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UniquenessofEntireFunctionsSharingaPolynomial
*
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Abstract:Inthispaper,westudytheuniquenessofentirefunctionssharinganonzeropolynomials,andprovethatiff(z)

andg(z)betwotranscendentalentirefunctions,andletn,kandlbethreepositiveintegerssatisfying5l>4n+5k+7.If
[L(f)](k)and[L(g)](k)sharePIM,wherePisanonzeropolynomialwithdegP≤5,thenf=λ1eλQ(z)+c,g=λ2e-λQ(z)+c,

orfandgsatisfythealgebraicequationR(f,g)≡0,whereQ(z)=∫
z

0
p(z)dz,λ1,λ2,λandcareconstantssuchthat

(λ1λ2)n (nλ)2=-1,andR(ω1,ω2)=L(ω1)-L(ω2).Moreover,wealsoobtaintheresultsthat[L(f)](k)and[L(g)](k)

sharethefixedpointIMorCM.
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1Introductionandmainresults
Inthispaper,ameromorphicfunctionwillmeanmeromorphicinthewholecomplexplane.Wewilluse

thestandardnotationsofNevanlinna’svaluedistributiontheorysuchasT(r,f),N(r,f),N(r,f),m(r,f)and
soon,asexplainedinHayman[1],Yang[2]andYiandYang[3].

Letabeafinitecomplexnumber,andkbeapositiveinteger.WedenotebyNk)r,1f-
æ
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WedefineΘ(a,f)=1-lim
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a
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a
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Letfandgbetwonon-constantmeromorphicfunctions,abeafinitecomplexnumber.Thedefinitionsof

f,gsharingthevalueaCM (orIM),NL r,1f-
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-1 .Wereferthereaderto
[3-5].

In[6],Fanggotthefollowingresults.
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TheoremA Letfandgbetwonon-constantentirefunctions,andletn,kbetwopositiveintegerswith
n>2k+4.If(fn)(k)and(gn)(k)share1CM,theneitherf(z)=c1ecz,g(z)=c2e-cz,wherec1,c2andcarethree
constantssatisfying(-1)k(c1c2)n (nc)2k=1orf=tgforaconstanttsuchthattn=1.

TheoremB Letfandgbetwonon-constantentirefunctions,andletn,kbetwopositiveintegerswith
n>2k+8.If(fn(f-1))(k)and(gn(g-1))(k)share1CM ,thenf=g.

In2008,J.F.Chen,X.Y.Zhang[7]improvedtheaboveresultandobtainedthefollowingresult.
TheoremC Letfandgbetwonon-constantentirefunctions,andletn,kbetwopositiveintegerswith

n>5k+7.If(fn)(k)and(gn)(k)share1IM,theneitherf(z)=c1ecz,g(z)=c2e-cz,wherec1,c2andcarethree
constantssatisfying(-1)k(c1c2)n (nc)2k=1orf=tgforaconstanttsuchthattn=1.

TheoremD Letfandgbetwonon-constantentirefunctions,andletn,kbetwopositiveintegerswith
n>5k+13.If(fn(f-1))(k)and(gn(g-1))(k)share1IM ,thenf=g.

In2008,X.Y.Zhang,J.F.ChenandW.C.Lin[8]extendedtheaboveresultbyprovingthefollowingre-
sult.

TheoremE Letfandgbetwoentirefunctions;letn,mandkbethreepositiveintegerswithn>3m+
2k+5,andletP(z)=amzm+am-1zm-1+…+a1z+a0orP(z)=C,wherea0≠0,a1,…,am-1,am≠0,C≠0are
complexconstants.If[fnP(f)](k)and[gnP(g)](k)share1CM,theneitherf(z)=λ1eλz,g(z)=λ2e-λz,where
λ1,λ2,λarethreeconstantssatisfying(-1)k(λ1λ2)n (nλ)2kC2=1,orf(z)andg(z)satisfythealgebraicequa-
tionR(f,g)=0,whereR(ω1,ω2)=ωn

1p(ω1)-ωn
2p(ω2).

