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A Joint Degree Distribution LT Codes Design
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Abstract: LT codes are a class of forward error correction channel codes which are developed to recover channel packet era-
sures. They have a multiple of uses in computer science, network transmission, media storage, large file download and so
on. In the design of LT codes, the degree distribution is the key to successful decoding as well as fast operation. This pa-
per presents a novel design with a weakened distribution for prior decoding and an improving distribution for posterior de-
coding. Since the weakened distribution has a low average degree, it substantially increases both the encoding and decoding
speed, while the improving distribution has a high average degree that enhances the successful decoding probability. With
a series of simulations, we observed that the overhead as well as the XOR operations is cut about 50% compared with the
reference design of Robust Soliton distribution.
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1 Introduction

LT codes™ have attracted great attention in such applications as peer-to-peer transmission, scalable video
streaming, large file download and so on "**, due to their asynchronous coding-decoding characteristic between
senders and receivers. The senders infinitely generate continuous encoding symbols from a finite set of source
symbols. Each encoding symbol is independent of the others. Disregarding which portion of the encoding sym-
bols is received by the receivers or in what order it is received, decoding is successful if only the encoding size
is large enough.

However, LT codes have two primary drawbacks. One is that the overhead is asymptotical with the
source size. For a sufficiently large source size it reaches a floor near zero, but for a small source sizet™ it is sig-
nificant and results in a great waste of channel capacity. The other is that LT codes rely on Robust Soliton de-
gree distribution' to achieve high decoding probability. Each encoding symbol is generated by on average
O(In(K/8) XOR operations and overall decoding requires O(KIn(K/8)) XOR operations.

There are several improvement for LT codes, e. g. Gaussian elimination algorithm'® can suppress over-

‘can reduce decoding operations. In the various approaches, we have a

head; the concatenation code structure'’
heuristic idea of designing the encoding process with mixed types of degree distributions, which is named joint
degree distribution LT (JDD-LT). Without changing the basic LT structure, two encoding stages are intro-
duced, a prior stage and a posterior stage. In the prior stage, each encoding symbol is generated with the
weakened distribution targeting recovering the majority of the source symbols. In the posterior stage, the dis-

tribution is replaced by the improving distribution targeting recovering the remained source symbols. The de-
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sign has two advantages: first, it inherits the decoding algorithm of Belief-Propagation (BP) "' with low deco-

U] constraint. Sim-

ding operations; second, it is accustomed to a wide range of source sizes without inner code
ulations show that comparing the single Robust Soliton distribution LT design the JDD-LT design has lower o-
verhead while reducing both the encoding and decoding operations.

The paper is organized as follows:Chap. 2 introduces the basic knowledge of LT codes; Chap. 3 analyzes
the JDD-LT design; Chap. 4 presents the simulation results comparing the single Robust Soliton distribution

LT design; Chap. 5 concludes the paper.

2 LT codes and characteristics

Before introducing the JDD-LT design, we have a brief overview of the basic knowledge of LT codes'-.
2.1 Encoding and decoding

An encoding symbol is generated as follows: firstly, choose an integer d from the set {1,+:+,K} according
to a specially designed distribution 2(z) = 2% ,0Q,z" in which @, represents the choosing probability on ¢; sec-
ondly, randomly generate a weight-d vector on F¥ and choose d source symbols corresponding to the positions
of 17s in the vector; finally, perform XOR operations on the d chosen symbols. d is the degree of the encoding
symbol and 2(x) is the degree distribution.

If receiving a sufficient portion of encoding symbols, the K source symbols can be recovered by the follow-
ing iterations: on a bipartite graph, a degree-1 encoding symbol is copied to its neighbor, recovering one source
symbol; the recovered source symbol is subsequently performed XOR operations on its neighbors, releasing
more degree-1 encoding symbols; the released encoding symbols repeat this process until decoding finishes.
Decoding is successful if all the source symbols are recovered, and decoding fails if any degree-1 encoding sym-
bols disappear during the process.

