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Abstract:Thesubgradientmethodsinsolvingnonsmoothoptimizationproblemsarestudiedinthispaper.Firstly,we
presentabriefreviewoftheavailablesubgradientmethods.Then,differentsortsofstepsizerulesareintroducedandthe
correspondingconvergenceisestablished.Finally,someconvexnonsmoothoptimizationproblemsarecomputedtotestthe
numericalperformanceofprovidedsubgradientmethods.Numericalcomparisonsbetweendifferentsubgradientmethods
areinvestigatedtoo.
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Inthispaper,weconsiderthefollowingoptimizationproblem(P)

(P)
minf(x)
s.t.x∈R{ n

,

wheref:Rn→RisaLipschitzcontinuousconvexfunction.Notethatfcouldbeanonsmoothfunction,andifit
is,wecallProblem(P)anonsmoothoptimizationproblem.Theaimofthispaperistoinvestigatethenumeri-
calperformanceofsubgradientmethodsinsolvingnonsmoothoptimizationproblems.

Thefirstseriesofnumericalapproachesintroducedtosolvenonsmoothoptimizationproblemsaresubgra-
dientmethods.TheyweremainlydevelopedintheSovietUnionandanexcellentoverviewcanbefoundinShor
[1].Morediscussioncanreferto[2-8].Theideaofsubgradientmethodsisdirectlyextendedfromsmoothop-
timization.Theyconsideroneoppositesubgradientvectoratthecurrentiterationpointasthenextsearchdi-
rection,andapplystepsizeswhicharesuppliedbeforehand.Thissimpleideaposestwoctriticalquestions:1)
Howtochoosestepsizerules;2)Whentostopthenumericalimplementable.

Fornonsmoothoptimization,animportantissueisthattheoppositedirectionofasubgradientatapoint
maynotbeadescentdirection.Soonecannotapplyalinesearchmethodintheiterationaswhatwedidinsol-
vingsmoothoptimizationproblems.Thestrategyofsubgradientmethodstohandlethisissueistosupplya
stepsizerulebeforehand.Forexample,aseriesofstepsizesaresuppliedasα{ }k

¥
k=1,andtheiterationstyleis

asfollows
xk+1=xk+αkdk

αk∈α{ }k
¥
k

{
=1

(1)

wheredk=-gk∈∂f(xk)isanoppositedirectionofasubgradientatxk.Itisnodoubtthattheconvergence
rateofthealgorithmcloselydependsonstepsizesα{ }k

¥
k=1.Fortunately,forsomeparticularstepsizerules,we

canprovethatiterationstrategy(1)isconvergence,althoughtheconvergencerateisquiteslow.
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Therestofthispaperisarrangedasfollows.Insection2,wewilldiscusssomeparticularstepsizerules,
andtheirconvergencepropertieswillbeanalysed.Insection3,ageneralstructureofsubgradientmethodswill
beproposed.Insection4,somenumericalexampleswillbetestedbysubgradientmethods,andtheirnumerical
resultswillbeanalysed.Section5concludesthispaper.

1Convergenceofsubgradientmethods
Toproceeditfurther,wesupposethat
Assumption1 Atleastonesubgradientoff(x)atanypointxcanbecalculated.
Assumption2 Thevalueoff(x)iscomputableatanypoint.
Wesupposethatthegeneraliterationstyleofsubgradientmethodsis

xk+1=xk-tk
ξk

‖ξk‖
,ξk∈∂f(xk)

t>0,{ suitable
(2)

Thefollowingtheoremprovidesasufficientconditionforconvergenceofsubgradientmethods.
Theoren1[2] Supposethatxkisnotoptimalandx*beanoptimalsolutionof(P),then

‖xk+1-x*‖<‖xk-x*‖ (3)

whenever 0<tk<2f
(x)-f(x*)
‖ξk‖

(4)

whereξk∈∂f(xk).
Proof Bytheiterationrule(2),wehave

‖xk+1-x*‖2=‖xk-tk
ξk

‖ξk‖-x
*‖2=‖xk-x*‖2-2<xk-x*,tk

ξk

‖ξk‖>+t2k=‖xk-x*‖2-2bktk+t2k

wherebk=<xk-x*,ξk

‖ξk‖>.Itiseasytocheckthat(3)holdswhen0<tk<2bk.

