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摘要:Inthisarticleweintroducetheexponentialgeometricdistribution(EGforbrevity)asamodel,whichisobtainedby
mixingtheexponentialdistributionwithonetruncatedgeometricdistribution.Ithasthedensityoff(x;β,p)=β(1-p)×
e-2βx(2-pe-βx)(1-pe-βx)-2.BystraightforwardintegrationwefindthatthevariousmomentsoftheEGisE(xr;β,p)=

p-1(1-p)r!β-r p-1L(p,r)[ ]-1 .Firstly,wediscussthatthemaximumlikelihoodestimatesofβandpcannotbeget
inexplicitsolutionform;itshouldbesolvedbynumericalalgorithm.ThenwenestoneEMalgorithmwithintheouterEM
algorithmtosolvetheproblem.Notethat,fortheouterEMalgorithmthemissingdataarebasedonthemixturerepresen-
tationwhileattheinnerEMalgorithm,themissingdataarethetruncatedobservations.Intheendwegetthemaximum
likelihoodestimatorsofparameters.
关键词:EMalgorithm;exponentialdistribution;onetruncatedgeometricdistribution;Newton-Raphsonalgorithm;maxi-
mumlikelihoodestimation
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1Introduction
TheExponentialPoisson(EP)distributionasamodelforlifetimedatawasintroducedintherecentpaper

Kus[1]andKonstantinosAdamidis[2].SimilarmodelswithothermixingdistributionhavebeendescribedinAd-
amidisandLoukas[3],andTahmasbiandRezaei[4]whereageometricandalogarithmicseriesmixingdistribu-
tionswereused,respectively.

Inthisarticleweintroducetheexponentialgeometricdistribution(EGforbrevity)asamodel.Thedistri-
butionisobtainedbymixingtheexponentialdistributionwithonetruncatedgeometricdistribution.AnEMal-
gorithmforestimatingtheparametersoftheEG modelhasbeenproposed.ThisalgorithmusesaNewton-
RaphsonapproachattheM-step.Inmoredetails,theNewton-RaphsonstepisreplacedbyanotherEMalgo-
rithmatalternativeapproach.ThisapproachhassimpleexplicitsolutionformbymakinguseofanestedEM
algorithm(see,e.g.VanDyk[5])wheretheM-stepitselfissolvedwithanEMalgorithm.Anadvantageof
thisalgorithmisthatitprovidesestimatesintheadmissiblerangewhentheinitialvaluesareintheadmissible
range,andavoidsoverflowproblemsthatmayoccurduringNewton-Raphsoniterations.Additionally,itcan
befasterinsomecases.Somesimulationevidenceonthespeedofthenewapproachcomparedtotheonethat
usesNewton-Raphsonisprovided.
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2Thedistribution
Lety1,y2,…,yZbearandomsamplefromthedistributionwithdensityoff(y;β)=βe-βy,whereβ,y>0.

LetZisonetruncatedgeometricvariablewithprobabilityfunction

P(z;p)=1p
(1-p)pz-1,z=2,3,…,andp∈(0,1)

DefineX=min(y1,y2,…,yZ),thentheconditionaldistributionofXfollowsanexponentialdistribution
withparameterβzundertheconditionofZ=z,whichhastheconditionaldensityfunction

f(xz,β)=βze-βz,x,β>0
Then,theunconditionaldistributionofX willbeanexponentialgeometricdistribution(EG)withthe

probabilitydensityfunction
f(x;β,p)=β(1-p)e-2βx(2-pe-βx)(1-pe-βx)-2,x,β>0,p∈(0,1) (1)

ThelatteronedefinesthedistributionthatweshallbereferringtointhesequelastheEG.Intheliterature
itiscustomaryforsuchnamestobegiventodistributionsarisingviatheoperationofmixing.Itisobviously
thatbyassumingthatXfollowsanexponentialdistributionwithparameterβzwhereZisatruncatedgeometric
variablewithparameterp,thedistributionofXistheEGwiththedensitygivenby(1).

ItcanbeseenthattheEGdensityfunctionismonotonedecreasingwithmodelvaluesβ(2-p)(1-p)-1at
x=0.Forallvaluesofparameters,thedensityisstrictlydecreasinginxandtendingtozeroasx→¥.

