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Abstract: In this paper, we discuss the normality criterion concerning shared holomorphic functions, and prove that if 7 be
a family of meromorphic functions in a domain D, L[ f1=a, f +a, f (ac70) s and asbsc.d be four holomorphic functions
in D. For each f€ 7, if a(x)F#d(2), b(2)+a;(2)a(2)+ao(2)a (2)F2c(2), c(2)—a,(a (2)—a; (DDa(x)F0, f(z)=
a()SLLf1(2)=b(2) and L[ f](2) =c(2)=>f(2) =d(2), then 7 is normal in D.
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1 Introduction and main results

Let D be a domain in C, and 7 be a family of meromorphic functions defined in a domain D. 7 is said to be
normal in D, in the sense of Montel, if for any sequence { f, } 7, there exists a subsequence {fs } such that
S, converges spherically locally uniformly in D, to a meromorphic function or oo™ *,

Let g(2) be a meromorphic function, a be a finite complex number. If f(2) and g(2) assume the same ze-
ros, then we say that share ¢ IM (ignoring multiplicity) M+,

In 2005, Chang, Fang and Zalecman' got the following results.

Theorem A Let 7 be a family of meromorphic functions defined in a domain D. and let a,b,c and d be
complex numbers such that 670,c7a and d#b. 1f for each fE€F, f=a=f =b and f=c=>f =d. then 7 is
normal in D.

In 2012, L' replaced the condition f=a& f =b and f=c=f"=d by f(z) =a(x)SL[f](z)= b(2) and
f()=c(x)=L[f](2)=d(2) and proved the following result.

Theorem B Let 7 be a family of meromorphic functions in a domain D, let L[ f]1=a, ' +a, f(a;7#0) , and
let a.b,c.,d be four holomorphic functions in D. For each f€ 7, if 1) a(2)Fc(2); 2) b(z) —a, (2)a(z)—
a0 ()" (2)F035 3) b(2) —a1 (2)c(2) —a () (2)F0; 4) f(D)=a()SL[ f](2)=0b(2) and f(2)=c(2)=>
L[ f](z)=d(2), then 7 is normal in D.

A natural question is; whether 7 is normal if we replace the condition f(2) =c(x)=>L[f](2)=d(2) in
Theorem B by L f1(2) =c(2)=>f(2) =d(2).

In this paper, we answer this question by the following result.
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Theorem 1 Let 7 be a family of meromorphic functions in a domain D, let L[ f]1=a, f" +a; f(a;7%0), and
let a,b,c,d be four holomorphic functions in D. For each f€ %, if 1) a(2)Z#d(2); 2) b(2)+a;(2)al(z)+
a0 (2)a () F2c(2) 5 3) () —ao(a’ () —a; (Da()F0; 4) f()=a(DSL[f](x)=0b(2) and L[ f](2)=
c(2)=f(2)=d(2), then 7 is normal in D.

If a,=1 and a;, =0 in L[ f](2), we find that the condition 2) can reduce to 6(z)+a’ (2)F2c(2).

Thus, the following corollary is an immediately consequence of Theorem 1.

Corollary 1 Let 7 be a family of meromorphic functions in a domain D, let a,b,c,d be four holomorphic
functions in D. For each f€ 7, if 1) a(z2)Fd(2); 2) b(2)+a' (2)F2c(2);5 3) c(2)—a (2)F0; 4) f(2)=
a()Sf =b(2) and f'=c(2)=f(2)=d(z), then 7 is normal in D.

2 Some Lemmas

Lemma 1  (Zalecman's Lemma)™ Let 7 be a family of meromorphic functions in the unit disc A, all of
whose zeros have multiplicity at least £, and suppose that there exists A=1 such that | f* (2) | <<A whenever
f(z)=0. If 7is not normal at z, in the unit disc, then there exist, for each 0<{a<(k.

1) a real number r, »<<1; 2) points z,, |z, | <{r; 3) positive numbers 000,07 5 4) functions f,, [, €7,
[ (2 0.8

n

such that g, (&)=

—g (&) locally uniformly, where g is a non-constant meromorphic function in C,

all of whose zeros have multiplicity at least £, such that g7 (§)<{g® (0)=kA-+1. In particular, g has order at
most two.

