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Abstract: By using a fixed point theorem of a sum operator, the positive solution of nonlinear fractional differential equation

—Dsyu(O)=fult)), 0<t<<1l, 2<Ca<<3 ) ) )
boundary value problem: , , is studied. where D%. is the standard Riemann-
u(0)=u" (0)=u (1)=0
Liouville fractional derivative and f(t,u(t))= g(t,u(t))+h(t,u()) and g,h:[0,1]1X[0,0)—>[0,0) are continuous and
increasing with respect to the second argument. Its existence and uniqueness is proved. and an iterative scheme is construc-
ted to approximate it. Finally, the example is given to illustrate the result.

Key words: fractional differential equation; boundary value problem; positive solution; existence and uniqueness; fixed

point theorem of a sum operator

FESES.0175.12 XEKFRERD A XEHE.1672-6693(2015)01-0096-06

1 Introduction

Fractional differential equations are used in mechanics, physics, chemistry, engineering, economics and

1

biological sciences fields, etc. ''*. Recently, there are many papers discuss positive solutions for nonlinear frac-

tional differential equation boundary value problem. Its existence and multiplicity is studied by using of Leray-

[10-14

Shauder theory, fixed-point theorems, etc. 1. However, there are few papers consider its existence and u-

niqueness "%,
In this paper, we consider the existence and uniqueness of positive solution for nonlinear fractional differ-
ential equation boundary value problem:
—Diyu()=f(t u(2)),0<t<1,2<a<3, D
u(0)=u"(0)=0u"(1)=0. (2)
where f(t,u(t))=gt,u(t))+h(t,u(t)),and Dj; is the standard Riemann-Liouville fractional derivative.
When h(z,u(£))=0, Zhao Y, Sun S and Han Z"" investigated the positive solutions for the problem (1)

and (2). Its existence is proved by means of the lower and upper solution method and fixed-point theorem. They
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present the following result.

Theorem 1''°)  The fractional boundary value problem (1) and (2) has a positive solution « if the follow-
ing condition is satisfied: (H,) f(z,u) € C([0,1]X[0,+22),R") is nondecreasing with respect to u, f(¢,p(1))Z
0 for t€ (0,1) and there exists a positive constant #<1 such that & f (z,u)<<f(t,ku), VY 0<<k<<1,wherep(s) =

(A=) P —(—s) !
I'(e)

(=)t
I'(a)

Theorem 2% Suppose f(z,u) is continuous on [0,1]X[0,+°°) and there exist constants 0<a<b<c
such that the following assumptions hold: (B1) f(t,u)<<Ma,for (t,u) €[0,1]X[0.a]; (B2) f(t,u)=Nb,for
(tow) €[1/4,3/41X[bsc];(B3) ft,u)<Mc,for (t.,u) E[0,1]X[0,c].

Then the boundary value problem (1) and (2) has at least three positive solutions u; su, »u; with

max |u, (1) | <<a,b<< min |u, (1) | <<max|u, (1) | <c.a<"max|u; ()| <c, min |us ()| <b.
1 3 1 3

Jots<wr=<1

1

J G(tys)ds and G(¢,5)=
0

IS |

0==r<1

(S

0<<r<1 3

1<
sy

TSIST
In this study, our work is to extend and improve the main results of the paper [10]. By means of a fixed
point theorem for a sum operator, we get the existence and uniqueness of positive solutions for problem (1)

and (2). Meanwhile, an iterative scheme is constructed to approximate this unique solution.

2 Preliminaries and previous results

Definition 1/ The integral I, f(2) :F(la) Jl C f([t)) — dt,2>0,where a=>0 and I'(a@) denotes the gam-
0 X —

ma function, is called the Riemann-Liouville fractional integral of ordera.

Definition 2°) For a function f(x) given in the interval [0,2°), the expression

Dy fla) =— b ( d ) J _ SO,

Fh—o \dz) Jo (x—p
where n=[a ]+ 1,[a] denotes the integer part of number «, is called the Riemann-Liouville fractional derivative
of order a.
Lemma 177 Let y€C[0,1] and 2<<a<{3. The unique solution of problem
—Diyu() =y () ,0<¢r<1, (3)
w(O)=u(0)=u"(1)=0, 4
1
is u(t) :J G(t,9)y(s)ds,t € [0,1] ., where
0
a—1 __a—2 ___ a1
(1 s)F(a) (t—s) 0<s<s<1

G(t,s)= o (5)

a—1 a2
% L0 r<s<C1

Here G(t,s) is called the Green function.

Lemma 2 The Green function G(z,s) in Lemmal has the following property:

L (125G, <

1 a—1 a2 .
I'(a) F(a)z (1= for t,s€ (0,1). (6

Proof Evidently, the right inequality holds. So we only show that the left inequality.
If 0<{s<<t<{1,then we have 0<{t—s<<t—ts=(1—s)t, and thus (z—s) '<<(1—s)“ 't 1,

) — 1 11— Ye 2 (p— e 1> 1 e=1(1__Yae—2 __ ja—1¢7 __ ya—1T]__
Hence G(t,s) F(a)[t (1—s) (t—s) ]/F(a)[t (1—s) (1= ]
-t e =l ey
I'(a) ) ’ I'(a) ) o
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1 _ _ 1 _ _
<< p ) — a—1 )« 2> a—1 Bk 2«_'
If 0<<t<{s<(1, then we have G(¢,s) F(a)t (1—s) F(a)t (1—s) %s

So the left inequality also holds.