Inlightofthedefinitionofsubdifferentialatx:∂f(x)=ξ∈Rn f(z)≥<ξ,z-x>+f(x{ }).
Replacingx,ξandzbyxk,ξkandx*,respectively,wehavef(x*)-f(xk)≥<x*-xk,ξk>,whichyields

bk≥
f(xk)-f(x*)

‖ξk‖ .Thisgives0<tk<2
f(xk)-f(x*)

‖ξk‖ .

Remark1 Theorem1canbeinterpretedbythedefinitionofsubgradient.Ifξk∈∂f(xk)andx*isanopti-
malpoint,thenwehave<-ξT,x*-xk>≥f(xk)-f(x*)≥0,whichmeansthattheanglebetween-ξkand

x*-xkislessthanπ2.Hence
,iftk>0issmallenough,xk+1=xk-tk

ξk

‖ξk‖isclosertox
*thanxk.

Remark2 Althoughtheorem1givesadomainoftk,itisnotapplicableinnumericalpracticesincewe
don’tknowthevalueoff(x*).Hereitisworthtomentionthat,aslongastksmallenough,itcanalwayssat-
isfythecondition(4).Andfurthermore,ifwedoknowthevalueoff(x*),(whichistrueforsomenons-
moothoptimizationproblems,suchasnonsmoothequation),thenacomputablestepsizerulecanbedesigned
accordingtocondition(4).

GiventhediscussionofTheorem1,weprovidefourdifferentstepsizerulesasfollows.
Thesimpleststepsizerulecouldbe  tk=λ,withλ>0smallenough (5)

Thechoiceofconstantλisatrickissue.Alargeλmaydisobeycondition(4),whichmakestheiterationstop
atafakeoptimalpoint;ontheotherhand,asmallλmayincreaseiterationtime.Tobeonthesafeside,we
tendtochooseasmallλinnumericalpractice.

Nowletusconsiderthestepsizerule

tk >0,lim
k→¥

tk=0,∑
¥

k=1
tk < ¥ (6)

Examplesofthisrulearetk=1k2andtk=t0qk,witht0>0,q∈(0,1).Onedrawbackofthisstepsizeruleisthat

theiterationalwaysstaysinacirclewithaconstantradius,sayA=∑
¥

i=0tk .Thisisbecause

‖x0-xk‖≤‖x0-x1‖+‖x1-x2‖+…+‖xk-1-xk‖=t0+t1+t2+…+tk-1≤A
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Toovercomethisdrawback,weadjustthestepsizeruleby

tk >0,∑
¥

k=1
tk=¥,∑

¥

k=1
t2k < ¥ (7)

Forexample,tk= a
b+kwitha>0andb≥0

,respectively.Inthisway,someoptimalx*,evenfarfrom

thestartingpointx0willbereached.
Finally,weconsideraspecialsituationinwhichtheoptimalvalueoff,sayf**,isknown.Thestepsize

ruleinthissituationis  tk=λf(xk)-f*

‖gk‖
withλ∈ [0,2] (8)

Thiscomputablestepsize,whichincorporatestheknowledgeoff,xkandf*,guaranteesamonotonicdecreaseofthe
distancefromxktox*(forallk)andactuallythewholesequence x{ }k doesconvergetosomex*∈X*.

2Algorithmsofsubgradientmethods
Allthedifferentsubgradientmethodshavethesameoperationprocess,excepttheyusedifferentstepsize

rules.Therefore,inthissection,wefirstprovidethegeneralstructureofsubgradientmethodsandthenapply
ittodifferentstepsizerules.

Algorithm GeneralSubgradientMethod(GSM)
Step1:Initialization.Setx0asastartingpointandletx*=x0,f*=f(x*).Setm=10000asthelargest

iterationtime.Setk=1andatoleranceparameterδ=0.0001.Chooseastepsizerulefrom(5)~(8).
Step2:Storef*andx*.Iff*>f(xk),thenletf*=f(xk)andx*=xk.
Step3:Iteration.Computethenextstepsizetkusingtheselectedstepsizeruleinstep1andcalculateone

subgradientξk∈∂f(xk).Thencalculatethenextpointxk+1=xk-tk
ξk

‖ξk‖.

