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Abstract:Inthispaper,westudythenormalitycriterionconcerningsharedvalue.LetFbeafamilyofmeromorphicfunctions
definedinadomainD.Letk,n≥k+2bepositiveintegers,andabeanon-zerocomplexnumber.Foreachpair(f,g)∈F,if

f(fn)(k)andg(gn)(k)shareaIM,andN r,1/(fn)(k( )) =S(r,f),thenFisnormalinD.Theresultimprovesandgen-
eralizesthetheoremsobtainedbyZeng.
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1Introductionandmainresults
Inthispaper,weusethestandardnotationsandconceptsoftheNevanlinnatheory[1-5].LetDbeadomain

inC,andFbeafamilyofmeromorphicfunctionsdefinedinadomainD.FissaidtobenormalinD,inthe
senseofMontel,ifforanysequence{fn}⊂F,thereexistsasubsequence fn{ }

j suchthatfnjconvergesspher-
icallylocallyuniformlyinD,toameromorphicfunctionor¥.

Letg(z)beameromorphicfunction,abeafinitecomplexnumber.Iff(z)andg(z)assumethesameze-
ros,thenwesaythatshareaIM (ignoringmultiplicity)[1].

In2004,M.FangandL.Zalcman[6]gotthefollowingresults.
TheoremA Supposethatkisapositiveintegeranda≠0isafinitecomplexnumber.LetFbeafamilyof

meromorphicfunctionsdefinedinadomainD.Ifforeachpairoffunctionsf,g∈F,fandgshare0,f(k)and
g(k)shareaIMinD,andthezerosoffareofmultiplicity≥k+2,thenFisnormalinD.

In2012,CuipingZeng[7]provedthefollowingresult.
TheoremB Letkbeapositiveinteger,a(≠0)andbbetwofinitevalues.LetFbeafamilyofmeromor-

phicfunctionsdefinedinD,allofwhosezeroshavemultiplicityatleastkandf(k)(z)=bwhenf(z)=0.Iffor
eachpairoffunctionsfandginF,ff(k)andgg(k)sharea,thenFisnormalinD.

ItisnaturaltoaskwhetherTheoremsBcanbeimprovedbytheideaofweakenedcondition.Inthispaper,
westudytheproblemandobtainthefollowingtheorem.

Theorem1 LetFbeafamilyofmeromorphicfunctionsdefinedinadomainD.Letk,n≥k+2bepositive
integers,andabeanon-zerocomplexnumber.Foreachpair(f,g)∈F,iff(fn)(k)andg(gn)(k)shareaIM,

andNr,1/(fn)(k( )
) =S(r,f),thenFisnormalinD.

Example1 LetD={z:|z|<1}andF={fm(z)=emz|m=1,2,…}orF ={fm(z)=mz|m=1,2,…}.
Obviously,fordistinctpositiveintegersm,l,wehavefm (fn

m)(k)andgl (gn
l)(k)share0IM.However,the

familiesFarenotnormalatz=0.
Example1showsthattheconditiona≠0inTheorem1isnecessary.
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2SomeLemmas
Lemma1 (Zalcman’sLemma)[8-9]LetFbeafamilyofmeromorphicfunctionsintheunitdiscΔandαbe

arealnumbersatisfying-1<α<1.ThenifFisnotnormalatapointz0∈Δ,thereexist,foreach-1<α<1:1)a
realnumberr,r<1;2)pointszn,|zn|<r;3)positivenumbersρn,ρn→0+;4)functionsfn,fn∈F,suchthat

gn(ξ)=
fn(zn+ρnξ)

ρα
n

,sphericallyuniformlyoncompactsubsetsofC,whereg(ξ)isanon-constantmeromor-

phicfunctionandg#(ξ)≤g#(0)=1.Moreover,theorderofgisnotgreaterthan2.
Lemma2 Letk,n≥k+2bepositiveintegersanda≠0beafinitecomplexnumber,andfbeanon-con-

stantrationalmeromorphicfunction,thenf(fn)(k)-ahasatleasttwodistinctzeros.
Proof Case1 Supposethatf(fn)(k)-ahasexactlyonezeroz0.
Case1.1 Iffnisanon-constantpolynomial.Setf(fn)(k)-a=A (z-z0)l,whereAisnon-zerocon-

stant,lisapositiveintegerandl≥n-k≥2.Then[f(fn)(k)]′=Al(z-z0)l-1.Hencef(fn)(k)(z0)=0,
whichcontradictswith(fn)(k)(z0)=a≠0.Thereforefisrationalbutnotapolynomial.

