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Abstract:Inthispaper,weobtainthatafuzzymappingFis(strictly)pseudoconvexifandonlyifÑ
~
Fis(strictly)pseudo-

monotone,andadifferenitiablefuzzymappingFisquasiconvexifandonlyifÑ
~
Fisquasimonotone.Theseresultswillbe

usefulincheckingthegeneralizedconvexityofthedifferenitiablefuzzymappingandpresentingsomecharacterizationsof

solutionsforfuzzymathematicalprogramming.
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1Introduction
Theoccurrenceofrandomnessandfuzzinessintherealworldisinevitableowingtosomeunexpectedsitua-

tions.In[1],Zadehinitiallyintroducedtheconceptoffuzzynumber.Sincethen,theoriesoffuzzynumberand
theirapplicationshavebeenextensivelyandintensivelystudiedbymanyscholars,onecanreferto[2-7].
Mathematicalprogrammingunderfuzzyenvironmentorwhichinvolvesfuzzinessiscalledfuzzymathematical
programming.BellmanandZadeh[8]introducedfuzzyoptimizationproblemsandstatedthatafuzzydecisioncan
beviewedastheintersectionoffuzzygoalsandproblemconstraints.

NandaandKar[9]proposedtheconceptofconvexfuzzymappingsandprovedthatafuzzymappingiscon-
vexifandonlyifitsepigraphisaconvexset.Atthesametime,someapplicationstofuzzymathematicalpro-
grammingproblemswerestudied.Theconvexityhasbeenplayinganimportantroleinfuzzymathematicalpro-
grammingtheory.Somerelatedresearchworkhasbeencarriedout,onecanreferto[10-19].Butitisobvious
thattheconditionofconvexfuzzymappingsistoostrict.Recently,differenttypesofgeneralizedconvexfuzzy
mappingsweredefined.Somepropertiesandtheapplicationswerestudiedinfuzzymathematicalprogramming
problems.Especially,Panigrahietal.[20]proposedtheconceptofquasiconvexfuzzymappings,whichisdiffer-
entfromNandaandKar[9]aswellasSyau[16],andderivedtheKarush-Kuhn-Tuckeroptimalityconditionsfor
theconstrainedfuzzyminimizationproblems.Strictinequalityrelationbetweenfuzzynumbersisusedin[20],

whichistoomuchrestrictive.Syau[17]introducedtheconceptofgeneralizedconvexitysuchaspseudoconvexity
forfuzzymappingswithseveralvariablesandstudiedsomebasicdifferentiabilitypropertiesoffuzzymappings
fromthestandpointofconvexanalysis.

MotivatedbytheearlierworksofPanigrahietal.[20],Karamardian[21],KaramardianandSchaible[22],

Wang[23]aswellasLiuetal.[24],inthispaper,weestablishsomeequivalentconditionsof(strictly)pseud-
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oconvexandquasiconvexfuzzymappings.

2Preliminaries
Inthissection,wequotesomepreliminarynotationsanddefinitions.
LetRbethesetofallrealnumbers.Afuzzynumberisamappingμ:R→[0,1]withthefollowingproper-

ties:1)μisnormal,thatis,[μ]1={x∈R:μ(x)=1}≠∅;2)μisuppersemicontinuous;3)μisconvex,that
is,μ(λx+(1-λ)y)≥min{μ(x),μ(y)}forallx,y∈R,λ∈[0,1];4)thesupportofμ,supp(μ)={x∈R:

μ(x)>0}anditsclosurecl(supp(μ))iscompact.
LetIbethealloffuzzynumberonR.Theα-levelsetofafuzzynumberμ∈I,0≤α≤1,denotedby[μ]α,

isdefinedas[μ]α=
{x∈R:μ(x)≥α},0<α≤1
cl(supp(μ)),α{ =0

.

Itisclearthattheα-levelsetofafuzzynumberisaclosedandboundedinterval[μ*(α),μ*(α)].μ*(α)

denotestheleft-handendpointof[μ]αandμ*(α)denotestheright-handendpointof[μ]α.Alsoanym∈Rcan

beregardedasafuzzynumberm~definedbym~(t)=
1,t=m
0,t≠{ m

.

