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Abstract:Conjugategradientmethodhasplayedaspecialroleforsolvinglargescaleoptimizationproblemsduetothesim-

plicityofitsiteration,convergencepropertyanditslowmemoryrequirement.Inthispaper,anewspectralconjugategra-
dientmethodispresentedthroughimprovingconjugateparameterβRMILk ofpaper.Thesearchdirectiongeneratedbythis

methodateachiterationisalwaysadescentdirection.Undersomeappropriateconditions,theproposedmethodisglobally
convergentwithbothArmijolinesearchandWolfelinesearch.Numericalexperimentsshowthatthismethodisefficient

andfeasible.
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Considerthefollowingunconstrainedoptimizationproblem
min f(x),x∈Rn, (1)

wheref(x):Rn→R1isacontinuouslydifferentiablefunctionanditsgradientisdenotedbyg(x)=∇f(x).
Conjugategradient(CG)methodisamostfamousiterativemethodforsolvinglargescaleproblem(1),

characterizedbythesimplicityofitsiterationanditslowmemoryrequirements.Theiterativeformulaofthe
CGmethodisgivenby

xk+1=xk+αkdk,k=0,1,2,… (2)

dk=
-gk,k=0,

-gk+βkdk-1,k≥1{ ,
(3)

inwhichαkisthestep -sizeobtainedbysomelinesearch,dkisthesearchdirection,βkisascalarcalledthecon-
jugateparameter,andgk=∇f(xk).ComparedwithNewtonmethod[1-2],theCGmethoddoesnotneedto
computeandstorematrices.However,thereexistmanytheoreticalandcomputationalchallengestoapplythe
CGmethodintosolvingproblem(1).Thesechallengesconcerntheselectionofinitialdirection,thecomputa-
tionofαkandβk,andsoforth.

Correspondtodifferentβk,themostwell-knownformulasareFR,PRP,HSandDY[3],whichβkarespeci-
fiedby

βFRk =
gk

2

gk-1
2,βPRPk =g

T
k(gk-gk-1)

gk-1
2 ,βHSk =

gT
k(gk-gk-1)

(gk-gk-1)Tdk-1
,βDYk =

gk
2

(gk-gk-1)Tdk-1

respectively.
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Sofar,manyresearchershavediscussedtheCGmethod.Weietal[4]presentedaVPRPmethodinwhich

βkisgivenby

βVPRPk =
gk

2- gk
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2 . (4)

TheVPRPmethodisgloballyconvergentundersomelinesearchessuchastheexactlinesearch,theWolfeline
searchandtheGrippo-Lucidilinesearch.Huangetal[5]modifiedβVPRPk

[4]asfollows

βNPRPk =
gT
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2 ,μ≥0. (5)

Ifμ=0,thenβVPRPk =βNPRPk .Therefore,theNPRPmethodnotonlycontainsallthefeaturesoftheVPRP,

butpossessessufficientdescentpropertywithoutanylinesearchwhentheparameterμ>2.Rivaieetal
[6]pro-

posedanewRMILmethod,wheretheconjugateparameterβkisdefinedby

βRMILk =g
T
k(gk-gk-1)

dk-1
2 . (6)

Comparedtotheothermethodsundertheexactlinesearch,theRMILmethodhaveglobalconvergence,linear
convergencerateandthebestperformance.

Recently,BirginandMartinez[7]proposedaspectralconjugategradient(SCG)methodbycombiningthe
CGmethodandspectralgradientmethod[8],inherethesearchdirectiondkisgivenby

dk=
-gk,k=0,

-θkgk+βkdk-1,k≥1{ ,
(7)

whereθk=
sTk-1sk-1

sTk-1yk-1
isthespectralquotient,βk=

(θkyk-1-sk-1)Tgk

dT
k-1yk-1

,sk-1=xk-xk-1andyk-1=gk-gk-1.The

numericalresults[7]indicatethatSCGmethodismoreefficiencythanCGmethod.However,thesearchdirec-
tiondkintheSCGmethodisnotadescentdirection.Therefore,somemodifiedSCGmethodshavebeendevel-
oped.