A non-empty closed convex set PCE is a cone if it meets:i) x&€ P,A=>0=>Ax€ P; ii) x&€P,—x€ P>xr=
6. Suppose (E, || « || ) is a order Banach space, if a cone PCE,i. e. 2<<y if and only if y—x€ P. If 2y and
27y, then we denote x<y. We denote the zero element of E by 6.

Putting P°={x € P|x is an interior point of P}, a cone P is said to be solid if P° is non-empty. If there is
a positive constant N>>0 such that, for all x,yE E,0<<x<<y implies ||z [| <N | y || , P is called normal; N is
called the normality constant of P.

If x<\y implies Ax<CAy, we say that an operator A:E—FE is increasing.

For all x,y€ E, the notation 2~y means that there exist A”>0 and x>0 such that Aa<Xy<px. Clearly ~
is an equivalence relation. Given w>>0(i. e. w=0 and w##0), we denote the set P, ={x € E|x~w} by P,. It is
easy to see that P,CP for w€& P.

Theorem 3"'%"  Let P be a normal cone in a real Banach space E,A:P—P be an increasing y-concave opera-
tor and B:P—P be an increasing sub-homogeneous operator. Assume that:

(1) there is w>0 such that Aw& P, and Bw& P ;

(i1) there exists a constant 8, >0 such that Ax=6,Bx, Y x€ P.

Then operator equation Axr+Bx=ux has a unique solution x * in P,. Moreover, constructing successively the
sequence y,=Ay, 1 +By, ,n=1,2,+- for any initial value y, € P,,, we have y,—~>x" as n—>co,

Remark 1 When B is a null operator, Theorem 3 also holds.

3 Main results

In this section, we apply Theorem 3 to investigate the problem (1) and (2), the new result on the exist-
ence and uniqueness of positive solution is obtained.

In this paper, we will work in the Banach space C[0,1]={x:[0,1]—>R is continuous} with the standard
norm || z || =sup{lx()|:t€[0,1]}. Notice that this space can be endowed with a partial order given by x,y€&
Cl0,1 ], x<y=x(t)<<y() for t€[0,1].

Let P={x€C[0,1]|x(t)=0,t€[0,1]} be the standard cone. Evidently, Pis a normal cone in C[0,1] and
the normality constant is 1.

Theorem 4 Assume that

(H1) g,h:[0,1]X[0,00)—>[0,90) are continuous and increasing with respect to the second argument,
h(t,0)F0;

(H2) there exists a constant Y€ (0,1) such that g(z,A2) =g (t,2), YVt€[0,1],A€ (0,1),2€[0,0)
and h(t,px)=ph(t,2) for € (0,1),2€[0,1],2€[0,90);

(H3) there exists a constant §,>0 such that g(z,2)=8,h(t,2),tE[0,1],2=>0.

Then problem (1) and (2) has a unique positive solution «* in P, , where w()=¢t"""', t€[0,1]. Moreo-

ver, for any initial value u, € P, , constructing successively the iterative scheme
1
Uy (t) :J G(tvS)f‘(SvU,,(S))dSa?’l :031929'" ’
0

we have u, (1)—>u" (t) as n—><°, where G(¢,s) is given as (5).

Proof To begin with, from Lemma 1, the problem (1) and (2) has an integral formulation given by
1 1
u(e) :J G(tys) f(ssuls))ds :J Gt s)[gCruls)) +hs,uls))1ds,
0 0

where G(¢,s) is given as in Lemma 1.

Define two operators A; P—~E and B:P—F by
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1 1
Au(f) :J G(l‘,s)g(s,u(s))d\aBu(t) :J G(t,.\')h(«\‘au(é'))ds.

It is easy to prove that u is the solution of problem (1) and (2) if and only if u=Au-+ Bu.

By assumption (H1) and Lemma 2, we know that A: P—>P and B: P—P. In the sequel we check that A,B
satisfy all assumptions of Theorem 3.

Firstly, we prove that A,B are two increasing operators.

In fact, from (H1) and Lemma 2, for u,v€ P with u=v, we know that u(¢) =v(t),+&E[0,1] and obtain
1 1
Au(t) :J G(ys)g(s,uls))ds EJ G(t,s)g(s,v(s))ds =Av(¢) . That is,Au—=Awv. Similarly, Bu=—=Bwv.
0 0

Next we show that A is a y-concave operator and B is a sub-homogeneous operator.

In fact, for any A€ (0,1) and u€ P, from (H2) we know that
1 1
AQu) (D) :J G(t,s)g(s,u(s))ds >A7J G(t,s)g(ssuls))ds =2"Au(t).