Inparticular,thefuzzynumber0
~isdefinedas0~(t)=1ift=0andotherwise0~(t)=0.Thus,fuzzynumber

μcanbeidentifiedbyaparameterizedtriples{(μ*(α),μ*(α),α):α∈[0,1]}.
Forfuzzynumberμandνparameterizedby{(μ*(α),μ*(α),α):α∈[0,1]}and{(ν*(α),ν*(α),α):α∈

[0,1]},respectively,andeachnonnegativerealnumberk,wedefinetheadditionμ+
~
νandnonnegativescalar

multiplicationkμasfollows

μ+
~
ν={(μ*(α)+ν*(α),μ*(α)+ν*(α),α):α∈[0,1]},kμ={(kμ*(α),kμ*(α),α):α∈[0,1]}.

Obviously,foreachrealnumberr,μ+
~
r={(μ*(α)+r,μ*(α)+r,α):α∈[0,1]}.

Moreover,definetheoppositeofafuzzynumberμtobethefuzzynumber-μsatisfying(-μ)(x)=

μ(-x).Inotherwords,ifμisrepresentedbytheparametricform{(μ*(α),μ*(α),α):α∈[0,1]},then-μis
representedbythecorrespondingparametricform{(-μ*(α),-μ*(α),α):α∈[0,1]}.Werepresentafuzzy
numberμas[μ*(α),μ*(α)].

Afuzzynumberμ=[μ*(α),μ*(α)]issaidtobeatriangularfuzzynumberifμ*(1)=μ*(1).Moreover,

ifμ*(α)andμ*(α)areliner,thenwesayμalinertriangularfuzzynumber.Wedenoteby<μ*(0);μ*(1);μ*(0)>.
Definition1[20] Foru,v∈I,wesaythatu⪯vifforeachα∈[0,1],μ*(α)≤ν*(α),μ*(α)≤ν*(α).Ifu⪯

v,ν⪯μ,thenu=ν.Wesaythatu<ν,ifu⪯vandthereexistsα0∈[0,1]suchthatμ*(α0)<ν*(α0)orμ*(α0)<
ν*(α0).Foru,v∈I,Ifeitheru⪯vorν⪯μ,thenuandνarecomparable,otherwisenon-comparable.

AmappingF:K⊆Rn→Iissaidtobeafuzzymapping.Foranyα∈[0,1]andforanyx∈K,wedenote
F(x)=[F*(x,α),F*(x,α)].

Definition2[20] LetF:K⊆Rn→Iisfuzzymapping.Then,Fissaidtobecomparableifforeachpairx≠
y∈K,F(x)andF(y)arecomparable.Otherwise,Fissaidtobenon-comparable.

Definition3[20] LetK⊆RnbeanopensetandassumethatF:K→Ibeafuzzymapping.Letx=(x1,x2,
…,xn)∈KandDxi

,i=1,2,…,nstandforthepartialdierentiationwithrespecttotheithvariablexi.Assume
thatforallα∈[0,1],F* (x,α)andF* (x,α)havecontinuouspartialderivatives.DefineDxiF(x)[α]=
[DxiF*(x,α),DxiF

*(x,α)],fori=1,2,…,n,α∈[0,1].
Ifforeachi=1,2,…,n,DxiF(x)[α]definestheα-cutofafuzzymappingnumberatx,andwedenoteby

Ñ
~
F(x)=(Dx1F(x),Dx2F(x),…,DxnF(x)).

WecallÑ
~
F(x),thegradientofthefuzzymappingFatx.AfuzzynumberFissaidtobedifferentiableat

xifÑ
~
F(x)existsandbothF*(x,α),F*(x,α)foreachα∈[0,1]aredifferentiableatx.
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Definition4[20] LetK⊆RnbeanonemptyopenconvexsetandF:K→Ibeadifferentiablefuzzymap-
ping.Fissaidtobepseudconvexifforeachx,y∈K,0~⪯Ñ

~
F(x)T(y-x)impliesthatF(x)⪯F(y).

Definition5[20] LetK⊆RnbeanonemptyconvexsetandF:K→Ibeafuzzymapping.Fissaidtobe
quasiconvexifforeachx,y∈Kandforλ∈(0,1),ThefollowingimplicationholdF(λx+(1-λ)y)⪯
max{F(x),F(y)},whereF(x)andF(y)arecomparable.