Case1.2 Iff(fn)(k)isrationalbutnotapolynomialandhasexactlyonezero.Weset

f=A
(z-α1)m1…(z-αs)ms
(z-β1)n1…(z-βt)nt

(1)

whereAisanon-zeroconstantandmi≥1(i=1,2,…,s),nj≥1(j=1,2,…,t).
Moreover,wedenote

m1+m2+…+ms=M≥s,n1+n2+…+nt=N≥t (2)
From(1),wehave

fn=An (z-α1)m1n…(z-αs)msn
(z-β1)n1n…(z-βt)ntn

(3)

and (fn)(k)=
(z-α1)m1n-k…(z-αs)msn-kg(z)
(z-β1)n1n+k…(z-βt)ntn+k

(4)

whereg(z)isapolynomial,anddegg≤k(s+t-1).Then

f(fn)(k)=
(z-α1)m1(n+1)-k…(z-αs)ms(n+1)-kg(z)
(z-β1)n1

(n+1)+k…(z-βt)nt(n+1)+k
=P
Q

(5)

[f(fn)(k)]′=
(z-α1)m1(n+1)-k-1…(z-αs)ms(n+1)-k-1g1(z)
(z-β1)n1

(n+1)+k+1…(z-βt)nt(n+1)+k+1
(6)

whereg1(z)isapolynomial,anddegg1≤(k+1)(s+t-1).
Sincef(fn)(k)-ahasexactlyonezeroz0,from(5),wehave

f(fn)(k)=a+ B(z-z0)l
(z-β1)n1

(n+1)+k…(z-βt)nt(n+1)+k
=P
Q

(7)

and [f(fn)(k)]′=
(z-z0)l-1g2(z)

(z-β1)n1
(n+1)+k+1…(z-βt)nt(n+1)+k+1

(8)

whereBisanon-constantand
g2(z)=B[l-(n+1)N-kt]zt+Bt-1zt-1+…+B0 (9)

inwhichB0,B1,…,Bt-1areconstants.
Case1.2.1 Ifl<(n+1)N+kt.By(7),weeasilyobtainedthatdeg(P)=deg(Q).Then,from(5),we

have
(n+1)N+kt=degQ=degP=M(n+1)-ks+degg≤(n+1)M-ks+k(s+t-1)≤(n+1)M+kt-k

Hence,(n+1)M-N(n+1)≥k>0,thereforeM>N.Ontheotherhand,αi≠z0(i=1,2,…,s)anddegg2=
t,from(2),(6)and(8),wehave(n+1)M-(k+1)s≤degg2=t.Thatis,(n+1)M≤(k+1)s+t≤(k+1)M+
N,then2M≤M(n-k)≤N,whichcontradictswithM>N.

Case1.2.2 Ifl≥(n+1)N+kt.From (9),wehavedegg2≤t.Itfollowsfromtheproofofabovethat
2M<N.Ontheotherhand,from(6)and(8),wehaveN(n+1)+kt-1≤l-1≤degg1≤(k+1)(s+t-1).
By(2),wehave(n+1)N≤(k+1)s+t-k≤(k+1)M+N-k.Thismeansthat(k+1)M>nN,combining
with2M≤N,wehave2n<k+2-1≤n-1,whichisimpossible.
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Case2 Iff(fn)(k)-ahasnozero.
Case2.1 Sincen≥k+2andfisanon-constantfunction.Itiseasilyobtainthatfisnotapolynomial.
Case2.2 fisrationalbutnotapolynomial.Thenwehavel=0for(7).Proceedingastheproofofcase

1.2.1,wehaveacontraction.
TheproofofLemma2iscompleted.
Lemma3 Letk,n≥k+2bepositiveintegersanda≠0beafinitecomplexnumber,andfbeatranscen-

dentalmeromorphicfunctionwithNr,1/(fn)(k( )
) =S(r,f),thenf(fn)(k)-ahasinfinitelymanyzeros.