InthispaperwealwaysuseL(z)denotingaarbitrarypolynomialofdegreen,i.e.
L(z)=anzn+an-1zn-1+…+a0=an (z-c)l1(z-c2)l2…(z-cs)ls (1)

whereai(i=0,1,…,n),an≠0andcj(j=1,2,…,s)arefinitecomplexnumberconstants,andc,c2,…,csareall
thedistinctzerosofL(z),l1,l2,…,ls,s,nareallpositiveintegerssatisfying

l1+l2+…+ls=n,andletl=max{l1,l2,…,ls} (2)

Correspondingtotheaboveresults,someauthorsconsideredtheuniquenessproblemsofentirefunctions
thathavefixedpoints,seeM.L.FangandH.Qiu[9],W.C.LinandH.X.Yi[10],J.Dou,X.G.QiandL.Z.
Yang[11].
Inthispaper,weconsidertheexistenceofsolutionsof[L(f)](k)-Pandthecorrespondinguniqueness

theorems,andweobtainthefollowingresultswhichgeneralizetheabovetheorems.
Theorem1 Letfbeatranscendentalentirefunction.Whenn>k+s,then[L(f)](k)=Phasinfinitely

manysolutions,whereP≢0isapolynomial.
Remark1 ItiseasytoseethatapolynomialQ(z)-P(z)hasexactlymax{m,n}solutions(countingmul-

tiplicities),wheredegQ=m,degP=n,butatranscendentalentirefunctionmayhavenosolution.Forexam-
ple,letf(z)=eα(z)+P(z),thenfunctionf(z)-P(z)hasnoanysolution,whereα(z)isanentirefunction.

Theorem2 f(z)andg(z)betwotranscendentalentirefunctions,andletn,kandlbethreepositiveinte-
gerssatisfying5l>4n+5k+7.If[L(f)](k)and[L(g)](k)sharePIM,wherePisanonzeropolynomialwith
degP≤5,thenf=λ1eλQ(z)+c,g=λ2e-λQ(z)+c,orfandgsatisfythealgebraicequationR(f,g)≡0,where

Q(z)=∫
z

0
p(z)dz,λ1,λ2,λandcareconstantssuchthat(λ1λ2)n (nλ)2=-1,andR(ω1,ω2)=L(ω1)-L(ω2).

Remark2 Whenl=n,l=n-1,respectively,andc=0,P(z)=1,fromTheorem2wecaneasilygetThe-
oremC,D.

Corollary1 Letf(z)andg(z)betwotranscendentalentirefunctions,andletn,kandlbethreepositive
integerssatisfying5l>4n+5k+7.If[L(f)](k)and[L(g)](k)havethesamefixedpointsignoringmultiplici-
ties,thenf=λ1eλz

2
+c,g=λ2e-λz

2
+c,orfandgsatisfythealgebraicequationR(f,g)≡0,whereλ1,λ2,λand

careconstants,satisfying4(λ1λ2)n (λ)2=-1,andR(ω1,ω2)=L(ω1)-L(ω2).
Theorem3 Letf(z)andg(z)betwotranscendentalentirefunctions,andletn,kandlbethreepositive
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integerssatisfyingl>n
2+k+2.If

[L(f)](k)and[L(g)](k)sharePCM,wherePisanonzeropolynomial

withdegP≤5,thenf=λ1eλQ(z)+c,g=λ2e-λQ(z)+c,orfandgsatisfythealgebraicequationR(f,g)≡0,

whereQ(z)=∫
z

0
p(z)dz,λ1,λ2,λandcareconstantssuchthat(λ1λ2)n(nλ)2=-1,andR(ω1,ω2)=L(ω1)-L(ω2).

Remark3 Whenl=n,c=0andP(z)=1,fromTheorem3wecaneasilygetTheoremA;Whenl=n-1,

l=n-m,respectively,andc=0,P(z)=1,Theorem3improvesTheoremB,E.
Corollary2 Letf(z)andg(z)betwotranscendentalentirefunctions,andletn,kandlbethreepositive

integerssatisfyingl>n
2+k+2.If

[L(f)](k)and[L(g)](k)havethesamefixedpointscountingmultiplicities,

thenf=λ1eλz
2
+c,g=λ2e-λz

2
+c,orfandgsatisfythealgebraicequationR(f,g)≡0,whereλ1,λ2,λandc

areconstants,satisfying4(λ1λ2)n (λ)2=-1,andR(ω1,ω2)=L(ω1)-L(ω2).
Remark4 IfL(f)≡L(g),weobtainanfn+an-1fn-1+…+a1f≡angn+an-1gn-1+…+a1g.