Wanetal[9]proposedanewPRPspectralmethod,inwhichthedescentpropertyofthesearchdirectioncan
beguaranteed.Gaoetal[10]presentedanewhybridSCGmethod(HSCG),wherethespectralquotientθkand
theconjugateparameterβkaregivenby

θHSCGk =1+βHSCGk
gT

kdk-1

gk
2, (8)

βHSCGk =max{βIPRPk ,min{βFRk ,βPRPk }}, (9)

inwhichβIPRPk =
gk
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2 .TheHSCGmethodcontainsagoodconvergenceoftheFRmethod

andaperfectcomputationalefficiencyofthePRPmethod.
Inthispaper,weimprovetheconjugateparameterβRMILk andgiveanewsearchdirectiondk,whicharere-

spectivelydefinedby

βNRMILk =
gk
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2 ,μ>1, (10)

dk=
-gk,k=0,

-θNRMILk gk+βNRMILk dk-1,k≥1{ ,
(11)

whereθNRMILk =1+βNRMILk
gT

kdk-1

gk
2 .Then,anewSCGmethodcalledtheNRMILmethodisproposedanditsglob-

alconvergenceisproved.
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1NRMILmethodanditsdescentproperty
ThestepsofNRMILmethodareasfollows.
Step0:Givenconstants0<σ1<σ2<1,ρ∈(0,1),0<δ1<δ2<1,μ>1,ε>0.Chooseaninitialpoint,x0∈

Rn.Letk=0.
Step1:If gk <ε,thenthealgorithmstops.Otherwise,computedkby(11)andβNRMILk by(10).
Step2:Determinethestep -sizeαkbyArmijolinesearchorWolfelinesearch.
1)Armijolinesearchαk=max{ρj,j=0,1,2,…}satisfying

f(xk+αkdk)≤f(xk)+δ1αkgT
kdk-δ2α2k dk

2 (12)

2)Wolfelinesearch
f(xk+αkdk)-f(xk)≤σ1αkgT

kdk, (13)

g(xk+αkdk)Tdk≥σ2gT
kdk. (14)

Step3:Letxk+1=xk+αkdkandk=k+1.Returntostep1.
ThefollowingtheoremshowsthatNRMILmethodhasdescentproperty.
Theorem1 Supposethesearchdirectiondkisobtainedby(10)and(11),then

gT
kdk=- gk

2<0 (15)

holdsforallk≥0.
Proof Firstly,fork=0,sinced0=-g0,itisclearthat(15)istrue.
Secondly,fork>0,from(11),itfollowsthat

gT
kdk=-θk gk

2+βMRMIL
k gT

kdk-1=- gk
2-βMRMIL

k gT
kdk-1+βMRMIL

k gT
kdk-1=- gk

2.
Hence,gT

kdk=- gk
2<0holdsforallk≥0.Theproofiscompleted.

2TheglobalconvergenceofNRMILmethod
Thefollowingassumptionsareveryimportantfortheglobalconvergenceproperty.
Assumption1[11] f(x)isboundedfrombelowonthelevelsetΩ={x∈Rn:f(x)≤f(x0)},wherex0is

theinitialpoint.
Assumption2[11] InsomeneighborhoodNofΩ,g(x)isLipschitzcontinuous,thatas,thereexistsacon-

stantL≥0suchthat
g(x)-g(y)≤L x-y ,∀x,y∈N. (16)

ThefollowinglemmasareneededtoprooftheconvergenceofNRMIL.

Lemma1 Foranyk≥0,theinequalityβNRMILk ≤ gk
2

dk-1
2holds.

Proof From(10),itiseasytoproveLemma1.
Lemma2 SupposeAssumption1and2hold.ThereexistsaconstantT>0suchthatthestep -sizeαkcom-

putedbyArmijolinesearch(12)satisfies

αk≥T
gk

2

dk
2. (17)

Proof Firstly,forαk=1,from(15),thefollowinginequality
gk ≤ dk . (18)

holds.Then,(17)holdsforT=1.
Secondly,forαk≠1,thereexistaρ-1αk,suchthatthelinesearchrule(12)doesnothold.Then,itfol-

lowsthat
f(xk+ρ-1αkdk)-f(xk)>δ1ρ-1αkgT

kdk-δ2ρ-2α2k dk
2. (19)