Lemma 2/ Let g be a meromorphic function with finite order on C. If g has only finitely many critical
values, then it has only finitely many asymptotic values.

Lemma 3" Let g(2) be a transcendental meromorphic function such that g(0)7w and the set of finite
on C such that the set of finite critical and asymptotic values of g(2) is bounded. Then, there exists R>0,

‘g(z)‘lo g ()]
27| 2| g R

Lemma 4 Suppose that f(z) is meromorphic and transcendental in the plane. Then as r—>0, T(r, )<<

(2+%)N(r,%j+(2+%jﬁ(r,ﬁj S ).

_ (2) .
Lemma 5" Let f(2)=a,2"+a, 12" '+ +a + d , where ay,a;,**sa, are constants with a,70,

such that | g’ ()| =

p(2)
q(2) and p(z) are two coprime polynomials with deg q(z)< deg p(z), k be a positive integer. If f*’ 41, then
we have: 1) n=+k, and k! a,=1; ii) f‘(z)zizk+-"+ao Jr%; iii) If the zeros of f are of order =%+
k) (azt+0b)

(cz+d)F!

1, then m=1 in i) and f(2)= asto

, where ¢(#0) ,d are constants.

Lemma 6"'*) Let f be a rational function such that f'#0 on C. Then, either f=az+b or f’=ﬁ+
Z <o

b, where a(70), b and z, are constants, and n is a positive integer.

Lemma 7 Let 7 be a family of meromorphic functions in a domain D, a and b be distinct complex num-
bers and a72b. If for f€ 7, f(2)=0=f (2)=a and f (2)7b, then 7 is normal in D.

Proof Suppose that 7 is not normal in D, then there exists 2, € D, such that 7 is not normal at z,. By
Lemma 1, for A=max{|al,|b|}, there exist a sequence of function f, E %, a sequence of complex numbers
2,z and a sequence of positive numbers p,—>0, such that g,(&)=p, "' [, (2, +p.6)>g (&), spherically locally
uniformly in C, where g(&) is a non-constant meromorphic function. Moreover, g (&) is of order at most 2,
and g7 (&)< g" (0)=A-+1 for all £€C.

We claim: 1) g(&)=05g" (&) =a, i) g’ (&) F#b.

Suppose that g(&)=0. Then by Hurwitz’s theorem, there exist &,, §,—>&,, such that g, (&)= p, ' f, (2, +
0.6,) =0 ({or n sufficiently large). Thus f,/,(z,,ﬁLp,,E”):a, in the limit as n—>w we obtain g’ (&) =a, This is



78 FERFREAFFMCEABFHK  htp://www. cqnuj. cn % 31 %

g(&=0=>g" (& =a.

Suppose now that g’ (&) =a, We claim that g’ (&)7Za, Indeed, If g (&)=a, we have g(&) =a&+C, where C is a
constant. By a simple calculation, we obtain g% (0)<{|a|<CA<TA-+1,which contradict that g% (0) =A-1.

Since g’ (&) =a but g’ (&) Za and f,/,(z,,—Q—p,,E) —a=g’ (&) —a on some neighborhood of the point &, & —>&, ,
such that f,/,(z,,—Q—p,,S):a. Thus, f,(z,+p,&,)=0. It is easy to deduce that g(&)=0. Thus, we prove D).

Next we prove ii). Suppose g’ (&) =0, We claim that g’ (&)7Zb. Indeed, If g’ (&)=b, we have g(&) =h&+
C, where C is a constant. By a simple calculation, we obtain g7 (0)<{|b|<CA<TA+1,which contradict that g~
(0O)=A+1.

Thus, by Hurwitz’'s theorem, there exists a sequence &,—>&,, such that ff,(z”Jr‘o,,E,,):b. Since [, (2)Fb,
we have f,(z,+0,6,)7b. which is a contradiction. Thus, ii) is proved.