Leth=f
g.Ifhisaconstant

,thensubstitutingf=ghintoaboveequationwededuceangn(hn-1)+

an-1gn-1(hn-1-1)+…+a1g(h-1)≡0,whichimplieshd=1,d=(n,…,n-i,…,1),an-i≠0forsomei=0,1,
…,n-1.Thusf≡tgforaconstanttsuchthattd=1.Ifhisnotaconstant,thenweknowbyaboveequation
thatfandgsatisfythealgebraicequationR(f,g)≡0,whereR(ω1,ω2)=L(ω1)-L(ω2).

Remark5 Moreover,letL(z)isagenericpolynomialofdegreeatleast5.ThenfromtheequationL(f)

≡L(g),onecanconcludethatf≡gandnoothernonconstantmeromorphicsolutionsfandg.In[12],Yang-
Huaexhibitssomeclassesofsuchpolynomials.Andsomerelateddefinitionsandresults,wereferthereader
to[13-14].

2Somelemmas
Lemma1[1] Letf(z)beanonconstantmeromorphicfunctionandleta1(z),a2(z)betwomeromorphic

functionssuchthatT(r,ai)=S(r,f)(i=1,2).ThenT(r,f)=N(r,f)+Nr, 1f-a
æ

è
ç

ö

ø
÷

1
+Nr, 1f-a

æ

è
ç

ö

ø
÷

2
+S(r,f).

Lemma2[15] Letf(z)beanon-constantmeromorphicfunction,letk(≥1)beapositiveintegerandletφ
(≠0,¥)beasmallfunctionoff.Then

T(r,f)≤N(r,f)+Nr,1æ

è
ç

ö

ø
÷

f +Nr, 1
f(k)-

æ

è
ç

ö

ø
÷

φ
-Nr, 1

(f(k)/φ)
æ

è
ç

ö

ø
÷

′ +S(r,f) (3)

Lemma3[16] Letan(≠0),an-1,…,a0beconstants,andletfbeanonconstantmeromorphicfunction,

thenT(r,anfn+an-1fn-1+…+a1f+a0)=nT(r,f).
Lemma4[17] Letf(z)beanon-constantmeromorphicfunction,s,kbetwopositiveintegers.Then

Nsr,1
f(k

æ

è
ç

ö

ø
÷) ≤kN(r,f)+Ns+k r,1æ

è
ç

ö

ø
÷

f +S(r,f).

Clearly,Nr,1
f(k

æ

è
ç

ö

ø
÷) =N1r,1

f(k
æ

è
ç

ö

ø
÷) .

Lemma5[4] Letf(z)beanonconstantentirefunction,n,kapositiveinteger,andletcbeanonzerofi-

nitecomplexnumber.ThenT(r,f)≤N r,1æ

è
ç

ö

ø
÷

f +N r, 1
f(k)-

æ

è
ç

ö

ø
÷

c -N r, 1
f(k+1

æ

è
ç

ö

ø
÷) +S(r,f)≤Nk+1 r,1æ

è
ç

ö

ø
÷

f +

Nr, 1
f(k)-

æ

è
ç

ö

ø
÷

c -N0r, 1
f(k+1

æ

è
ç

ö

ø
÷) +S(r,f),whereN0r, 1

f(k+1
æ

è
ç

ö

ø
÷) isthecountingfunctionwhichonlycountsthose

pointssuchthatf(k+1)=0butf(f(k)-c)≠0.
Lemma6[4] Letf(z)beanonconstantmeromorphicfunction,andletkbeapositiveinteger.Suppose

thatf(k)≢0,thenNr,1
f(k

æ

è
ç

ö

ø
÷) ≤kN(r,f)+Nr,1æ

è
ç

ö

ø
÷

f +S(r,f).
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Lemma7[5] Letf,gshare(1,0).Theni)Nf>1r,1g
æ

è
ç

ö

ø
÷

-1 ≤N(r,f)+Nr,1æ

è
ç

ö

ø
÷

f -N0r,1f
æ

è
ç

ö

ø
÷

′ +S(r,f);ii)

Ng>1r,1f
æ

è
ç

ö

ø
÷

-1 ≤N(r,g)+Nr,1æ

è
ç

ö

ø
÷

g -N0r,1g
æ

è
ç

ö

ø
÷

′ +S(r,g).