Step4:Stopcriteria.If‖ξk‖<δ,thenstopandoutputf*andx*;elseifk>m,thenstopandoutput
f*andx*;otherwise,setk=k+1andgotostep2.

Remark3 Exceptusingthewell-knownnecessaryoptimalcondition0∈∂f(xk)asastopcriteria,westill
restrictthelargestiterationtimeasacoercivestopcriteria.Thisisbecause,forsomespecialnonsmoothopti-
mizationproblems,thecondition0∈∂f(xk)isimpossibletosatisfy.Aconvictiveexamplecouldbef(x)=
x .Nomatterhowclosexktothesingleoptimalpoint0,thenormofsubgradientatxkis‖ξk‖=1.

Remark4 Thereasonforintroducingstep2isbecausesubgradientmethodsarenotdescentmethods,so
thefinalpointweobtainedbysubgradientmethodsmayclosetooneoptimalpointx*,butthefunctionvalue
ofthepointmaynotthesmallestone.Therefore,wechosetheonewiththesmallestfunctionvalueasthere-
sultofsubgradientmethods.Forthespecialsituationthatf*isalreadyknown,wecancelstep2.

Remark5 Toavoiditerationpointsstayinginacirclewithconstantradius,wecanresetstepsizetkata
suitabletime.Forexample,when‖xk+1-xk‖<γ(asmallpositivenumber),wesettk=t0.

3Numericaltests
Inthissection,weconsidersometestproblemstoinvestigatethenumericalperformanceofsubgradient

methods.Notethatitisthestepsizerulesthatmakesubgradientmethodsdifferent,sowefirstlyteststepsize
rulesproposedin(5)~(8)individually.Then,numericalcomparisonsamongthosestepsizerulesarepresen-
ted.Allthetestproblemsarecitedfrom [3]andcomputedonanACER4730Zlaptopwith2GBRAMand
2.16GHzCPUinMatlab2010environment.

Firstofall,weillustratesomesignswhichareusedinthefollowing:x0isstartingpointfornumerical
tests;tkisstepsizeforthekthiterationstep;x*isapproximationoptimalpointobtainedbysubgradientmeth-
ods;f*isapproximationoptimalvalueobtainedbysubgradientmethods;f**isthealreadyknownbestopti-
malvalue.

Example1[3] min max
1≤i≤3

fi(x)

f1(x)=x21+x42,f2(x)=(2-x1)2+(2-x2)2,f3(x)=2exp(x2-x1),x0=(0,0)
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Example1issolvedbyapplyingconstantstepsizerule(5).Thecurrentknownbestoptimalsolutionis
f**=1.9522245.FromTab.1,whichillustratesnumericalresults,wecanseethatthesmallerthestepsize
thebetteroptimalvaluewecanget.Thisresultagreeswiththeanalysiswedidinsection2.

Tab.1 Numericalresultforexample1

tk x* f*

1 (1.1715,0.2843)3.629938378226757
0.5 (1.2203,0.9397)2.268832647147855
0.1 (1.1457,0.9028)1.976789858737801
0.05 (1.1397,0.8999)1.954604289964668
0.01 (1.1373,0.8938)1.967839355034972
0.005 (1.1405,0.8978)1.953339146087326
0.001 (1.1394,0.8997)1.953463252515693

  Example2[3] min max
1≤i≤3

fi(x)

f1(x)=12 x1+ 10x1
x1+0.1+2x

æ

è
ç

ö

ø
÷22 ,f2(x)=12 -x1+ 10x1

x1+0.1
æ

è
ç +2x )22 f3(x)=12 x1- 10x1

x1+0.1+2x
æ

è
ç

ö

ø
÷22 ,x0=(3,1)

Thecomputationofexample2appliesstepsizerule
(6).Theoptimalsolution ofthisexampleisf** =
0.InTab.2,dmaxstandforthefarthestdistancebetweenthe
initialpointx0andtheiterationpointsxk,i.e.,dmax=
max ‖x0-xk‖ k=1,…,{ }m .

