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Abstract:weproposeapreconditionedoftheGill-Murrayforceddefinitemethod,whichforcesasymmetricindefinitema-
trixtoapositivedefinitematrix.Thenthesplittingisusedtoconstructaniterativemethod,thatisthecoefficientmatrix
ismultipliedbyapreconditionedmatrixP,thenthecoefficientmatrixissplitandgetaniterativematrix,TheIteration
methodisusedforsolvingthesaddlepointproblemswhich(1,1)blockisindefiniteinthecoefficientmatrix.Undersuit-
ableconditions,weprovetheconvergenceofthenewpreconditionediterativemethod.Finally,thispapershowsthatthe
resultingnewpreconditionedmethodleadstofastconvergence.
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1Introduction
Inthispaper,weconsidertheiterativesolutionfortwobytwoblocklinearsystemoftheform
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whereA∈Rn×n,issymmetricindefinite,B∈Rm×n(n≥m)hasrowfullrank,thatisrank(B)=m,vectorsx,
f∈Rn,y,g∈Rm.Undertheseassumptions,theabove(1)hasauniquesolution.Thislinearsystemiscalled
asaddlepointproblem.

Saddlepointproblemsarisesinmanydifferentapplicationsscientificcomputingfieldsandengineeringap-
plicationsfieldssuchasconstrainedoptimization,computationalfluiddynamics,mixedfiniteelementmethods
forsolvingellipticpartialdifferentialequationsandStokesproblems,constrainedleast-squaresproblems,
structureanalysisandsoforth[1-8].WhenA∈Rn×nisasymmetricpositivedefinitematrixinthelinearsystem
(1),thisproblemmanypapershavediscussed[9-10].
Inthispaper,apreconditionedoftheGill-Murrayforceddefinitemethodisconsideredforsolvingthesad-

dlepointproblemwithsymmetricindefiniteA∈Rn×n,theremainderofthepaperisorganizedasfollows.In
section2,weproposepreconditionediterativemethod.Insection3,wediscusstheconditionsforguaranteeing
itsconvergence.Insection4,isgiventoshowthenewmethodisfeasibleandefficient.

2Preconditionediterativemethod
Inthissection,wepresentapreconditionediterativemethodforthesaddlepointproblem (1)whenA∈
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Rn×n,issymmetricindefinite.
Forthesakeofsimplicity,werewritethesaddlepointsystem(1)as
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TheGill-Murrayforceddefinitemethodhasbeenproposed[6],whichconstructthefollowingmatrixsplit-
ting
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MultiplyingbothsidesofthelinearsystemwithleftpreconditionedmatrixP̂=
P 0
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,thenwehave

PA PBT

-B
é

ë

ê
ê

ù

û

ú
ú0

é

ë
ê
ê

ù

û
ú
ú

x
y
=

Pf
-

é

ë
ê
ê

ù

û
ú
úg
. (4)

LetA∈Rn×n,besymmetricindefinite.ThenfromtheGill-Murrayforceddefinitedecomposition[1],there
existsadecompositionwhichforcedpositivedefinite,i.e.

A=LDLT-E (5)

WhereLisidentitylowertriangular,Dispositivediagonal,andLDLTissymmetricpositivedefinite,Eisdiag-
onal.

From(5),letP=(LDLT)-1,weusethedecomposition(4)toconstructthefollowingmatrixsplitting
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WhereQissymmetricandnonsingular,
I 0
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isnonsingular.

Byusingthesplitting(7),weproposethefollowingiterativemethodforsolving(2)
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Thisiterativemethodcanbewrittenasfollowingalgorithm.
Algorithm
StepⅠ UsingtheGill-Murrayforceddefinitealgorithm[1],producethedecompositionA=LDLT-E;
StepⅡ ChoosematricesM∈Rm×n,P∈Rn×n,andM,constructmatrixsplitting(6);
StepⅢ Giveninitialvectorsx0∈Rnandy0∈Rm,fork=0,1,2,…,{(xk

T,yk
T)T}isproducedbythe

followingscheme
xn+1=(LDLT)-1Exn-(LDLT)-1BTyn+(LDLT)-1f
yn+1=yn-Q-1(M-B)xn+1+Q-1Mxn-Q-1{ g