Lemma8 Letfandgbetwonon-constantentirefunctions,kbeapositiveinteger.Iff(k)andg(k)share

anonzeropolynomialp(z)IM,andifΔ=δk+2(0,g)+δk+2(0,f)+δk+1(0,f)+2δk+1(0,g)>4,then p
f(k)-p

=

bg(k)+(a-b)p
g(k)-p

,wherea,baretwoconstants.

Proof Let

F=f
(k)

p
,G=g

(k)

p
(4)

andlet

h= F″
F-

2F′
F

é

ë
êê

ù

û
úú-1 -

G″
G-

2G′
G

é

ë
êê

ù

û
úú-1

(5)

Clearlym(r,h)=S(r,f)+S(r,g).Sincef(k)-pandg(k)-pshare0IM,asimplecomputationonlocalex-
pansionsshowsthath(z0)=0,ifz0isacommonsimplezerooff(k)-pandg(k)-p.Nextweconsidertwoca-
ses:h≢0andh≡0.

Ifh≢0,then

N11r,1F
æ

è
ç

ö

ø
÷

-1 =N11r,1G
æ

è
ç

ö

ø
÷

-1 ≤Nr,1æ

è
ç

ö

ø
÷

h +O(1)≤N(r,h)+S(r,f)+S(r,g) (6)

Letz0∉{z:p(z)=0}beacommonsimplezerooff(k)-pandg(k)-p.Thenitfollowsfrom(4)thatz0is
acommonsimplezeroofF-1andG-1,bycalculatingwegeth(z0)=0.

Letz1∉{z:p(z)=0}beasimplepoleofF,thenbycalculatingweseethatF″
F′-

2F′
F-1isanalyticatz1.

Similarly,ifz2∉{z:p(z)=0}beasimplepoleofG,weseethatG″G′-
2G′
G-1isanalyticatz2.Thus

,weseethat

thepolesofhcomefromthosecommonzerosofF-1andG-1suchthatthemultiplicityofeachsuchzeroof
F-1isdifferentfromthatofthesamezeroofG-1,thosezerosofF′thatarenotthezerosofF(F-1),those
zerosofG′thatarenotthezerosofG(G-1),thosezerosofFwiththeirmultiplicities≥2,thosezerosofG
withtheirmultiplicities≥2,andeachpointiscountedonlyonce.Therefore,

N(r,h)≤N(2r,1æ

è
ç

ö

ø
÷

F +N(2r,1æ

è
ç

ö

ø
÷

G +N0r,1æ

è
ç

ö

ø
÷

F′ +N0r,1æ

è
ç

ö

ø
÷

G′ +NL r,1F
æ

è
ç

ö

ø
÷

-1 +NL r,1G
æ

è
ç

ö

ø
÷

-1 +O
(logr) (7)

Supposethatz0∉{z:p(z)=0}isazeroofFwithitsmultiplicityτ≥k+2,thenitfollowsfrom(4)thatz0isa
zeroofF′withitsmultiplicityτ-k-1≥1.Thusfrom(4)andLemma2weget

T(r,g)≤Nr,1æ

è
ç

ö

ø
÷

G +Nr,1G
æ

è
ç

ö

ø
÷

-1 -Nr,1æ

è
ç

ö

ø
÷

G′ +S(r,f)≤Nk+1r,1æ

è
ç

ö

ø
÷

g +Nr,1G
æ

è
ç

ö

ø
÷

-1 -

N0r,1æ

è
ç

ö

ø
÷

G′ +O(logr)+S(r,f)≤Nk+1r,1æ

è
ç

ö

ø
÷

g +Nr,1G
æ

è
ç

ö

ø
÷

-1 -N0r,1æ

è
ç

ö

ø
÷

G′ +S(r,f) (8)

Since

Nr,1G
æ

è
ç

ö

ø
÷

-1 =N11r,1G
æ

è
ç

ö

ø
÷

-1 +N(2r,1F
æ

è
ç

ö

ø
÷

-1 +NG>1r,1F
æ

è
ç

ö

ø
÷

-1
(9)