FromTab.2,wecanobviouslyseethatthefirsttwo
stepsizearefailedtofindanoptimalsolution.Thisisbe-
causealltheiterationpointxkstayinacirclearoundx0.

Checkthecolumnofdmax,wehavedmax<∑
¥

i=1
tk.

Tab.2 Numericalresultforexample2
tk x* f* dmax

2(1/2)k
 1.7390æ

è
ç

ö

ø
÷

-0.0016
5.5976 1.6103

2(2/3)k
0.4575æ

è
ç

ö

ø
÷

0.0015
4.3318 2.7315

2(3/4)k
-0.0000æ

è
ç

ö

ø
÷

-0.0012
1.5570e-006 3.2175

(4/5)k 10-3×
 0.0000æ

è
ç

ö

ø
÷

-0.1967
3.8709e-008 3.1809

Example3[3] min max f1(x),f2(x{ })

f1(x)= x1- x21+x22cos x21+x( )2
2

2+0.005x21+x( )22

f2(x)= x2- x21+x22sin x21+x( )2
2

2+0.005x21+x( )22 ,x0=(1,4)

Stepsizerule(7)isusedinsolvingexample3.
Theoptimalsolutionofthisproblemisf** =0.
Tab.3showsnumericalresultsforsolvingexam-
ple3,whereitertimestandsfortheiterationtime
whentheapproximationoptimalsolutionf*isa-
chieved.Allthestepsizerulegetanacceptableop-
timalsolution.Theitemofitertimeshowsthat
theoptimalsolutionisnotobtainedinthelastiter-
ation,whichprovesthatsubgradientmethodsare
notdescentmethods.

Tab.3 Numericalresultsforexample3
tk x* f* itertime

1/k
0.4065
1.
æ

è
ç

ö

ø
÷

1652
0.007616536232980 226

1/(1+k)
0.5484æ

è
ç

ö

ø
÷

0.5303
0.002920361053007 580

2/(2+k)
0.5484æ

è
ç

ö

ø
÷

0.5313
0.002926270308370 702

4/(4+k)
0.5486æ

è
ç

ö

ø
÷

0.5315
0.002927465964806 903

8/(8+k)
0.5483æ

è
ç

ö

ø
÷

0.5316
0.002928175294248 2239

Example4[3]  min max
1≤i≤6

fi(x)

f1(x)=x21+x22+x23-1,f2(x)=x21+x22+(x3-2)2,f3(x)=x1+x2+x3+1
f4(x)=x1+x2-x3+1,f5(x)=2x31+6x22+2(5x3-x1+1)2,f6(x)=x21-9x3

x0=(1,1,1)
Besolvingexample4,weusethestepsizerule

whenf**isalreadyknown.Fromreferencepaper
[3],weknowthatforexample4,f**=3.5997193,

sothestepsizeruleiswrittenastk=λ
f(xk)-f**

‖ξk‖
,

λ∈[0,2],ξk∈∂f(xk).
Thefirstcolumnoftab.4listedthechoiceof

λ.gapinthelastcolumnillustratesthedifference
betweentheobtainedapproximationoptimalvalue
f*andthealreadyknownoptimalvaluef**,i.e.
gap=f*-f**.

Example5[3] min max
1≤i≤4

fi(x)

f1(x)=x21+x22+2x-362+x-42-5x
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Tab.4 Numericalresultsforexample4
λ x* f* gap

0.5
0.3458
0.0050
æ

è

ç
ç

ö

ø

÷
÷

0.1344
3.6001385837362124.1928e-004

1
0.3370
0.0018
æ

è

ç
ç

ö

ø

÷
÷

0.1329
3.5998274014826161.0810e-004

1.5
0.3334
0.0009
æ

è

ç
ç

ö

ø

÷
÷

0.1322
3.5997926023337677.3302e-005

2
0.3283
0.0000
æ

è

ç
ç

ö

ø

÷
÷

0.1313
3.5999411076062381.2180e-004

-1-5x-2-21x3+7x4
f2(x)=f1(x)+10(x21+x22+x23+x24+

x1-x-2+x3-x4-8)
f3(x)=f1(x)+10(x21+x22+x23+2x24-

x1-x4-10)
f4(x)=f1(x)+10(2x21+x22+x23+2x1-

x2-x4-5),x0=(0,0,0,0)
Example5comparesallthestepsizerules

presentedin(5)~(8).Thealreadyknownbest
optimalvalueofthisproblemisf**=-44.From
thegaplistedinthelastcolumnoftab.5,wecan
seethatstepsizerule(7)and(8)tendtoexperi-
encebetterresultsthanstepsizerule (5)and
(6).

