rn)istheinitialfunctionwiththenorm ‖φ‖=sups∈[-τM,0]‖φ(s)‖;E,AandAτare
knownmatricesofappropriatedimensions,whereEmaybesingularandweassumethatrank(E)=r≤n.

Definition1[16-17] 1)Thepair(E,A)issaidtoberegularifdet(sE-A)isnotidenticallyzero;2)The
pair(E,A)issaidtobeimpulse-freeifdegdet(sE-A( ))=rankE.

Definition2[18] 1)Forsomegivenscalarsτm,τMandτD,thesingularsystem(1)issaidtoberegularand
impulsefreeforanytimedelayτ(t)satisfying(2),ifthepairs(E,A)isregularandimpulsefree;2)Thesin-
gularsystem(1)issaidtobestableifforanyε>0,thereexistsascalarδ(ε)>0suchthatforanycompatible
initialconditionsφ(t)satisfying sup

-τ(t)≤t≤0
‖φ(t)‖≤δ(ε),thesolutionx(t)ofthesystem(1)satisfies‖x(t)‖≤ε

fort≥0.Furthermore,lim
t→¥

x(t)=0.

Beforeendingthissection,weintroducethefollowinglemmaswhichareusefulinderivingstabilitycriteria
forsystem(1).

Lemma1[2] ForanyconstantmatrixW∈Rn×n,W=WT>0,scalarγ>0,andvectorfunctionx·:[-γ,0]→Rn

suchthatthefollowingintegrationiswelldefined,then

-γ∫
t

t-γ
x·T(ξ)Wx·(ξ)dξ≤

x(t)

x(t-γ
é

ë
ê
ê

ù

û
ú
ú)

T -W W
* -

é

ë
ê
ê

ù

û
ú
úW

x(t)

x(t-γ
é

ë
ê
ê

ù

û
ú
ú)

Lemma2[19] Considerthefunctionφ:R+→R,ifφ
·isboundedon 0,[ )¥ ,thenφ(t)isuniformlycontinu-

ouson 0,[ )¥ .
Lemma3[19] (Barbalat’sLemma)Considerthefunctionφ:R+→R,if φ(t)isuniformlycontinuousand

∫
¥

0
φ(s)ds< ¥,thenlim

t→¥
φ(t)=0.

2Mainresults
Inthissection,wepresentstabilitycriteriaforthesingularsystemswithintervaltime-varyingdelays(1).

Now,wehavethefollowingmainresults.
Theorem1 Forsomegivenscalarsτm,τMandτD,thesystem (1)isasymptoticallystableifthereexist

somematricesP>0,Q11>0,Q=
Q11 Q12

* Q
é

ë

ê
ê

ù

û

ú
ú

22
>0,Z1>0,Z2>0,Si>0,i=1,2,3,andmatrixNofappropri-

atedimensionssuchthat
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Ω=

Ω11 Ω12 Ω13 0 Ω15

* Ω22 Ω23 Ω24 0
* * Ω33 Ω34 0
* * * Ω44 0
* * * * Ω

é
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ê
ê
ê
ê
ê
ê
ê
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û
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ú
ú
ú
ú
ú
ú

55

<0 (3)

whereΩ11=ETPA+ATPE+NRTA+ATRNT+Q11+Z1+Z2-ETS1E-ETS2E+ATΘA,Ω12=ETPAτ+
NRTAτ+ATΘAτ,Ω13=ETS1E,Ω14=ETS2E,Ω15=Q12,Ω22=-2ETS3E+AT

τΘAτ,Ω23=ETST
3E,Ω24=

ETS3E,Ω34=-Q12,Ω33=-Q11-ETS1E-ETS3E,Ω44=-Q22-ETS2E-ETS3E,Ω55=Q22-(1-τD)Z2,δ=
τM-τm,Θ=τ2mS1+τ2MS2+δ2S3,andR∈Rn×(n-r)isanymatrixwithfullcolumnrankandsatisfiesETR=0.

Proof Sincerank(E)=r≤n,theremustexisttwoinvertiblematricesGandH∈Rn×nsuchthat

E=GEH=
Ir 0é

ë

ê
ê

ù

û

ú
ú0 0

(4)

Similarto(4),wedefineA=GAH=
A11 A12

A21 A
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úú

22
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.

SinceΩ11<0,Q11>0,Z1>0,Z2>0andΘ=τ2mS1+τ2MS2+δ2S3>0,wecanformulatethefollowingine-
qualityeasily,Ψ=ETPA+ATPE+NRTA+ATRNT-ETS1E-ETS2E<0.