That is, AQQu) =1"Au for A€ (0,1),u€ P. So the operator A is a Y-concave operator. Also, for any x€ (0,
1) and u&€ P,by (H2) we obtain

1 1
B () () :J Gy hCsspu (5))ds >pJ G(tys)h(ssuls))ds =pBu(t),

That is, B(uu) =pBu for £€ (0,1),u€ P. So the operator B is a sub-homogeneous operator.
Now we show that Aw& P, and Bw& P, , where w(zt)=¢"",
By (H1) and Lemma 2,

1 1
Aw (1) :J G(t,s)g(s,w(s))ds < Lw(z‘) J (1—9"2g(s,ds,
0 F(a) 0

1 "1
Aw (1) :J G(,s)g(s,w(s))ds = Lw(/f) J s (1—9)7g(s,0)ds.
0 F(a) 0

From(H1) and (H3),we have g(s,1)=>g(s,0)=6,h(s,0)=0.
"1 1 1
Since h(t,0)70,we can getJ g(s,1ds EJ g(s,0)ds = 0, j h(s,0)ds > 0, and in consequence,
0 0 0

_IJT ez (. ‘ _IJ' ez )
ll:il"(a) 0.s(l s) g(.s,O)d.s>O,[2;—P(a) O(1 ) Pgls,1)ds > 0.

So Lw(t) LAw(H)<lL,w(t), t€[0,1]; and hence we have Aw€ P,,. Similarly,

1 1
ﬁw(t) Ls (1—9h(s,0)ds < Bw (1) < ﬁw(z‘) JO (1—9)"*h(s,1)ds,

From h(1,0)70, we easily prove Bw€ P.,. Hence the condition (i) of Theorem 3 is satisfied.
1 "1
For u€ P, by (H3), Au(t) :J G(ys)g(s,uls))ds = 6, J G(tss)h(s,u(s))ds =0,Bu(z) . Then we get
0 0

Au=8,Bu,u€ P.

Finally, by means of Theorem 3, the operator equation Au-+ Bu=u has a unique positive solution «” in
P.,. Moreover, constructing successively the iterative scheme u, =Au,—, +Bu,—1, n=1,2,+ for any initial val-
ue u, € P, we have u,—~>u" as n—>°°, That is, problem (1) and (2) has a unique positive solution «* in P,,.

For any initial value u, € P.,, constructing successively the iterative scheme
1
u,r (1) :J G(t,s) f(sou,(s))ds,n=0,1,2,°+,
0

we have u,—~u" as n—>coo,

Corollary 1  When A(z,u(7))=0,assume that

(H4) g:[0,1]X[0,00)—>[0,°°) is continuous and increasing with respect to the second argument,
g(t,0)F0;

(H5) there exists a constant Y€ (0,1) such that g(z,Ax) =g (t,2), V€ [0,1],A€(0,1),2E[0,00),
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Then problem

wu(0) =4 (0)=u"(1)=0

has a unique positive solution «” in P, ., where w(z)=¢""',t€[0,1]. Moreover, for any initial value u, € P.,,

{D‘3+ u(t) = f(tu()),0<+<1,2<Ca<<3

constructing successively the iterative scheme
"1
w1 (1) :J G(tys) f(sou, (s))ds,n=0,1,2,+-+,
0

we have u, (1)—>u” (¢t) as n—>°°, where G(¢,s) is given as (5).

Remark 2 By Remark 1 and Theorem 4, Corollary 1 is obvious. The unique positive solution is not con-
sidered in Theorem 1 and Theorem 2; Corollary 1 gives the existence and uniqueness. Moreover, the unique
positive solution «* we obtain satisfies: (i) there exist A=>p >0 such that p*'<<u” <A*',2€[0,1], (i) we

can take any initial value in P, and then construct an iterative scheme which can approximate the unique solu-

tion.

4 Example

We present one example to illustrate Theorem4.

Example 1 Consider the following problem:

—Diu(l):u% () +arctan u(l)+lz+l+%

w0 =u"(0)=u"(1)=0

oS
2

In this example, we have a=

(D

et g() =t (D15 A =aretan (D +1 ,y=%. Obviously.

gsh:[0,1]1X[0,00)—>[0,9°) are continuous and increasing with respect to the second argument, h(z,0) =¢*%

0. Besides, for t€[0,1],A€(0,1),2€[0,2°), we have

1

g(t,m:ﬁu%<t>+t+§>ﬁu%<t>ﬂ% (z+§j =27 (u%<z>+z+§):mg<t,u>;

and for t€[0,1],.€ (0,1),2€[0,°°), we have arctan (uu)=parctanu, and thus h(t,pu) =ph(t,u).

Moreover, if we take §, € (0,1], then we obtain

gt u) =u%(t)+l+%>t+%>ﬁ+arctan u=0, (t* tarctan u) =0,h (tsu).

Hence all the conditions of Theorem 4 are satisfied. An application of Theorem 4 implies that problem (7) has

a unique positive solution in P, , where w(t)=tz, t€[0,1].
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