Tab.5 Numericalresultofexample5

λ       x* f* gap

0.1(5)

-0.0068
 1.0020
 2.0075

æ

è

ç
ç
çç

ö

ø

÷
÷
÷÷

-0.9815

-43.97631679041408 0.0236

0.01(5)

-0.0013
 1.0000
 2.0009

æ

è

ç
ç
çç

ö

ø

÷
÷
÷÷

-0.9989

-43.999735615518411 2.6438e-004

2/(2+k)(7)

-0.0000
 0.9992
 2.0003

æ

è

ç
ç
çç

ö

ø

÷
÷
÷÷

-0.9998

-43.999996735850772 3.2641e-006

5/(5+k)(7)

-0.0000
 1.0000
 2.0000

æ

è

ç
ç
çç

ö

ø

÷
÷
÷÷

-0.9999

-43.999995720274626 4.2797e-006

2(2/3)k(6)

 0.0643
 0.7389
 2.0435

æ

è

ç
ç
çç

ö

ø

÷
÷
÷÷

-0.8800

-43.413771619036787 0.5862

2(4/5)k(6)

-0.0296
 0.9296
 2.0412

æ

è

ç
ç
çç

ö

ø

÷
÷
÷÷

-0.9562

-43.947001474082462 0.0530

f(xk)-f*

‖ξk‖
(8)

-0.0000
 0.9918
 2.0023

æ

è

ç
ç
çç

ö

ø

÷
÷
÷÷

-0.9988

-43.999668922006904 3.3108e-004

1.5f
(xk)-f*

‖ξk‖
(8)

-0.0006
 0.9955
 2.0017

æ

è

ç
ç
çç

ö

ø

÷
÷
÷÷

-0.9989

-43.999823930916833 1.7606e-004

4Conclusion
Thispaperinvestigatedthenumericalperformanceofdifferentsubgradientmethods.Wefirstlyintroduced
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differentstylesofstepsizerulesandanalysedtheirconvergenceproperties.Andthennumericaltestswere
madetotestnumericalperformanceofdifferentstepsizerules.Thenumericalresultsshowthatsubgradient
methodsarefeasibleforsomeunconstrainednonsmoothconvexoptimizationproblems.However,howto
choosethestepsizeruleisadifficultissue.Fromthenumericalresults,stepsizerule(7)shouldbethefirst
choise.
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运筹学与控制论

次梯度法在求解非光滑最优化问题时的计算效果研究

龙 强1,李觉友2

(1.澳大利亚巴拉瑞特大学 科学、信息技术和工程学院,维多利亚 澳大利亚3350
2.重庆师范大学 数学学院,重庆401331)

摘要:本文研究了次梯度法的一些重要问题。次梯度法是梯度法在非光滑优化中的直接推广。在每一步的迭代中,选取一个负

次梯度方向为搜索方向,并以一定的规则设置搜索步长。次梯度法的每一步迭代不一定都下降,但是可以证明,对于非光滑凸

优化问题,次梯度法能够保证全局收敛性。次梯度法的搜索步长是预先设置的,步长设置准则包括常值步长准则、有限平方和

步长准则和已知全局极小值的步长准则。本文对各种步长准则的收敛性进行了证明。为了验证次梯度法在不同的步长准则下的

计算效果,本文应用次梯度法对一系列非光滑最优化问题进行了计算实验,并分析了他们的计算结果。数值实验结果表明,常

值步长准则收敛速度慢,精度不高,而且步长的选择困难。而有限平方和步长准则收敛速度更快,也能够达到更高的精度。至

于已知全局极小值的步长准则,虽然精度也较高,但是因为需要事先已知凸优化问题的全局极小值,所以这种步长准则的应用

范围有限。
关键词:次梯度法;非光滑最优化问题;步长准则
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