Pre-andpost-multiplyingΨ<0byHTandH,respectively,yields

Ψ=HTΨH=ETP A+ATP E+N RTA+ATR NT-ETS1E-ETS2E=
Ψ11 Ψ12

* AT
22ΦNT

21+N21ΦTA

é

ë

ê
êê

ù

û

ú
úú

22

<0

(5)

SinceΨ11andΨ12areirrelevanttotheresultsofthefollowingdiscussion,therealexpressionofthesetwo
variablesareomittedhere.From(5),itiseasytoseethat

AT
22ΦNT

21+N21ΦTA22<0 (6)

andthusA22isnonsingular.Otherwise,supposingA22issingular,theremustexistanon-zerovectorξ∈Rn-r,

whichensuresA22ξ=0.AndthenwecanconcludethatξT AT
22ΦNT

21+N21ΦTA( )22 ξ=0,andthiscontradicts
(6).SoA22isnonsingular.Then,thepairof(E,A)isregularandimpulse-free,whichimpliesfromDefinition
2thatthesystem(1)isregularandimpulse-free.

Nextwewillshowthatsystem (1)isstable.Tothisend,wedefinethefollowingLyapunov-Krasovskii
functional

V(xt)=V1(xt)+V2(xt)+V3(xt) (7)

whereV1(xt)=xT(t)ETPEx(t),V2(xt)=∫
t

t-τm
XT(s)QX(s)ds+∫

t

t-δ
xT(s)Z1x(s)ds+∫

t

t-τ(t)
xT(s)Z2x(s)ds,

V3(xt)=τm∫
0

-τm
ds∫

t

t+s
x·T(θ)ETS1Ex·(θ)dθ+τM∫

0

-τM
ds∫

t

t+s
x·T(θ)ETS2Ex·(θ)dθ+δ∫

-τm

-τM
ds∫

t

t+s
x·T(θ)ETS3E·

x·(θ)dθ,whereXT(s)= xT(s) xT(s-δ[ ]),δ=τM -τmandQ=
Q11 Q12

* Q
é

ë

ê
ê

ù

û

ú
ú

22
>0.

TakingthederivativeofV(xt)withrespecttotalongthetrajectoryof(1)yields

V
·
1(xt)=2xT(t)Px·(t)=xT(t)ETPA( +AT )PEx(t)+2xT(t)ETPAτx(t-τ(t))

V
·
2(xt)=XT(t)QX(t)-XT(t-τm)QX(t-τm)+xT(t)Z1x(t)-

xT(t-δ)Z1x(t-δ)+xT(t)Z2x(t)-(1-τ
·(t))xT(t-τ(t))Z2x(t-τ(t))
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V
·
3(xt)=x·T(t)ETτ2mS1+τ2MS2+δ2S( )3 Ex·(t)-τm∫

t

t-τm
x·T(s)ETS1Ex·(s)ds-

τM∫
t

t-τM
x·T(s)ETS2Ex·(s)ds-δ∫

t-τm

t-τM
x·T(s)ETS3Ex·(s)ds

UseLemma1toobtain

-τm∫
t

t-τm
x·T(s)ETS1Ex·(s)ds≤
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-δ∫
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t-τM
x·T(s)ETS3Ex·(s)ds=-δ∫
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Notingthat(1),thefollowingholds:x
·T(t)ETΘEx·(t)=ζT(t)～ATΘ ～Aζ(t),where～A= A Aτ[ ]0 0 0 ,

ζT(t)= xT(t) xT(t-τ(t)) xT(t-τm) xT(t-τM) xT(t-δ[ ]) andΘ=τ2mS1+τ2MS2+δ2S3.Furthermore,

notingETR=0,wecandeduce
0=2x·T(t)ETR NTx(t( ))=2 Ax(t)+Aτx(t-τ(t( )))TR NTx(t( )) (8)

Thusitfollowsfromabove,wehaveV
·
(xt)≤ζT(t)Ωζ(t),whereΩisdefinedin(6).OnecanseethatifΩ<0,

thenV
·
(xt)<0and

λ1 ‖x(t)‖2-V(x(0))≤xT(t)ETPEx(t)-V(x(0))≤V(x(t))-V(x(0))=

∫
t

0
V
·
(x(s))ds≤-λ2∫

t

0
‖x(s)‖2ds<0 (9)

whereλ1=λmin(ETPE)>0,λ1=-λmax(Ω)>0.

From(9),itiseasytoobtainthatλ1‖x(t)‖2+λ2∫
t

0
‖x(s)‖2ds≤V(x(0)).Then0<‖x(t)‖2≤

1
λ1V

(x(0)),0<∫
t

0
‖x(s)‖2ds≤1λ2

V(x(0)).Thus,‖x(t)‖2and∫
t

0
‖x(s)‖2dsarebounded.Usingsame

method,wehavethat‖x·(t)‖isbounded.AccordingtoLemma2andLemma3,wegetlim
t→¥

x(t)=0,accord-

ingtoDefinition2,thesingularsystem(1)isstable.Thiscompletestheproof.
Remark1 FromtheproofprocessofTheorem1,themostattractivecontributionisthatinTheorem1

wehavemadethebestuseofnotonlythelowerboundoftheintervaltime-varyingdelay,butalsotheinterval
oftheupperboundandthelowerboundofthetimedelay.Toreducetheconservatism,weemployanew
Lyaponov-Krasovskiifunctional(7),whichismainlybasedontheinformationaboutτm,τMandτM-τm.