Definition6[23] LetK⊆RnbeanonemptyconvexsetandF:K→Ibeadifferentiablefuzzymapping.Fis
saidtobestrictlypseudconvexifforeachx,y∈K,0~⪯Ñ

~
F(x)T(y-x)impliesthatF(x)≺F(y).

Inthefollowingsections,wealwaysassumethatK⊆Rnbeanonemptyconvexset,F:K⊆Rn→Ibeadif-
ferentiablefuzzymappingandFbecomparable.

3Pseudoconvexityoffuzzymappings
Inthissection,weestablishtheequivalentconditionsofpseudoconvexityandstrictlypseudoconvexityfuzzy

mappings.Wefirstgivesomelemmaswhichwillbeusedinthesequel.
Lemma1[23] AssumethatFbeapseudoconvexityfuzzymappings.ThenFisaquasiconvexfuzzymap-

ping.
Lemma2[20] Fisaquasiconvexfuzzymappingifandonlyifforeachx,y∈K,F(x)⪯F(y)impliesthat

Ñ
~
F(y)T(x-y)⪯0

~.

Theorem1 Fisapseudoconvexityfuzzymappingsifandonlyifforeachx,y∈K,0~⪯Ñ
~
F(x)T(y-x)im-

pliesthat0
~⪯Ñ

~
F(y)T(y-x).

Proof SupposethatFisapseudoconvexityfuzzymappings.Letx,y∈Kbesuchthat

0~⪯Ñ
~
F(x)T(y-x). (1)

Weneedtoshowthat0~⪯Ñ
~
F(y)T(y-x).Assumetothecontrarythat    Ñ

~
F(y)T(y-x)≺0

~. (2)

BythepseudoconvexityofFand(1),wehave         F(x)⪯F(y). (3)

ByLemma1andLemma2,itfollowsfrom(3)that0
~⪯Ñ

~
F(y)T(y-x),whichcontradictsto(2).

Conversely,letx,y∈Kbesuchthat         0~⪯Ñ
~
F(x)T(y-x). (4)

WeneedtoshowthatF(x)⪯F(y).Assumethatcontrary,thatis,F(y)≺F(x).Hence,Foreachα∈[0,1],

F*(y,α)≤F*(x,α),F*(y,α)≤F*(x,α),andthereexistsanα0∈[0,1],suchthatF*(y,α0)<F*(x,α0)or
F*(y,α0)<F*(x,α0).Withoutlossofgenerality,weassumethat    

F*(y,α0)<F*(x,α0). (5)

Fromthemean-valuetheorem,wehave    
F*(y,α0)-F*(x,α0)=ÑF*(x,α0)T(y-x). (6)

wherex=x+λ(y-x)forsomeλ∈(0,1).From(5)and(6),wehave  
0<ÑF*(x,α0)T(x-x). (7)

Ontheotherhand,from(4),itfollowsthat0~⪯Ñ
~
F(x)T(x-x).Fromthecomparabilityassumptionof

F,thisimpliesthat0
~⪯Ñ

~
F(x)T(x-x).Then,foreachα∈[0,1],wehave0≤ÑF*(x,α)T(x-x),whichcon-

tradictsto(7).
TheproofofTheorem1iscompleted.
Remark1 Theorem1generalizesKaramardian’sresult(Theorem3.1in[21])tofuzzymappingcase.
Theorem2 Fisastrictlypseudoconvexfuzzymappingifandonlyifforeachx,y∈K,x≠y,0

~⪯

Ñ
~
F(x)T(y-x)impliesthat0

~≺Ñ
~
F(y)T(y-x).

Proof SupposethatFisastrictlypseudoconvexfuzzymapping.Letx,y∈K,x≠y,suchthat

0~⪯Ñ
~
F(x)T(y-x). (8)
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Weneedtoshowthat0~≺Ñ
~
F(y)T(y-x).Assumetothecontrarythat   Ñ

~
F(y)T(y-x)⪯0

~. (9)

Combinewith(8)andfromstrictpseudoconvexityofF,wehave     F(x)≺F(y). (10)

Ontheotherhand,(9)canbewrittenas0~⪯Ñ
~
F(y)T(x-y).FromstrictpseudoconvexityofF,itfollows

thatF(y)≺F(x),whichcontradictsto(10).