Proof Let g=(fn)(k),φ=fg-1 (10)
Wesuppose,tothecontrary,thatf(fn)(k)-ahasonlyfinitelymanyzeros,sincefistranscendental,

then

Nr, 1
f(fn)(k)-

æ

è
ç

ö

ø
÷

a =S(r,f) (11)

Byφ=fg-1,wegetf=(φ+1)/g,thenN r,1æ

è
ç

ö

ø
÷

f ≤N r,1
φ

æ

è
ç

ö

ø
÷

+1 +S(r,f).Using(10),wehave1f=

g
φ+1

,1
f2
= 1
φ+1

·(f
n)(k)

f .Therefore,mr,1æ

è
ç

ö

ø
÷

f ≤2mr,1æ

è
ç

ö

ø
÷

f =mr,1
f

æ

è
ç

ö

ø
÷

2 ≤mr,1
φ

æ

è
ç

ö

ø
÷

+1 +S
(r,f).

Hence

T(r,f)=Tr,1æ

è
ç

ö

ø
÷

f +O(1)=mr,1æ

è
ç

ö

ø
÷

f +Nr,1æ

è
ç

ö

ø
÷

f +O(1)≤mr,1
φ

æ

è
ç

ö

ø
÷

+1 +Nr,1
φ

æ

è
ç

ö

ø
÷

+1 +S
(r,f)≤

Tr,1
φ

æ

è
ç

ö

ø
÷

+1 +S
(r,f)=T(r,φ+1)+S(r,f)=Tr,f(fn)(k( )

) +S(r,f) (12)

Ontheotherhand,bythesecondfundamentaltheoremand(11),wehave

Tr,f(fn)(k( )
) ≤N(r,f)+Nr, 1

f(fn)(k
æ

è
ç

ö

ø
÷) +Nr, 1

f(fn)(k)-
æ

è
ç

ö

ø
÷

a +S(r,f)≤

N(r,f)+Nr, 1
f(fn)(k

æ

è
ç

ö

ø
÷) +S(r,f) (13)

Letfhasapolez0oforderp,byφ+1=fgandn≥k+2,wegetz0isapoleofφ+1ofmultiplicityp+
(np+k)≥1+(3+k)=k+4,thus

N(r,f)≤ 1
k+4N

(r,φ+1)+S(r,f)≤
1

k+4T
(r,φ+1)+S(r,f)=

1
k+4Tr,f(fn)(k( )

) +S(r,f) (14)

Letfhasazeroz1oforderq,byφ+1=fgandn≥k+2,wegetz1isazeroofφ+1ofmultiplicityq+(nq-k)≥1+
(k+2-k)=3.SinceNr,1/(fn)(k( )

) =S(r,f).Thus,wehave

Nr, 1
f(fn)(k

æ

è
ç

ö

ø
÷) ≤Nr,1æ

è
ç

ö

ø
÷

f +Nr, 1
(fn)(k

æ

è
ç

ö

ø
÷) ≤13Nr,f(fn)(k( )

) ≤13Tr,f(fn)(k( )
) (15)

Accordingto(13),(14)and(15),wehave
2k+5
3(k+4)Tr, 1

f(fn)(k
æ

è
ç

ö

ø
÷) ≤S(r,f) (16)

By(12)and(16),weobtainT(r,f)≤S(r,f).Thiscontradictsthefactthatfistranscendental,andhence
f(fn)(k)-ahasinfinitelymanyzeros.

