
 2013年7月 重庆师范大学学报(自然科学版) Jul.2013
第30卷 第4期 JournalofChongqingNormalUniversity(NaturalScience) Vol.30 No.4

 DOI:10.11721/cqnuj20130416

OnBlow-upSolutionsforaModifiedPeriodicNonlinearly
DispersiveWaveEquation

*

HUANGJun1,WANGYing2,ZHUGuo-hui3

(1.DepartmentofBasicCourses,SichuanTechnologyandBusinessCollege,DujiangyanSichuan611830;

2.DepartmentofAppliedMathematicsSichuanUniversityofScienceandEngineering,ZigongSichuan643000;

3.CollegeofPrimaryEducation,ChongqingNormalUniversity,Chongqing400700,China)

Abstract:Inthispaper,weinvestigateageneralizedperiodicnonlinearlydispersivewaveequationbyusingtheclassical
mathematicaltechniques.Thelocalwell-posednessfortheequationisestablishedbyusingtheKato’ssemigrouptheory.
Undersuitableassumptions,oninitialvalue,apreciseblowupscenario(Thatissolutioninafinitetimeifandonlyif
limsup

t↑T
{sup
x∈S
|γux(t,x)|}=+¥.)andablow-upresulttotheequationarepresented(Thatisasufficientconditionofblow-

up).
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Introduction
HuandYin[1],andYin[2]investigatethefollowingequation

ut-utxx+2췍ux+3uux=γ(2uxuxx+uuxxx) (1)

where췍isnonnegativenumberandγisarbitraryrealnumber.Itisshownin[1,2]thatEq.(1)hassolita-
rywavesolutionsandblow-upsolutionsfornonperiodiccaseandalsosolutionswhichblowupinfinitetimefor
periodiccase.

Ifγ=0,Eq.(1)becomesthefamousBBMequationmodellingthemotionofinternalgravitywavesin
shallowchannel[3].Someresultsrelatedtotheequationcanbefoundin[4-5].Itisworthwhiletomentionthat
theequationisnotintegralityanditssolitarywavesarenotsolitons[4].

Ifγ=1inEq.(1),thewell-knownCamassa-Holmequation,whichmodelstheunidirectionalpropagation
ofshallowwaterwavesoveraflatbottom,isfound.Here,u(t,x)representsthefreesurfaceaboveaflatbot-
tomand췍isanonnegativeparameterrelatedtothecriticalshallowwaterspeed[6].Asamodeltodescribethe
shallowwatermotion,theCamassa-Holmequationpossesabi-Hamiltonianstructureandinfiniteconservation
laws[7-8]andiscompletelyintegrable[9].Recently,somesignificantresultsofdynamicalbehaviorshavebeen
obtainedfortheCauchyproblemoftheCamassa-Holmequation,thereaderisreferredto[10-12]andtheref-
erencestherein.

If췍=0andγ∈R,Eq.(1)changesintotherodequationderivedbyDai[13]recently,whichdescribesfinite-
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lengthandsmallamplituderadialdeformationwavesinthincylindricalcompressiblehyperelasticrods[13].The
firstinvestigationoftheCauchyproblemoftherodequationfornonperiodiccasewasdonebyConstantinand
Strauss[14],thepreciseblow-upscenario,someblow-upresultsofstrongsolutionandthestabilityofaclassof
solitarywavestotherodequationarepresented.Yin[15]discussestherodequationforperiodiccaseandgives
someinterestingblow-upresults.

WeconsidertheCauchyproblemofthefollowingperiodicnonlinearlydispersivewaveequation
ut-utxx+2췍ux+auux+βuxx=γ(2uxuxx+uuxxx),t>0,x∈R
u(0,x)=u0(x),x∈R
u(t,x+1)=u(t,x),t>0,x∈

ì

î

í

ï
ï

ïï R

(2)

where췍,aandβarenonnegativefixedconstants,γisfixedarbitraryconstant.Obviously,Eq.(2)reducesto
Eq.(1)ifwedefinea=3andβ=0.Actually,WuandYin

[16]consideranonlinearlydissipativeCamassa-Holm
equationwhichincludesanonlinearlydissipativetermL(u),whereLisadifferentialoperator.Thus,wecan
regardthetermβuxxasadissipativeterm.