Suppose that g is not a rational function, by Lemma 4 and g’ (&) %0b, we know g must have infinitely many
zeros {£,}, and §,—>o(n—=>w). Let h(&) =g(&) —b&, then R (&) =g" (&) —bF#0. It is easy to see that h(&) is a

meromorphic function with finite order. Thus, from Lemma 2 and Lemma 3, there exists R>>0 such that

&' D1, heaD] 1, |68, ] , , o len' Dl Ja—b
n n >7 n —_ = n > > 4 s n n —
hE)] /anog R 27rlog R w,n—>w, which contradicts with hE)] b

Thus, g(&) is a rational function.
Next, we consider the following two cases.
a

Case 1 If b=0, from g'#b and Lemma 6, we have g=aé+p or g= +fB, where a,p,&, are con-

(46"
stants, and n is a positive integer. Suppose g=aé+f, then g=0 has a single zero E::@, meanwhile g’ =a has
a

a

(6+&)"

dicts with that a and & are distinct constants. If a0, then the number of zeros of g=0 is at most n, mean-

infinitely many zeros. It contradicts with g(&) =0=g" (&) =a. Thus, g= +p. If a=0, which contra-

while the number of zeros of g'= =a is n+1, which contradicts with g(&) =0=g" (&) =a.

—na
(&+e)H) !
Case2 If b#0, we distinguish three cases.
Case2.1 1If g is a polynomial. From g’#b, we have g=aé+f, where a(#0), B(7h) are constants, in
the same manner as above, we get a contradiction.

Case2.2 If g:@ , where ¢(&) and p(&) are coprime polynomials, and deg (& <Zdeg p(&). By a simple calcu-

P

, which contradicts with g’'#b, b70.

/ 4
lation, we obtain that 0 is the only one deficiency value of g/qup#

Case2.3 If g(z2)=a,&"+ta, & '+-+¢ —0—%, where a,,a,»***,a, are constants with a,70,q and p

are two coprime polynomials with deg ¢<Cdeg p, and n is a positive integer. Because g is a rational function, by

LLemma 5,we have
A Acm
(c&+d)H™ (c&+d)" "’

where ay,c(#0) ,d,A70 are constants, m is a positive integer. Suppose a=0, then from i), we obtain that

g()=bt+a,+ g (&O=b— (D

. . . m—+1
the multiplicity of zeros of g is at least 2. Thus, the roots number of g=0 is at most —;—, and the roots are

2

different from each other, meanwhile g’ =0 has m+1 distinct roots, which contradicts with i). Thus a#0,

from i), we know that the roots of g=0 and g’ =a are all simple. Therefore, £ is a entire function and has
g —a

unique zero *Ci which is the pole of g. So

L=k (et (2)

g —a
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where £ is a nonconstant and / is a positive integer.

From (1) and (2), we get

%(cr‘,ﬂﬁd)’”ﬂ -+ (ao —dej (cE+d)" "+ A(cE+d)=b—a)k (cE+dD)" T —Acmb (c&+d)'. (3)

According to (3), we obtain Z:Lao*b?d:O,and (m+1b=a(m=1,2,++). Especially, if m=1, we have a=

2b, which contradicts the assumption.

Therefore, 7 is normal in D. LLemma 7 is proved completely.

3 Proof of Theorems

3. 1. Proof of Theorem 1
Since normality is a local property, we assume that D=A, the unit disc. Set %, ={F:F=f—a,f€ %}, In
view of the form of L[ f] and the assumption, we can easily deduce F(2) =0=F (2) =¢(2), where ¢(2)=
b—aa—asa
ao

Suppose that 7 is not normal at z, €A. Let M=max.cp, { |g0(z) |}, and A=max{M,1},where r=>0 is a
constant and D, ={z:|2—=2,|<<r}CA. Then, in domain DZZ{Z; | 2 — 2, \<%} , we have |F'(2)|= \go(z) | <<

A when f(2)=0. Since 7 is not normal at z, €A, we have 7, is not normal at 2z, €A as well. Then by Lemma
1, there exist a sequence of function f, € %, a sequence of complex numbers z,—>z, and a sequence of positive
numbers p,—>0, such that g,(&)=p, 'L f,(z,tp.8) —a(z,+p,8) ] >g(& converges uniformly to a non-constant
meromorphic function g(&) in C with respect to the spherical metric. Moreover, g (&) is of order at most 2,
and g7 (6)<<g" (0)=A-+1 for all £€C.