Thuswededucefrom(4)~(9)that

T(r,g)≤Nk+1r,1æ

è
ç

ö

ø
÷

g +N(2r,1æ

è
ç

ö

ø
÷

F +N(2r,1æ

è
ç

ö

ø
÷

G +N0r,1æ

è
ç

ö

ø
÷

F′ +N(2r,1F
æ

è
ç

ö

ø
÷

-1 +

NL r,1F
æ

è
ç

ö

ø
÷

-1 +NL r,1G
æ

è
ç

ö

ø
÷

-1 +NG>1r,1F
æ

è
ç

ö

ø
÷

-1 +S
(r,f)+S(r,g) (10)

FromthedefinitionofN0r,1æ

è
ç

ö

ø
÷

F′
,weseethatN0r,1æ

è
ç

ö

ø
÷

F′ +N(2r,1F
æ

è
ç

ö

ø
÷

-1 +N(2r,1æ

è
ç

ö

ø
÷

F -N(2r,1æ

è
ç

ö

ø
÷

F ≤Nr,1æ

è
ç

ö

ø
÷

F′ .

39第4期           WUChun:UniquenessofEntireFunctionsSharingaPolynomial



TheaboveinequalityandLemma6give

N0r,1æ

è
ç

ö

ø
÷

F′ +N(2r,1F
æ

è
ç

ö

ø
÷

-1 ≤Nr,1æ

è
ç

ö

ø
÷

F′ -N(2r,1æ

è
ç

ö

ø
÷

F +N(2r,1æ

è
ç

ö

ø
÷

F ≤

Nr,1æ

è
ç

ö

ø
÷

F -N(2r,1æ

è
ç

ö

ø
÷

F +N(2r,1æ

è
ç

ö

ø
÷

F +S(r,f)≤Nr,1æ

è
ç

ö

ø
÷

F +S(r,f) (11)

From(4)andLemma4weobtain

NL r,1F
æ

è
ç

ö

ø
÷

-1 ≤Nr,1F
æ

è
ç

ö

ø
÷

-1 -Nr,1F
æ

è
ç

ö

ø
÷

-1 ≤Nr,F′æ

è
ç

ö

ø
÷

F ≤Nr,1æ

è
ç

ö

ø
÷

F +S(r,F)≤

Nr,1
f(k

æ

è
ç

ö

ø
÷) +O(logr)+S(r,f)≤Nk+1r,1æ

è
ç

ö

ø
÷

f +S(r,f) (12)

Similarly

NL r,1G
æ

è
ç

ö

ø
÷

-1 ≤Nk+1r,1æ

è
ç

ö

ø
÷

g +S(r,g) (13)

From(10)~(13),Lemma4andLemma7weget

T(r,g)≤Nk+1r,1æ

è
ç

ö

ø
÷

g +N(2r,1æ

è
ç

ö

ø
÷

F +N(2r,1æ

è
ç

ö

ø
÷

G +Nr,1æ

è
ç

ö

ø
÷

F +Nk+1r,1æ

è
ç

ö

ø
÷

f +

Nk+1r,1æ

è
ç

ö

ø
÷

g +Nr,1æ

è
ç

ö

ø
÷

G -N0r,1æ

è
ç

ö

ø
÷

G′ +S(r,f)+S(r,g)≤

Nk+2r,1æ

è
ç

ö

ø
÷

g +Nk+2r,1æ

è
ç

ö

ø
÷

f +Nk+1r,1æ

è
ç

ö

ø
÷

f +2Nk+1r,1æ

è
ç

ö

ø
÷

g -O(logr)+S(r,f)+S(r,g)≤

Nk+2r,1æ

è
ç

ö

ø
÷

g +Nk+2r,1æ

è
ç

ö

ø
÷

f +Nk+1r,1æ

è
ç

ö

ø
÷

f +2Nk+1r,1æ

è
ç

ö

ø
÷

g +S(r,f)+S(r,g) (14)

Withoutlossofgenerality,wesupposethatthereexistsasetIwithinfinitemeasuresuchthatT(r,f)≤T(r,

g)forr∈I.Hence
T(r,g)≤{[1-δk+2(0,g)]+[1-δk+2(0,f)]+[1-δk+1(0,f)]+

2[1-δk+1(0,g)]+ε}T(r,g)+S(r,g) (15)

forr∈Iand0<ε<Δ-4,thatis{Δ-4-ε}T(r,g)≤S(r,g).i.e.,Δ-4≤0,whichisacontradictiontoour
hypothesesΔ>4.