Becauseofthetermβuxx,Eq.(2)doesnotadmitconservationlawsinworks[1-2],E(u)=∫S
(u2+u2x)dx.

Severalestimatesareestablishedtoproveablow-upsolution.Moreprecisely,weestablishthelocalwell-pos-

ednessofstrongsolutionsforEq.(2)subjecttoinitialvalueu0∈Hr(S),r>32 withS=R
Z
(thecircleofunit

length)andgiveapreciseblow-upscenariowhichisdifferentfromthatin[1].Undersuitableassumptionson
theinitialvalueu0,relyingontheclassicalmathematicaltechniques,asufficientconditionaboutblow-upsolu-
tionsisfound.Theresultsobtainedinthispaperimproveconsiderablythoseinpreviousworks[1,17].

1Localwell-posedness

Inthissection,weestablishthelocalwell-posednessfortheCauchyproblem(2)inHr(S),r>32.

Wedenoteby*theconvolution.NotethatifG(x):=cosh
(x-[x]-1/2)
2sinh(1/2)

,where[x]standsfortheinte-

gerpartofx∈R,then(1-∂2x)-1f=G*fforallf∈L2(R)andG*(u-uxx)=u.Usingthisidentity,equa-
tion(2)iswrittenas

ut+γuux+∂xG* a-γ
2 u2+γé

ë
êê 2

(ux)2+2췍u+βux=0,t>0,x∈R

u(0,x)=u0(x)

u(t,x+1)=u(t,x

ì

î

í

ï
ïï

ï
ï )

(3)

whichisequivalentto
yt+γuyx+2γyux+2췍ux+βuxx+(a-3γ)uux=0,t>0,x∈R
y(0,x)=u0(x)-u0,xx(x),x∈R
y(t,x)=y(t,x+1),t>0,x∈

ì

î

í

ï
ï

ïï R

(4)

Theorem1 Givenu0∈Hr(S)(r>32
),thereexistsamaximaltimeT=T(a,b,γ,췍,u0)andauniquesolu-

tionutoproblem(2),suchthat
u=u(·,u0)∈C [0,T);Hr(S( ))∩C1 [0,T);Hr-1(S( )) (5)

Proof TheproofofTheorem1canbefinishedbyusingtheKato’ssemigrouptheory(see[1]or[2]).
Here,weomitthedetailedproof.

2Blow-upsolutions
Firstly,wegiveseveralusefullemmas.
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Lemma1 Lets≥32andu
(t,x)bethecorrespondingsolutionofequation(3)withinitialdatau0(x)∈

Hr(S).Itholdsthatifq∈(0,r-1],thereisaconstantcdependingonlyonqsuchthat

∫S
(Λq+1u)2dx≤∫S

(Λq+1u0)2dx+c∫
t

0
(‖γux‖L¥ +1)(‖u‖2Hq +‖u‖2Hq+1)ds (6)

Proof TheproofofLemma1canbefinishedbyslightlymodifyingthatofLemma4.6in[18].Here,we
omitthedetailedproof.

Lemma2 Givenu0∈Hr(S),r>32
,thesolutionu(·,u0)ofproblem(2)blowsupinfinitetimeT<+¥

ifandonlyiflimsup
t↑T

{sup
x∈S
|γux(t,x)|}=+¥.