3Proofoftheorems

ProofofTheorem1 Withoutlossofgenerality,wemayassumethatD={z∈C||z|<1}.Suppose,to
thecontrary,thatFisnotnormalinD.Withoutlossofgenerality,weassumethatFisnotnormalatz0=0.
Then,byLemma1,thereexistasequencez{ }j ofcomplexnumberswithzj→0(j→¥),asequence f{ }j ofF;
andasequenceρ{ }j ofpositivenumberswithρj→0,suchthat

gj(ξ)=ρ- k
n+1j fj(zj+ρjξ) (17)

convergesuniformlytoanon-constantmeromorphicfunctiong(ξ)inCwithrespecttothesphericalmetric.

Moreover,g(ξ)isoforderatmost2.Hurwitz’stheoremimpliesthatNr,1/(gn)(k( )
) =S(r,g).

By(17),wehave
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fj(zj+ρjξ)(fn
j(zj+ρjξ))

(k)-a=gj(ξ)(gn
j(ξ))

(k)-a→g(ξ)(gn(ξ))
(k)-a (18)

withrespecttothesphericalmetric.
Ifg(gn)(k)≡a,thenghasnozeros.Ofcourse,galsohasnopoles.Sincegisanon-constantmeromor-

phicfunctionoforderatmost2,thenthereexistconstantscisuchthat(c1,c2)≠(0,0),and

g(ξ)=ec0+c1ξ+c2ξ
2 (19)

Obviously,thisiscontrarytothecaseg(gn)(k)≡a.Henceg(gn)(k)≢a.
ByLemma2andLemma3,thefunctiong(gn)(k)-ahasatleasttwodistinctzeros.Letξ0andξ*

0 betwo
distinctzerosofg(gn)(k)-a.

WechooseapositivenumberδsmallenoughsuchthatD1∩D2=∅andsuchthatg(gn)(k)-ahasnooth-
erzerosinD1∪D2exceptforξ0andξ*

0 ,where
D1={ξ∈C||ξ-ξ0|<δ},D2={ξ∈C||ξ-ξ*

0|<δ} (20)
By(18)andHurwitz’stheorem,forsufficientlylargejthereexistpointsξj∈D1,ξ*

j ∈D2suchthat
fj(zj+ρjξj)(fn

j(zj+ρjξj))(k)-a=0,fj(zj+ρjξ*
j )(fn

j(zj+ρjξ*
j ))(k)-a=0

BytheassumptioninTheorem1,f(fn)(k)andg(gn)(k)shareaIM.Foranyintegerm,itfollowsthat
fm(zj+ρjξj)(fn

m(zj+ρjξj))(k)-a=0,fm(zj+ρjξ*
j )(fn

m(zj+ρjξ*
j ))(k)-a=0

Wefixmandnotethatzj+ejξj→0,zj+ejξ*
j →0,ifj→∞.wegetfm(0)(fn

m (0)(k)-a=0.
Sincethezerosoffm(z)(fn

m (z)(k)-ahavenoaccumulationpointsforsufficientlylargej,infactwehavezj+
ρjξj=0,zj+ρjξ*

j =0.

Henceξj=-
zj

ρj
,ξ*

j =-
zj

ρj
.Thiscontradictswiththefactsthatξj∈D1,ξ*

j ∈D2,D1∩D2=∅.

Theorem1isprovedcompletely.
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关于分担值的亚纯函数的正规族

吴 春,柏仕坤
(重庆师范大学 数学学院,重庆401331)

摘要:本文主要研究了关于分担值的亚纯函数的正规性。令F 为定义在区域 D 上的亚纯函数族,k,n (≥k+2)为正整数,a

为非零复 常 数。如 果 对 任 一 对 (f,g)∈F,都 有 f (fn)(k)与 g (gn)(k)IM 分 担 a,且 N r,1/(fn)(k( )
) =

S (r,f),则F 在D 上正规。此结论改进和加强了已有文献中的结论。
关键词:亚纯函数;正规族;分担值
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