2. 2 Release probability

Time is defined as the number of the source symbols already recovered. An encoding symbol is called ‘re-
leased” if it has d —2 recovered neighbors at time K— (L+1), one neighbor is exactly recovered at time K—L
and the rest neighbor is among the L unrecovered ones. An example of the released d =4 encoding symbol is
shown in Fig. 1 For a degree-d (d#1) encoding symbol, the release probability at time K—L (1<<{L<K—
d+1) is

d—3
Ledd—1 + TK—L+1D—i i i L
Q(K’daL): 171]70 [@D) source | O Q
: . symbol
,1;[0K 7
Particularly, for d=1 the encoding symbol is released
at time 0, Q(K,1,K)=1. encoding
symbol
There are such characteristics:as L gradually decreases d=4

1) the encoding symbols of lower degrees tend to re- Fig.1 An example of the released d=4 encoding symbol
lease at earlier time, and those of higher degrees tend to re-
lease at later time;

2)the release probability of any encoding symbol in the overall process is 1;

3for 3d<[K/2 |, Q(K.d,L) increases, reaches a peak, and then decreases, and for [K/2 <<d<<K,
Q(K .d,L) continuously increases until the peak at L=1;

4)the peak value of the release probability for a degree-d encoding symbol enlarges with d increasing from
3 to K.
2. 3 Degree distribution

Assuggested in Ref. [1], good degree distributions should satisfy two requirements: the number of re-

quired encoding symbols for successful decoding is as small as possible in order to suppress overhead; the total
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degree of the encoding symbols is as small as possible in order to reduce XOR operations.

The optimal distribution satisfying the requirements is theoretically Ideal Soliton distribution, which keeps
the degree-1 encoding size to be constantly 1 throughout the decoding process, i. e. each time a source symbol
is recovered, exactly one encoding symbol is released. Complete recovery of the K source symbols requires ex-
actly K encoding symbols, however, the solitary degree-1 encoding symbol is actually difficult to preserve dur-
ing the process and decoding is commonly inclined to interrupt. Based on the concept of Ideal Soliton distribu-

tion, Robust Soliton distribution is introduced and generally adopted by many LT designs, which possess an
enlarged degree-1 encoding size of ¢In(K/8) ~/K while keeping a constant release rate. With this distribution,
K source symbols can be recovered with additional O(In? (K/8) /K ) encoding symbols, and O(KIn(K/8) XOR

operations. The performance depends on the parameter set (K,8,¢), which is studied by Ref. [8].
3 JDD-LT design

A message is divided into K equal length source symbols, and the encoding symbols are generated with the
weakened distribution Qw;,. The decoder collects and decodes them using BP algorithm. After YK (0<<y<<1)
source symbols are recovered, the improving distribution £, is applied and the remained source symbols are
recovered.

3.1 Prior stage
This stage aims at partial recovery and the weakened distribution Qwp is suggested-™
Qyp (2)=0,008x+0. 494x" +0. 1662° +0. 0732" 40, 0832”40, 0562° 4
0.0372°+0.0562" +0. 0252 40, 0032 (2)
The average degree of the corresponding encoding symbols is constantly about 5. 87. In order to evaluate

the distribution performance, we define the cumulative probability
N
Dnr<y, <D

P (y) == B O<y<l1 (3)

where N is the number of trials, 7; is the recovery [rac-

tion in the j, trial, and 7 is the number of the unrecovered
symbols in each trial. Let N =5000, respectively K = 2000,
K=3000 and K=4000. P.(y) for the constant overhead e=0.

P, (Y)

05 is shown in Fig. 2.

The three curves universally drop sharply in the final 1%

. o . ) . 02+t —K=2 000

fraction and cease before y=1. It is implied that in 5000 trials ----K=3 000
rrrrrrrrrrrrrr K=4000
for each source size the encoding symbols are stably recovered 0 TR U
0 0.1 02 03 04 05 06 07 0.8 09 1

for a ratio of y=0. 99. Y
3. 2 Posterior stage Fig.2 Cumulative probability,e=0, 05

Let Q;sp represent the ideal soliton distribution mentioned
in Chap. 2.3

/K, i=1
Q[s[) (Z) - (4)