In the following, we claim that i)g‘(€)=O<:>g/(€)=g0(zo),where go(zo)zb(zo)_ao (zo )Z ((Zzo ))_al (z0)a(z) 311)

C(Z())_a() (Z())a/(Z())_al (Z())a(Z()

) .
#0 is a constant.
ag (ZQ)

g (&)FA. where A=

Next, we prove the claim as follows.
We assume that g(&)=0. Then by Hurwitz's theorem, there exist §,, §—>& , such that
g. &N =p, ' Lf.(z,tp,6)—alz,+p,&)]=0. (4)
Thus L[ f,1(z, +p,6.)=0b(2,+p,&).
LIS, 1z, +p.E)

= fi(z,+p,8) 44 (2 i) fulz,+p.6,)=

Since

a()(2/1+p11$n) a()(zn+(onén)
PGt e+ ey e toe) g (B al e+ B ) (5)
NN ao (=2, +p,6.) On& S oS 0 7 ae (=0) 00
Then, from (5), we have
p .. LA G tpl) Calz) oo b, D), ai(zy) .
g <€O)7}112: a()(z,,er,,f”) “ (ZO) a()(Z())a(z())i}zlP; a()(z,,+p,,5,,) “ (ZO) a()(Z())a(ZO)i
b(zy)—ao(zy)a (zo)—al(zo)a(zo):Sp(zo). 6)

ao(zy)
This is g(&) =0=>g" (&) =p(z,).
Suppose now that g’ (&) =¢(z,). We claim that g’ (6)Z¢(z,). Indeed. If g’ (§)=¢(z,), we have g(&) =
¢(2,)é+C, where C is a constant. By a simple calculation, we obtain g7 (0)<<[¢(z,) [<<A<CA-+1,which con-
tradict that g% (0)=A-+1.

LLf, (2, +p.8) —b(z,+p,8)
ao(z,+0,8)

hood of the point &, &—>& , such that L[ f,(z,+p.5,)]=b(z,+p,&,). Thus, f,(z,+p.)= alz,+p,&). It
is easy to deduce that g(&,)=0. Thus, we prove ).

Since g' (&) =¢(z,) but g’ (§)F¢(z,) and =g’ () —¢(z,) on some neighbor-
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Now, we prove ii1). From (5), there exist §,, & —>&,we get
LLf, ]z, +p.6) —c(z,+p.60) ‘ a (z,tp.&) ] oy, tpED) .
a0(2n+lonsn) _f”(zn+p”g”)+a0(zn+longn)[p71511(57’)+a(2”+p"$”):| a0(271+{011$u>
2 (O +d (2) L@ (2, )a(zo)* c(zy) ) ~o(zo) —ay(zo)a (zo) —a) (zg)alz) — (&) A D
(lo(Zo) a()(ZQ) a()(Z())

Suppose g’ (&) =21, We claim that g’ (&) ZA. Indeed, If g’ (§)=A, we have g(&) =16+C, where C is a con-
stant. By a simple calculation. we obtain g% (0)<C[A|<<A<CA+1.which contradict that g* (0) =A-+1.
Thus, by Hurwitz’'s theorem and (7), there exists a sequence &—>&,, such that L[ f,(z,+p.&,)]1—c(z,+

0.6.)=0.

From L[ f](z)=c(x)=f(2)=d(2), we have f,(z,+p,&,)=d(z,+p,E,). From (4) and a(z)#d(z), we

deduce

g(&) ZILm on L. (2, 0.6 —alz, +p,E) ] =1Lm o, Ld(z,+tp,6)—alz,+p,&,)]=w (8)

a contradiction. Thus,ii) is proved.

By 1), i) and Lemma 7, we can obtain 7 is normal in D.

Theorem 1 is proved completely.
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