Proof Applying(6)withq=r-1,wehave

‖u‖2Hr(S)≤ ‖u0‖2Hr(S)+c∫
t

0
(‖γux‖L¥ +1)(‖u‖2Hr-1(S)+

‖u‖2Hr(S))ds≤ ‖u0‖2Hr(S)+c∫
t

0
(‖γux‖L¥(S)+1)‖u‖2Hr(S)ds (7)

Itfollowsfrom(7)andtheGronwall’sinequalitythat

‖u‖2Hr(S)≤ ‖u0‖2Hr(S)expc∫
t

0
(‖γux‖L¥(S)+1)d( )s (8)

IfthereisaconstantM>0suchthat‖γux‖L¥≤Mon(0,T],then‖u‖2Hr(S)doesnotblowup.Itcom-
pletestheproofofTheorem4.

Remark1 Weusethetechniquedifferedfromthatin[1]tocompletetheproofofLemma2,itimproves
considerablytheresultobtainedin[1].

Lemma3 Letu∈H3(S)andT>0bethemaximalexistencetimeofthesolutionu(t,x)toproblem(3).

Thenitholds(i)∫S
u(t,x)dx=∫S

u0(x)dx=∫S
y(t,x)dx=∫S

y0(x)dx;(ii)‖u‖2H1(S)≤ ‖u0‖2H1(S)e2βT.

Proof Theproofof(i)issimilartothatofLemma6in[2],soweomitit.
Multiplyingutobothsidesofequation(2)andintegratingbyparts,weget

1
2
d
dt∫S

(u2+u2x)dx=β∫S
u2

xdx≤β∫S
(u2+u2x)dx (9)

whichyields ‖u‖2H1(S)≤‖u0‖2H1(S)e2βT (10)

Itfinishestheproof.
Lemma4[17] Assumethatadifferentialfunctiony(t)satisfies

y′≤-Cy2(t)+K (11)

withconstantsC,K>0.Iftheinitialdatumy(0)=y0<- K
C
,thenthesolutionsto(11)goesto-¥infi-

nitetime.
Next,wegivetheblow-upresult.
Theorem2 Assumethatu0∈Hs(S),s>3,and‖u0‖H1≠0.

(i)If0<γ<a
3issuchthat

∫S
γu3

0xdx<2β‖u0‖2H1e2βT - 2
3

β2
2‖u0‖

4
H1e4βT +3γ

(a-2γ)(e+1)
4(e-1) ×‖u0‖6H1e6βT +

æ

è

ç
ç
ç  

12췍γ+3βγ
cosh12-1

sinh

æ

è

ç
ç
ç

ö

ø

÷
÷
÷1

2

e+1
2(e-1)

‖u0‖5H1e5β
ö

ø

÷
÷
÷

T

1
2

thenthecorrespondingsolutiontoequation(2)blowsupinfinitetime.
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(ii)Ifa
3<γ<aissuchthat         ∫S

γu3
0xdx<2β‖u0‖2H1e2βT -

2
3

β2
2‖u0‖

4
H1e4βT +3γ

(a-γ)(e+1)
8(e-1)

‖u0‖6H1e6βT + 12췍γ+3βγ
cosh12-1

sinh

æ

è

ç
ç
ç

ö

ø

÷
÷
÷1

2

e+1
2(e-1)

‖u0‖5H1e5β
æ

è

ç
ç
ç

ö

ø

÷
÷
÷

T

1
2

thenthecorrespondingsolutiontoequation(2)blowsupinfinitetime.

(iii)Ifγ>aorγ<0issuchthat         ∫S
γu3

0xdx<2β‖u0‖2H1e2βT -

2
3

β2
2‖u0‖

4
H1e4βT+3γ

(γ-a)(e+1)
8(e-1) ×‖u0‖6H1e6βT+ 12췍γ+3βγ

cosh12-1

sinh

æ

è

ç
ç
ç

ö

ø

÷
÷
÷1

2

e+1
2(e-1)‖u0‖

5
H1e5β

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

T

1
2

thenthecorrespondingsolutiontoequation(2)blowsupinfinitetime.
Proof LetT>0bethemaximaltimeofexistenceofthesolutionutoequation(2)withtheinitialdata

u0.Applyingγu2x∂xtobothsidesofequation(2)andintegratingbyparts,weget
d
dt∫S

γu3
x =-3γ

2

2∫S
u4

xdx+3β∫S
γu3

xdx+3
(a-γ)γ
2 ∫S

u2
xu2dx+6췍γ∫S

u2
xudx-

3∫S
u2

xG*
(a-γ)γ
2 u2+γ2

2u
2
x +2췍γu+βγu

æ

è
ç

ö

ø
÷x dx (12)