3Propertiesandmomentsofdistribution
Bystraightforwardintegrationwefindthatthedistributionfunctionisgivenby

F(x;β,p)=P X≤{ }x =p-1 (1-pe-βx)-1-1+[ ]p (2)

TherawmomentsofX maybedeterminedfrom(1)bydirectintegration.Forr=1,2,…,wefindthat
E(xr;β,p)=p-1(1-p)r!β-r p-1L(p,r)[ ]-1 (3)

whereL(p,r)=∑
¥

j=1p
jj-risknownasthepoly-logarithmfunction(see[6]).Thefunctionisquicklye-

valuatedandreadilyavailableinstandardsoftware,suchasMathematic.Furthermore,themeanandvariance
oftheEGdistributionareeasilygivenby(3).

4ThenestedEMalgorithmforEGmodel
4.1TheEMalgorithm

Proceedingwiththemethodoflikelihood,thelog-likelihoodfunctionfromasampleofnobservations,yobs=(x1,

x2,…,xn),isgivenby   l(β,p;yobs)=nlnβ(1-p[ ])-2β∑
n

i=1
xi-2∑

n

i=1
ln(1-pe-βxi)+∑

n

i=1
ln(2-pe-βxi)

andsubsequentlytheassociatedgradientsarefoundtobe

∂l
∂β

=nβ-1-2∑
n

i=1
xi-2∑

n

i=1
xipe-βxi (1-pe-βxi)-[ ]1 +∑

n

i=1
xipe-βxi (2-pe-βxi)-[ ]1

∂l
∂p=-n(1-p)-1+2∑

n

i=1
e-βxi (1-pe-βxi)-[ ]1

Themaximumlikelihoodestimates(MLE)ofβandpmustbederivednumericallyandweproposetouse
theEMalgorithm[7]here.Itisastatisticallyorientediterativeschemewithdesirablepropertiesthatarefairly
wellknown.Toimplementthealgorithm,wedefinethehypotheticalcomplete-datadistributionwithdensity
function f(x,z;β,p)=β(1-p)zpz-2e-βzx,forx,β>0,z=2,3,…,p∈(0,1)

Thus,itisstraightforwardtoverifythattheE-stepofanEMcyclerequirethecomputationofthecondi-
tionalexpectationof(Z X;β

(t),p(t)).Using p(zx;β,p)=zpz-1e-βx(z-1)(1-pe-βx)2(2pe-βx-p2e-2βx)-1

Wecanfoundthat     E(Z X;β,p)=2(1-pe-βx)-1-pe-βx(2-pe-βx)-1
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ThecycleiscompletedwiththeM-stepwhichisessentially-fulldatamaximumlikelihoodover(β,p).Asa
result,anEMiteration,taking(β

(t),p(t))into(β
(t+1),p(t+1))isdefinedby(see[3]and[8])

β
(t+1)=n ∑

n

i=1
xis( )i

-1,p(t+1)=1- n
p(t+1) ∑

n

i=1
s( )i

-1 (4)

wheresi=E(Zi xi,β
(t),p(t))=2(1-p(t)e-β

(t)xi)-1-p(t)e-β
(t)xi(2-p(t)e-β

(t)xi)-1.
Theexplicitsolutioncannotbegetinthisequation.Thenoneneedstouseanumericalalgorithm,suchas

NR(see[9]).Ingeneral,itiseasytobesolved.Analternativealgorithmisproposedinthenextsection.
4.2ThenestedEMalgorithm

VanDyk[5]showedthatnestedEMalgorithmareusefulastheysimplifythestepsofthealgorithmto
smallerandeasiertohandlesteps,aswellasimprovingthecomputationalefficiencyincertainproblems.Van
Dyk[5]describedhownestingtwo(ormore)EMalgorithmscantakeadvantageofconditionalexpectationsinex-
plicitsolutionformandleadtoalgorithmswhichtendtobefastertoconverge,reducingcomputationaltime,

arestraightforwardtoimplementandprograminstandardstatisticalsoftware,andenjoystableconver-gence
(e.g. monotoneconvergenceinlikelihood).Itisinterestingappropriatehandlingofthem.Pleasereferto
PopescuandWong[10]forotherapplicationsofnestedEMalgorithm.

Truncateddataconstituteatypicalexampleofdatathatcanbeconsideredasmissingdata(see,e.g.
MclachlanandKrishnan[11]).TheEMalgorithmisastandardalgorithmtoderiveMLEforthisdatawith"
missingdata"representation.FortheEMalgorithmdescribedabove,animportanttaskduringtheM-stepisto
deriveMLEfromasampleoftruncatedGeometricrandomvariables.Thisisexactlywhatthesolutionof(4)

does.AlternativelythisequationcanbeeasilysolvedviaanEMalgorithm(seee.g.BöhningandSchön[12]).
ConsiderthecasethatMLEforasampleoftruncatedatonegeometricdistributionobservationsisgiven.