Hence,wegeth≡0.Thereforeby(5),wehaveF″
F-

2F′
F-1=

G″
G-

2G′
G-1.

Byintegratingtwosidesoftheaboveequality,weobtain p
f(k)-p

=bg
(k)+(a-b)p
g(k)-p

,wherea(≠0)andb

areconstants.TheproofoftheLemmaiscompleted.
Lemma9 Letfandgbetwonon-constantentirefunctions,kbeapositiveinteger.Iff(k)andg(k)sharea

nonzeropolynomialp(z)CM,andifΔ=δk+2(0,g)+δk+2(0,f)>1,then p
f(k)-p

=bg
(k)+(a-b)p
g(k)-p

,wherea,b

aretwoconstants.

Proof Sincef(k)andg(k)sharethevaluep(z)CM,wehaveNL r,1F
æ

è
ç

ö

ø
÷

-1 =NL r,1G
æ

è
ç

ö

ø
÷

-1 =0.Proceeding

asintheproofofLemma8,weobtainconclusionofLemma9.
Byusingthemainideaisfrom[11,18],weeasilyobtainthefollowinglemma.
Lemma10 Letfandgbetwonon-constantentirefunctions,andletP(z)≢0beapolynomial.If

[fn](k)[gn](k)≡p2anddegp≤5,thenf=b1ebQ,g=b2e-bQ,whereb1,b2,barethreeconstantssatisfying(b1b2)n(nb)2

=-1,QisapolynomialsatisfyingQ=∫
z

0
p(η)dη.

3Proofoftheorems
3.1Proofoftheorem1

Becausefisatranscendentalentire,wegetT(r,p)=o(T(r,f)).Supposethatz0∉{z:p(z)=0}isazero
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ofL(f)withitsmultiplicityl≥k+2,thenz0isazeroof
[L(f)](k)

P′ withitsmultiplicityl-k-1≥1.From

Lemma2andLemma3,wehave

nT(r,f)=T(r,L(f))+S(r,f)≤Nr,1L(f
æ

è
ç

ö

ø
÷

)+Nr, 1
L(f)(k)-

æ

è
ç

ö

ø
÷

p -Nr, 1
(L(f)(k)/p)

æ

è
ç

ö

ø
÷

′ +S(r,f)≤

Nk+1r,1L(f
æ

è
ç

ö

ø
÷

)+Nr, 1
L(f)(k)-

æ

è
ç

ö

ø
÷

p -N0r, 1
(L(f)(k)/p)

æ

è
ç

ö

ø
÷

′ +S(r,f)≤Nk+1r, 1
(f-c1)l

æ

è
ç

ö

ø
÷

1
+…+

Nk+1r, 1
(f-cs)

æ

è
ç

ö

ø
÷

ls +Nr, 1
L(f)(k)-

æ

è
ç

ö

ø
÷

p +S(r,f)≤(k+s)T(r,f)+Nr, 1
L(f)(k)-

æ

è
ç

ö

ø
÷

p +S(r,f)

Thus,weget(n-k-s)T(r,f)≤Nr, 1
L(f)(k)-

æ

è
ç

ö

ø
÷

p +S(r,f).Notingthatn>k+s,wegetL(f)(k)=p

hasinfinitelymanysolutions.
3.2Proofoftheorem2

LetL(z)andlbegivenby(1)and(2),respectively.Withoutlossofgenerality,wesupposethatan=1,

l=l1,andc=c1.Weget

δk+1(0,L(f))=1-lim
r→¥

Nk+1(r,1/L(f))
T(r,L(f)) ≥1-lim

r→¥

∑
s

j=2
Nk+1(r,1/(f-cj)lj)+Nk+1(r,1/(f-c)l)

nT(r,f) ≥

1-lim
r→¥

∑
s

j=2

(s-1)T(r,f)+(k+1)T(r,f)+S(r,f)

nT(r,f) ≥1-s+k
n ≥l-k-1

n

Similarly,wehaveδk+1(0,L(g))≥1-s+kn ≥l-k-1n .Because5l≥4n+5k+7,weobtainδk+2(0,L(g))+