Dueto ∫S
u3

xdx ≤∫S
u4

xd( )x
1
2∫S

u2
xd( )x

1
2

thus ∫S
u4

xdx≥∫S
u3

xd( )x
2

∫S
u2

xdx
≥∫S

u3
xd( )x

2

‖u‖2H1

Therefore,weobtain
d
dt∫S

γu3
x ≤- 3

2‖u0‖2H1e2βT∫S
γu3

xd( )x
2

+3β∫S
γu3

xdx+3
(a-γ)γ
2 ∫S

u2
xu2dx+6췍γ∫S

u2
xudx-

3∫S
u2

xG*
(a-γ)γ
2 u2+γ2

2u
2
x +2췍γu+βγu

æ

è
ç

ö

ø
÷x dx (13)

Next,wedivideintothreecasestoprovethetheorem.

(i)0<γ<a
3.Fromcase

(i)ofTheorem2,weknowthatγ(a-3γ)≥0andG*
(a-3γ)γ
2 uæ

è
ç

ö

ø
÷

2 ≥0.Thanks

toHolger’sinequalityandYong’sinequality,wehave

∫S
u2

xu2dx ≤ ‖u‖2L¥∫S
u2

xdx≤ e+1
2(e-1)

‖u‖4H1 ≤ e+1
2(e-1)

‖u0‖4H1e4βT (14)

∫S
u2

xu2dx ≤ ‖u‖L¥∫S
u2

xdx≤ e+1
2(e-1)

‖u‖3H1 ≤ e+1
2(e-1)

‖u0‖3H1e3βT (15)

∫S
u2

xG*udx ≤ ‖G*u‖L¥∫S
u2

xdx≤ e+1
2(e-1)

‖u‖3H1 ≤ e+1
2(e-1)

‖u0‖3H1e3βT (16)

and

∫S
u2

xG*uxdx ≤ ‖G*ux‖L¥∫S
u2

xdx≤
cosh12-1

sinh12

e+1
2(e-1)

‖u‖3H1 ≤

cosh12-1

sinh12

e+1
2(e-1)

‖u0‖3H1e3βT (17)

Usingequations(14)~(17)andequation(13),ityields
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d
dt∫S

γu3
xdx≤- 3

2‖u0‖2H1e2βT∫S
γu3

xdx+β‖u0|e2β( )T
2

+3β
2

2‖u0‖
2
H1e2βT +

3γ(a-2γ)(e+1)
4(e-1)

‖u0‖4H1e4βT + 12췍γ+3βγ
cosh12-1

sinh

æ

è

ç
ç
ç

ö

ø

÷
÷
÷1

2

e+1
2(e-1)

‖u0‖3H1e3βT (18)

Setting m(t)=∫S
γu3

xdx-β‖u0‖2H1e2βT

and K=3β
2

2‖u0‖
2
H1e2βT +3γ

(a-2γ)(e+1)
4(e-1)

‖u0‖4H1e4βT + 12췍γ+3βγ
cosh12-1

sinh

æ

è

ç
ç
ç

ö

ø

÷
÷
÷1

2

e+1
2(e-1)

‖u0‖3H1e3βT

Wehave d
dtm

(t)≤- 3
2‖u0‖2H1e2βTm

2(t)+K (19)

FromLemma4,ifm(0)<- 2K
3 ‖u0‖H1eβT,thenthereexistsTsuchthatlimt↑T m(t)=-¥.Apply-

ingTheorem2,thesolutionublowsupinfinitetime.