Theideaisthatapartfromtheobserveddata,therearesomemoreobservationsthatareoneandhencetheyare
missing,sinceoneobservationcannotbeobserved.Forthegeometricparameter,thesufficientstatisticis

∑Zi.Theonevaluedoesn’tcontributetothissumbutitinflatesthedenominatoroftheMLEoftheparame-

terwhichisthesamplemean.Hence,asimpleEMalgorithmcouldbeusedtoestimatetheexpectednumberof
oneobservation,denotedasn0.Thus,utilizingtheobserveddataZ1,Z2,…,ZntheEMalgorithmforasimple
geometricdistribution,truncatedatoneisdescribedas:

Usecurrentestimatesfor
E-step:Obtainnnew0 =(n+n0)(1-p)

Infactthisisthenumberofoneobservationwewouldexpectiftheparameterofthegeometricdistribution
isp(i.e.(1-p)estimatestheprobabilityofoneobservation),whilen+n0isthetotalsamplesize(i.e.theob-
servedsamplesizeandtheoneobservationsasassumedbythecurrentestimates).

M-step:Updategeometricparameter   pnew=1-(n+nnew0 )∑
n

i=1
s( )i

-1

ThealgorithmattheE-stepestimateshowmanyoneobservationwouldexpecttoobservebasedonthe
currentestimate,whileattheM-stepitupdatestheparameterbyconsideringalltheobservations,observedor
not.

VanDyk[5]discussedtheuseofnestedEMalgorithmswheretheM-stepofanEMalgorithmcanbeanoth-
erEMalgorithminitself.Thisisinfactanalternativeapproachtotheuseofanynumericalmaximizationalgo-
rithmintheM-step,liketheNRusedintheprevioussection.Therefore,theideainthecurrentsituationis
thatwhiletryingtosolvetheM-stepinsteadofusingaNRmethod,wemaynestoneEMalgorithmwithinthe
outerEMalgorithmtosolvetheproblem.Notethat,fortheouterEMalgorithmthemissingdataarebasedon
themixturerepresentationwhileattheinnerEMalgorithm,themissingdataarethetruncatedobservations.

FromtheabovediscussionanestedEMalgorithmisproposedfortheEGdistributionwheretheM-stepoftheal-
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gorithmissolvedbyapplyinganotherEMalgorithm.Consequently,thenestedEMalgorithmtakestheform:

E-step:Withthegivenvaluesofparametersβ
(t),p(t)calculateE1-step:si=E(Zi xi,β

(t),p(t))=

2(1-p(t)e-β
(t)xi)-1-p(t)e-β

(t)xi(2-p(t)e-β
(t)xi)-1,i=1,2,…,n;E2-step:nnew0 =(n+n0)(1-p)。

M-step:UpdatetheparametersbyM1-step:βnew =n(∑
n

i=1sixi)
-1 ;M2-step:pnew =1- (n+n0)×

(∑
n

i=1si)
-1
.

NotethatstepsE2andM2arethestepsbasedonthesecondEMalgorithm,theinnerone.Thetwosteps
replacetheneedforaNRalgorithmduringtheM-step.

Aninterestingpointariseshere.TherearetwostrategiesonhowtheEMalgorithmswillbeused.The
firstoneneedstorunseveralstepsoftheinnerEMAlgorithm(stepsE2andM2)soastoensurethatthecon-
vergenceoftheestimatesforthetruncatedgeometricpart.Onthecontrary,thesecondstrategy,makinguse
ofthemonotonicpropertyofthealgorithm,needsjustoneiterationoftheinnerEMateachouterEM(stepsE1
andM1)iteration.InbothcasestheconvergenceofthealgorithmcanbebasedontheresultsofVanKyk[5].
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指数几何混合模型参数的嵌套EM算法

王艳玲,王继霞

(河南师范大学 数学与信息科学学院,河南 新乡453007)

Abstract:本文介绍了由指数分布和一个截尾分布混合得到的指数几何混合分布模型,简记为EG模型。它的概率密度函数为

f(x;β,p)=β(1-p)e-2βx(2-pe-βx)(1-pe-βx)-2,通过直接积分得到该分布的矩为E(xr;β,p)=p-1(1-p)r!β-r[p-1L(p,r)-
1]。首先说明了用EM算法在 M步中不能求得参数β和p 的极大似然估计的显式解,需要用数值解法,然后通过嵌套一个EM算

法在另一个EM算法中,外层EM算法是基于混合模型的缺失数据讨论,内层EM算法是针对截尾观测数据的,得到了参数的极大

似然估计量。

Keywords:EM算法;指数分布;截尾几何分布;Newton-Raphson算法;极大似然估计
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