Conversely,letx,y∈K,x≠ybesuchthat        0
~⪯Ñ

~
F(x)T(y-x). (11)

WeneedtoshowF(x)≺F(y).AssumetothecontrarythatF(y)⪯F(x).Hence,foreachα∈[0,1],
F*(y,α)≤F*(x,α),F*(y,α)≤F*(x,α). (12)

Fromthemean-valuetheorem,wehave
F*(y,α)-F*(x,α)=ÑF*(x,α)T(y-x). (13)

wherex=x+λ(y-x)forsomeλ∈(0,1).From(12)and(13),wehave
0≤ÑF*(x,α)T(x-x). (14)

Ontheotherhand,from(11),itfollowsthat0~⪯Ñ
~
F(x)T(x-x),whichimpliesthat0

~≺Ñ
~
F(x)T(x-x).

Then,foreachα∈[0,1],0<F*(x,α)T(x-x),whichcontradictsto(14).
TheproofofTheorem2iscompleted.
Remark2 Theorem2generalizesKaramardianandSchaible’sresult(Proposition4.1in[22])tofuzzy

mappingcase.

4Quasiconvexityoffuzzymappings
Inthissection,weestablishanequivalentconditionofadifferentiablequasiconvexfuzzymapping.

Theorem3 Fisaquasiconvexfuzzymappingifandonlyifforeachx,y∈K,0~≺Ñ
~
F(x)T(y-x)implies

that0~⪯Ñ
~
F(y)T(y-x).

Proof SupposethatFisaquasiconvexfuzzymapping.Letx,y∈Kbesuchthat

0~≺Ñ
~
F(x)T(y-x). (15)

TherelationF(y)⪯F(x)isnotpossible.Otherwise,itwillimplythatÑ
~
F(x)T(y-x)⪯0

~,accordingtoLem-
ma2,whichcontradictsto(15).Fromthecompatibility,        

F(x)≺F(y). (16)

FromLemma2and(16),itfollowsthatÑ
~
F(y)T(x-y)⪯0

~,i.e.,0~⪯Ñ
~
F(y)T(y-x).

Conversely,assumethatFisnotaquasiconvexfuzzymapping.Then,thereexistsα∈[0,1],suchthat
F*(y,α)≤F*(x,α)<F*(x,α),orF*(y,α)≤F*(x,α)<F*(x,α).Withoutlossofgenerality,weassume
that   F*(y,α)≤F*(x,α)<F*(x,α). (17)

Bythemean-valuetheorem,thenthereexistz1,z2suchthat
F*(x,α)-F*(x,α)=ÑF*(z1,α)T(x-x), (18)

F*(x,α)-F*(y,α)=ÑF*(z2,α)T(x-y), (19)
where   z1=x+λ1(y-x),z2=x+λ2(y-x),0<λ1<λ<λ2<1. (20)

From(17),(18)and(19),itfollowthat0<ÑF*(z1,α)T(x-x),0<ÑF*(z2,α)T(x-y).Thus,(20)yields
     0<ÑF*(z1,α)T(z2-z1),    (21)      0<ÑF*(z2,α)T(z1-z2), (22)

Ontheotherhand,from(20)andthehypothesis:foreachx,y∈K,0~≺Ñ
~
F(x)T(y-x)impliesthat0

~⪯

Ñ
~
F(y)T(y-x).Weobtainthat0

~⪯Ñ
~
F(z2)T(z2-z1).Hence0≤ÑF*(z2,α)T(z2-z1),whichcontradictsto

(22).
TheproofofTheorem3iscompleted.
Remark3 Theorem3generalizesKaramardianandSchaible’sresult(Proposition5.2in[22]tofuzzy

mappingcase.
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运筹学与控制论

广义凸模糊映射的若干等价条件

刘学文,张 成,何 豆

(重庆师范大学 数学学院,重庆401331)

摘要:在本文中,证明了F 是(严格)伪凸模糊映射当且仅当Ñ
~
F 是(严格)伪单调的,F 是拟凸模糊映射当且仅当Ñ

~
F 是拟单调的等

几个广义凸模糊映射的等价条件。在模糊数学规划中,这些结果在检验模糊映射的广义凸性以及刻画其解集时,将会产生非常重

要的作用。

关键词:伪凸模糊映射;严格伪凸模糊映射;拟凸模糊映射

(责任编辑 方 兴)
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