δk+2(0,L(f))+δk+1(0,L(f))+2δk+1(0,L(g))≥4.
ByLemma8,wecanobtain

p
L(f)(k)-p

=bL
(g)(k)+(a-b)p
L(g)(k)-p

(16)

Next,weconsiderthefollowingthreecases.
Case1 b≠0,a=b.Thenfrom(16)wehave

p
L(f)(k)-p

= bL(g)(k)

L(g)(k)-p
(17)

Case1.1 Ifb=-1,thenitfollowsfrom(17)that[L(f)](k)[L(g)](k)≡p2.
Thatis

[(f-c)l(f-c2)l2…(f-cs)ls](k)[(g-c)l(g-c2)l2…(g-cs)ls](k)≡p2 (18)

Case1.1.1 Whens=1,wecanrewrite(18)[(f-c)n](k)·[(g-c)n](k)≡p2.ByusingLemma10,we
caneasilyobtainf=b1ebQ+c,g=b2e-bQ+c,whereb1,b2,barethreeconstantssatisfying(b1b2)n (nb)2=-1,Q

isapolynomialsatisfyingQ=∫
z

0
p(η)dη.

Case1.1.2 Whens≥2,wenoticethat5l>4n+5k+7,hencel>5k+7.Supposethatz0∉{z:p(z)=0}

isal-foldzerooff-c,weknowthatz0mustbeal-k-foldzeroof[(f-c)l(f-c2)l2…(f-cs)ls](k).Noting
thatgisanentirefunction,itfollowsfrom(18),whichisacontradiction.Hencef-c≠0,g-c≠0.Soweget
f=eα(z)+c,whereα(z)isanonconstantentirefunction.Thuswehave

[fi](k)=[(eα(z)+c)i](k)=pi(α′,α″,…,α
(k))eiα,i=1,2,…,n (19)

wherepi(i=1,2,…,n)isdifferentialpolynomialsaboutα′,α″,…,α(k).Obviously,pi≢0,T(r,pi)=S(r,f)

(i=1,2,…,n),wegetfrom(18)to(19)thatNr, 1
pne(n-1)α+…+p

æ

è
ç

ö

ø
÷

1
=S(r,f).

AccordingtoLemma1andLemma5andf=eα(z)+c,weget
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(n-1)T(r,f-c)=T(r,pne(n-1)α+…+p1)+S(r,f)≤Nr, 1
pne(n-1)α+…+p

æ

è
ç

ö

ø
÷

1
+

Nr, 1
pne(n-1)α+…+p2e

æ

è
ç

ö

ø
÷

α +S(r,f)≤Nr, 1
pne(n-2)α+…+p

æ

è
ç

ö

ø
÷

2
+S(r,f)≤(n-2)T(r,f-c)+S(r,f)

whichisacontradiction.
Case1.2 Ifa=b≠-1,then(17)thatcanbewrittenas

L(g)(k)

p =-1b
· 1
L(f)(k)/p-(1+b)/b

(20)

From(20),weget

Nr, 1
L(f)(k)/p-(1+b)/

æ

è
ç

ö

ø
÷

b =N(r,g)+O(logr)=S(r,f) (21)

by(21)andLemma2,weget

nT(r,f)=T(r,L(f))+O(1)≤Nr,1L(f
æ

è
ç

ö

ø
÷

)+Nr, 1
L(f)(k)/p-(1+b)/

æ

è
ç

ö

ø
÷

b -Nr, 1
(L(f)(k)/p)

æ

è
ç

ö

ø
÷

′ +S(r,f)≤

Nk+1r,1L(f
æ

è
ç

ö

ø
÷

)+N(r,g)+O(logr)+S(r,f)≤Nk+1r,1L(f
æ

è
ç

ö

ø
÷

)+S(r,f)≤Nk+1r, 1
(f-c)