; (8)

TheiterationmatrixisG=
I 0
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3Convergenceanalysis
Inthefollowing,wediscusstheconvergencepropertyoftheiterativemethod(8).Letρ(G)denotethe

spectralradiusoftheiterativematrixG.Thenthismethodconvergesifandonlyifρ(G)<1.Letλbean
eigenvalueofGand(uk

T,vk
T)Tbethecorrespondingeigenvector,thatis
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orequivalently
(LDLT)-1Eu-(LDLT)-1BTv=lu
[M-l(M-B)]u=(l-1)Q{ v

. (10)
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Lemma[3] Bothrootsofthequadraticequationx2+bx+c=0havemoduluslessthanoneifandonlyif
︱c︱<1and︱b︱<1+c.

Now,wepresenttheconvergencetheorem.
Theorem AssumethatA∈Rn×nissymmetricindefiniteandA=LDLT-E,whereLisidentitylowertri-

angular,Dispositivediagonal,Eisdiagonal,B∈Rm×n(n≥m)hasfullrowrank,Qarenonsingularandsym-
metric.LetλbeaneigenvalueofGand(uT,vT)Tbethecorrespondingeigenvector,thentheiterativemethod
(8)isconvergentifandonlyif

αmax+βmax <1
0<γ<2(1+αmax+βmax{ )

, (11)

whereα=u
(LDLT)-1EuT

uTu
,β=

uT (LDLT)-1BTQ-1Mu
uTu

,γ=u
T (LDLT)-1BTQ-1Bu

uTu andαmax,βmaxarethelargest

eigenvaluesof(LDLT)-1Eand(LDLT)-1BTQ-1M.
Proof From(10),wehave(λ-1)v=(1-λ)Q-1Mu+λQ-1Bu,and

(λ-1)(LDLT)-1Eu-(1-λ)(LDLT)-1BTQ-1Mu-λ(LDLT)-1BTQ-1Bu=λ(λ-1)u. (12)

MultiplyingbothsidesofthisequationfromleftwithuT

uTu
,wehave
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Thatisλ2- 1+α+β-( )γλ+α+β=0.

Fromtheabovelemma,︱λ︱<1ifandonlyif
α+β <1
1+α+β-γ <1+α+{ β

.

Hencetheiterationmethod(8)convergesifandonlyif
αmax+βmax <1
0<γ<2(1+αmax+βmax{ ).

Theproofofthetheoremiscompleted.

4Numericalexample
Inthissection,wegiveanumericalexampletoshowthattheiterationmethod(8)isfeasibleandeffec-

tive.
Example LetA=(aij),B=(bij),where
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0,
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.

Thentheconditionsoftheabovetheoremaresatisfied.Weuseazeroinitialguessandstoptheiterationas
soonastherelativeresidualislessthan10-5,thecorrespondingnumericalresultsarelistedinTab.1.

Tab.1 Thespectralradiiandthesecondsneededforconvergence

N ρ(G) CPU IT

50 0.0856 0.0630 310

100 0.0856 0.2820 335

150 0.0856 0.7730 452

InTab.1,welistthespectralradiusρoftheiterativematrixG,ITdenotestheiterationstepsandthesec-
ondsneededforconvergenceoftheiterationmethod(8)fordifferentvaluesofN.Tab.1showsthattheitera-
tivemethod(8)isconvergent,andthenewmethodiseffective.
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解(1,1)块不定鞍点问题的预条件分裂方法

程 军

(曲靖师范学院 教师教育学院,云南 曲靖655011)

摘要:提出了一类吉尔-默里强迫正定的预条件方法,该方法是使一个对称不定矩阵强迫分裂出一个正定矩阵,然后用该分裂方法

构造一个迭代方法用于求解在系数矩阵中(1,1)块为不定的鞍点问题,在合适的条件下,证明了新的预条件迭代法的收敛性,最后,

数值算例表明新预条件方法具有的收敛性。

关键词:对称不定;吉尔-默里强迫正定方法;预条件
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