(ii)a3<γ≤a.Fromcase
(ii)ofTheorem2,wehaveγ(3γ-a)≥0andG*γ

(3γ-a)
4 u2x≥0.Usingequa-

tions(14)~(17)andequation(13),ityields
d
dt∫S

γu3xdx≤- 3
2‖u0‖2H1e2βT∫S

γu3xdx+β‖u0‖2H1e2β( )T
2

+3β
2

2‖u0‖
2
H1e2βT +3γ

(a-γ)(e+1)
8(e-1)

‖u0‖4H1e4βT +

12췍γ+3βγ
cosh12-1

sinh

æ

è

ç
ç
ç

ö

ø

÷
÷
÷1

2

e+1
2(e-1)

‖u0‖3H1e3βT (20)

Setting m(t)=∫S
γu3

xdx+β‖u0‖2H1e2βT

and K=3β
2

2‖u0‖
2
H1e2βT+3γ

(a-γ)(e+1)
8(e-1)

‖u0‖4H1e4βT+ 12췍γ+3βγ
cosh12-1

sinh

æ

è

ç
ç
ç

ö

ø

÷
÷
÷1

2

e+1
2(e-1)

‖u0‖3H1e3βT

Wehave d
dtm

(t)≤- 3
2‖u0‖2H1e2βT m2(t)+K (21)

Similartotheproofincase(i),wederivethatthecorrespondingsolutionwillblowupinfinitetime.

(iii)γ>aorγ<0,notethat
(a-γ)γ
2 <0.

Usingequations(14)~(17)andequation(13),ityields
d
dt∫S

γu3xdx≤- 3
2‖u0‖2H1e2βT∫S

γu3xdx+β‖u0‖2H1e2β( )T
2

+3β
2

2‖u0‖
2
H1e2βT +3γ

(a-γ)(e+1)
8(e-1)

‖u0‖4H1e4βT +

12췍|γ|+3β|γ|
cosh12-1

sinh

æ

è

ç
ç
ç

ö

ø

÷
÷
÷1

2

e+1
2(e-1)

‖u0‖3H1e3βT (22)

Setting m(t)=∫S
γu3

xdx+β‖u0‖2H1e2βT

and K=3β
2

2‖u0‖
2
H1e2βT+3γ

(a-γ)(e+1)
8(e-1) ‖u0‖4H1e4βT+ 12췍|γ|+3β|γ|

cosh12-1

sinh

æ

è

ç
ç
ç

ö

ø

÷
÷
÷1

2

e+1
2(e-1)‖u0‖

3
H1e3βT

Wehave d
dtm

(t)≤- 3
2‖u0‖2H1e2βT m2(t)+K (23)
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Similartotheproofincase(i),weconcludethatthecorrespondingsolutionofequation(3)willblowup
infinitetime.ItcompletestheproofofTheorem2.

Remark2 Theorems2improveconsiderablyrecentresultsin[1,17].
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一个推广的周期非线性色散波方程的爆破解

黄 君1,王 英2,朱国会3

(1.四川工商职业技术学院 基础教学部,四川 都江堰611830;2.四川理工学院 应用数学系,四川 自贡643000;

3.重庆师范大学 初等教育学院,重庆400700)

摘要:使用经典的数学技巧研究了一个推广的周期非线性色散波方程的柯西问题。通过使用Kato半群理论,获得了这个方程局部

解的存在唯一性。在关于初值的适合条件下,得到了这个方程的一个精确爆破图景(即解在有限时间爆破当且仅当limsup
t↑T

{sup
x∈S
|

γux(t,x)|}=+¥)和一个爆破结果(即解爆破的一个充分条件)。

关键词:非线性色散波方程;局部适定性;爆炸图景;爆破解;Camassa-Holm方程;ROD方程
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