æ

è
ç

ö

ø
÷

l +

Nk+1r, 1
(f-c2)l2…(f-cs)l

æ

è
ç

ö

ø
÷

s
+S(r,f)≤(k+s)T(r,f)+S(r,f)≤(k+n-l+1)T(r,f)+S(r,f)

whichisacontradiction,because5l>4n+5k+7.
Case2 b≠0,a≠b.Wediscussthefollowingwesubcases:

Case2.1 Supposethatb=-1,thena≠0and(16)canberewrittenas
L(f)(k)

p = a
a+1-L(g)(k)/p

(22)

From(22)weget

Nr, 1
a+1-L(g)(k)/

æ

è
ç

ö

ø
÷

p =N(r,f)+O(logr)=S(r,g) (23)

From(23),Lemma2andLemma4,wegetnT(r,g)=T(r,L(g))+O(1)≤Nk+1r,1L(g
æ

è
ç

ö

ø
÷

)+S(r,g).

Next,byusingtheargumentasincase1.2,wegetacontradiction.
Case2.2 Supposethatb≠-1,then(16)berewrittenas

L(f)(k)

p -b+1b =-ab2
· 1
L(g)(k)/p+(a-b)/b

(24)

From(24),weget

Nr, 1
L(f)(k)/p-(b+1)/

æ

è
ç

ö

ø
÷

b =N(r,g)+O(logr) (25)

From(25),Lemma2,Lemma4andinthesamemannerasincase1.2,wecangetacontradiction.
Case3 b=0,a≠0.Then(16)canberewrittenas

L(g)=aL(f)+(1-a)p1(z) (26)

wherep1(z)isapolynomialwithitsdegp1≥k+1.Ifa≠1,then(1-a)p1(z)≢0.Thistogetherwith(26)

andLemma1,weget

nT(r,g)=T(r,L(g))+O(1)≤Nr,1L(g
æ

è
ç

ö

ø
÷

)+Nr,1L(f
æ

è
ç

ö

ø
÷

)+S(r,g)≤

∑
s

i=1
Nr, 1

g-c
æ

è
ç

ö

ø
÷

i
+∑

s

i=1
Nr, 1

f-c
æ

è
ç

ö

ø
÷

i
+S(r,g)≤s[T(r,g)+T(r,f)]+S(r,g) (27)

becausen=l+l2+…+ls,wegetn-l=l2+…+ls≥s-1,i.e.,n-l≥s-1.From5l>4n+5k+7,wehave
l-1>4(n-l)+5k+6>4(s-1)+5k+6,son-s≥l-1>4(s-1)+5k+6,i.e.,n-s>4(s-1)+5k+6,

thus,s<n-5k-25 .Thus
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nT(r,g)<n-5k-25
[T(r,g)+T(r,f)]+S(r,g) (28)

Ontheotherhand,from(26)andLemma3,weseethatT(r,g)=T(r,f)+S(r,g).

Substitutingthisinto(28),wededucethat3n+10k+45 T(r,g)<S(r,g),whichisacontradiction.Thus

a=1,andsoitfollowsfrom(26)thatL(f)=L(g).
Hence,thiscompletestheproofofTheorem2.

3.3Proofoftheorem3

Byusinglemma9andtheconditionl>n
2+k+2

,proceedingasintheproofoftheorem2,wecansimilar-

lyprovetheorem3.Weomitthedetailshere.
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分担一个多项式的全纯函数的唯一性

吴 春

(重庆师范大学 数学学院,重庆401331)

摘要:本文主要研究了全纯函数分担一个非零多项式的唯一性问题,并且得到了:若f,g为2个非常数的超越整函数,n,k,l为3个

正整数且满足5l>4n+5k+7.如果[L(f)](k)与[L(g)](k)IM分担次数小于或等于5的非零多项式P(z),则或者f(z)=λ1eλQ(z)+

c,g(z)=λ2e-λQ(z)+c,或者f(z)与g(z)满足代数方程R(f,g)≡0,这里Q(z)=∫
z

0
p(z)dz,λ1,λ2,λ及c为4个常数,且满足等式

(λ1λ2)n (nλ)2=-1,并且R(ω1,ω2)=L(ω1)-L(ω2).此外,就[L(f)](k)与[L(g)](k)IM或CM分担不动点的情形也进行了详细的研究。
关键词:唯一性;整函数;分担多项式;微分多项式

(责任编辑 黄 颖)
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