Remark2 Ifτmiszero,wecanobtainastabilitycriteriaofsystem(1)usingthecorrespondingLyapunov-
Krasovskiifunctionalreducesto

V(xt)=xT(t)ETPEx(t)+∫
t

t-τM
xT(s)Qx(s)ds+∫

t

t-τ(t)
xT(s)Zx(s)ds+τM∫

0

-τM
ds∫

t

t+s
x·T(θ)ETSEx·(θ)dθ

SimilartotheproofofTheorem1,onecaneasilyderivealessconservativeresultthansomeexistingones,

whichwillbeshownthroughnumericalexamplesinthenextsection.Duetopagelimittheresultisomitted.

3Numericalexamples
Inthissection,someexamplesareprovidedtodemonstratetheeffectivenessofourresults.
Example1 Considerthelineartimedelaysystem

x·(t)=
-2 0é

ë
ê
ê

ù

û
ú
ú0 -0.9
x(t)+

-1 0é

ë
ê
ê

ù

û
ú
ú-1 -1
x(t-τ) (10)
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Inthisexample,wechooseR [ ]= 0 0 T.Tab.1liststhemaximumallowableupperbound(MAUB)of
thetime-varyingdelaybyusingTheorem1andthosein[4-6,8]fordifferentτm.Fromthetable,onecansee
thatthederivedresultsinthispaperarelessconservativethanthosein[4-6,8].

Example2 Considerthesystem(1)with
1 0é

ë
ê
ê

ù

û
ú
ú0 0
x·(t)=

0.5 0é

ë
ê
ê

ù

û
ú
ú0 -1
x(t)+

-1.1 1é

ë
ê
ê

ù

û
ú
ú0 0.5
x(t-τ(t)) (11)

WechooseR [ ]= 0 1 T.Whenτm=0,theupperboundsonthetimedelayfromTheorem1areshownin
Tab.2.Forcomparison,thetablealsoliststheupperboundsobtainedfromthecriteriain[9-15].Itcanbe
seenthatourmethodislessconservative.

Butwhenthetime-delayτ(t)isintervaldelay,thecriteriain[9-15]failtomakeanydecisionforthiscase.
AccordingtoTheorem1,theMAUBonthetime-varyingdelayisshowninTab.3fordifferentτm.

Tab.1 MAUBofthetime-varyingdelayfordifferentτm

τm 1 2 3 4
[6] 1.64 2.39 3.20 4.06
[4] 1.74 2.43 3.22 4.06
[8] 1.8737 2.5049 3.2591 4.0744
[5] 1.8043 2.5213 3.3311 4.1880

Theorem1 4.4721 4.4721 4.4721 4.4721

Tab.2 ComparisonofMAUBusingdifferentmethods(τm=0)

Methods [10] [11] [12] [13,14]

MAUB 0.5567 0.8708 0.9091 0.9680

Methods [9] [15] Theorem1

MAUB 1.0423 1.0660 1.0660

Tab.3 MAUBofthetime-varyingdelayfordifferentτmusingTheorem1

τm 0 0.5 0.8 1

MAUB1 1.0660 1.0660 1.0660 1.0660

MAUB2 1.0204 1.0380 1.0516 1.0622

  whereMAUB1∶τD=0,MAUB2:τD=0.5

4Conclusions
Wehaveaddressedthestabilityofsingularsystemswithintervaltime-varyingdelay.Sufficientconditions

aregivenintermsofstrictLMIbyemployinganewLyapunov-Krasovskiifunctional.Thefunctionalisbased
onnotonlythelowerandupperboundsoftime-varying,butalsotheirinterval.Neithermodeltransformation
norboundingtechniqueforsomecrosstermsareintroducedtothepaper.Examplesshowtheadvantagesofthe
theoreticresultsobtained,andshowthatourresultsaremuchlessconservativethansomeexistingresultsin
theliterature.
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区间变时滞广义系统的稳定性分析

鞠培军,刘国彩

(泰山学院 数学与系统科学系,山东 泰安271021)

摘要:本文研究了区间变时滞广义系统的时滞依赖稳定性问题,即寻求稳定判据保证广义系统的正则性、无脉冲性和渐近稳定性。

通过利用一个新的Lyapunov-Krasovskii泛函和自由权矩阵方法,得到了该系统渐近稳定的时滞依赖新判据。所提出的泛函,能充

分利用区间时滞的上界、下界和这两个界中间值的信息。新判据以线性矩阵不等式形式给出,很容易利用 MATLAB验证。数值

算例表明,与参考文献中的方法相比,本文结果可获得较大的允许时滞上界,这也验证了方法的有效性。

关键词:稳定;Lyapunov-Krasovskii泛函;广义系统;线性矩阵不等式(LMI)
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