1/iG—1), i=2,-,K
Let 7(1<{r<CK) represent the number of the expected higher degree terms. By removing the first K—r

lower degree terms and making normalization, we obtain

O (n=—r @ (KZPR p g (5)
2 Q[sp(i) H‘(Z 1)
i=K—rt1

The new distribution Qpis the improving distribution. For lacking the lower degree terms, 2, targets the
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posterior stage that requires large release rate as the majority of the source symbols are recovered.
As introduced in Chap. 2.2, a degree-d encoding symbol to be released at time K —L has the probability
Q(K.d,L). The probability that an encoding symbol to be chosen as degree-d and released at time K—L is
R(K.d,L)=0Q;p (dDQK,d,L) (6)

Sinc eevery encoding symbol has an influence on release, the overall release probability at time K—L is

K—L+1
R(K,L)= § Qp(DQK.i,L) (7

Assume YK encoding symbols are recovered

cor [ (kemkx HE—@HD—
2 L- * 1
i=K—r+1 r HK*]

j=0

R(K,L)= €))

The release probability of the posterior stage is analyzed under several values of » and y=0. 99. Fig. 3 and
Fig. 4 demonstrate the influence of K and r on the final 1% unrecovered source symbols. Particularly as r=
K—1, i.e. only the degree-1 term is removed from the Ideal Soliton distribution, it is observed that the release
probability keeps approximately constant (about 1/K), which is almost correspondent to the Ideal Soliton dis-
tribution. By removing more of the lower degree terms, in the case of r=K—50, release probability universal-
ly increases for each case of the unrecovered size L. The enlarged fraction of the higher degree terms acceler-
ates the posterior release rate. In the case of r=K — 100, the posterior release probability is even higher,
which is close to or even larger than 0. 01. It is implied that each of the remained source symbols can be recov-
ered with fewer encoding symbols compared with the case of a larger . If r is reduced further, e. g. r=
K—200 and »=K —300, the release rate inclines toward the lower part of L, and for the higher part it witnes-

ses a slight decrease which suggests deterioration of the beginning rate in the posterior stage.
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Fig.3 Release probability, K=3 000,y=0.99 Fig. 4 Release probability,K=6 000.7=0. 99

4 Simulation results

The performance is measured in terms of decoding inefficiency (the average value of 1+¢), encoding speed
(average degree per encoding symbol), and decoding speed (the number of XOR operations for overall deco-
ding). Simulations are under a variety of source sizes ranging from K=3 000 to K=10 000. Each sample on a
curve is computed by averaging the values of 1 000 trials. For JDD-LT design, y=0. 99, »=K—100. Two sta-
ges are respectively displayed, the result of the prior stage is denoted by JDD-1, and that of the posterior stage
is denoted by JDD-2. For the reference design with Robust Soliton distribution (denoted by RSD), the opti-
mized parameters §=0. 01 and ¢=0. 02 are selected based on Ref. [8].

The decoding inefficiency is shown in Fig 5. For RSD design, it starts at 1. 098 at K=3 000 and gradually
drops to 1. 058 at K=10 000. The overhead e approaches a floor near zero with increase of the source size.
JDD-LT design has the similar characteristic as RSD design, but the inefficiency is substantially lower. The
values are respectively 1. 043 at K=3 000 and 1. 02 at K=10 000 as for JDD-1, and respectively 1. 05 and 1.
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029 as for JDD-2. The average overhead for JDD-LT design is half of that for RSD design.

The average degree per symbol is shown in Fig. 6. The values of RSD design start at 15. 91 (K=3 000)
and slowly increase to 18,17 (K=10 000), and those of JDD-LT design are correspondingly 8. 496 and 10. 01.
Note that for the prior stage (JDD-1) the average degree is constantly 5. 87. In all, the average number of XOR
operations for generating an encoding symbol by JDD-LT design is half of that by RSD design.
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highest point is 0. 599X 10° (K=10 000). For each of the three Fig.7 Decoding speed VS source size

curves, the number of XOR operations stably increases in ap-

proximate linearity. Note that the slopes are different. From the highest to the lowest are respectively RSD,
JDD-2 and JDD-1. It is further implied that the number of XOR operations increases slower with the source
size for JDD-LT design than for RSD design.

5 Conclusion

This paper proposes a joint degree distribution LT codes design with a weakened degree distribution for
the prior encoding stage and an improving degree distribution for the posterior encoding stage. The combina-
tion of the two distributions suppresses the overhead while enhancing the encoding and decoding speed. Simu-

lations demonstrate the improvement comparing the single Robust Soliton distribution design.
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