Thereexistatk∈(0,1),suchthatxk+tkρ-1αkdk∈Nand
f(xk+ρ-1αkdk)-f(xk)=ρ-1αkg(xk+tkρ-1αkdk)Tdk=
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ρ-1αkgT
kdk+ρ-1αk[g(xk+tkρ-1αkdk)-g(xk)]Tdk≤ρ-1αkgT

kdk+Lρ-2α2k dk
2. (20)

Fromequality (15),inequality (19)and (20),weobtainαk≥
-(1-δ1)gT

kdk

ρ-1(L+δ2)dk
2=

(1-δ1)ρgk
2

(L+δ2)dk
2 =

T gk
2

dk
2,whereT=

(1-δ1)ρ
L+δ2 .Theproofofthedesiredresulthasbeencompleted.

Lemma3 SupposethatAssumption1and2hold.Thesearchdirectiondkisobtainedbyformula(10)and
(11),andthestep -sizeαkiscalculatedbythelinesearchrule(12)or(13),(14),thentheZoutendijkcondition

∑
∞

k=0

gk
4

dk
2 < ∞, (21)

holds.
Proof IfαkiscomputedbyArmijolinesearch(12),thenfk>fk+1and

δ2α2k dk
2-δ1αkgT

kdk≤fk-fk+1. (22)

whenfk>fk+1andAssumption1,itfollowsthatthesequence{fk}ismonotonedecreasingandhaslower
bound.Hence,thesequence{fk}converges.

Fromequality(15),inequality(17)and(22),itfollowsthat

fk-fk+1≥-δ1αkgT
kdk+δ2α2k dk

2≥-δ1αkgT
kdk≥Tδ1

gk
4

dk
2>0.

Then,Tδ1∑
+∞

k=0

gk
4

dk
2 ≤∑

+∞

k=0

(fk-fk+1)<+∞,theconclusion(21)holds.

IfαkiscalculatedbyWolfelinesearch(13)and(14),thenfrominequality(14),itfollowsthat
(gk+1-gk)Tdk≥(σ2-1)gT

kdk.
From(2)andLipschitzcondition(16),thefollowinginequality

(gk+1-gk)Tdk≤ gk+1-gk · dk ≤L xk+1-xk · dk =Lαk dk
2

holds.
Then,

αk≥
σ2-1

L
·gT

kdk

dk
2>0. (23)

Hence,byWolfecondition(13),equality(15)andinequality(23),itfollowsthat

fk-fk+1≥-σ1αkgT
kdk≥

σ1(1-σ2)
L

gk
4

dk
2>0. (24)

Combiningtheaboveinequality(24)withAssumption1,itisclearthatthesequence{fk}ismonotonedecrea-
singandhaslowerbound.Hence,thesequence{fk}converges.

Therefore,∑
m

k=0

gk
4

dk
2 ≤

L
σ1(1-σ2)

·∑
m

k=0

(fk-fk+1)<+∞.Theproofiscompleted.

Theorem2 SupposeAssumption1and2hold.Thesearchdirectiondkiscomputedby(10)and(11),and
thestep -sizeαksatisfiesArmijolinesearch(12)orWolfelinesearch(13)and(14),thenliminf

k→∞
gk =0

holds.
Proof Supposethatthereexistapositiveconstantc>0suchthat gk ≥cforallk.From (3),thefol-

lowingequality
dk

2=(βNRMILk )2 dk-1
2-2θkgT

kdk-θ2k gk
2, (25)

holds.
Dividingtheaboveequality(25)by gk

4,thentogetherwithLemma1andrelations(15)and(18),it
followsthat

dk
2

gk
4=

dk
2

(gTkdk)2=
(βNRMILk )2 dk-1

2

(gTkdk)2-
2θk

gT
kdk

-θ2k gk
2

(gTkdk)2=
(βNRMILk )2 dk-1

2
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(βNRMILk )2 dk-1
2

(gT
kdk)2+ 1

gk
2 ≤

gk
4

dk-1
4·

dk-1
2

gk
4 + 1

gk
2 ≤

1
dk-1

2+ 1
gk

2 ≤
1

gk-1
2+ 1

gk
2.

Hence, dk
2

gk
4 ≤∑

k

i=0

1
gi

2 ≤
k+1
c2 .Then,∑

∞

k=0

gk
4

dk
2 ≥∑

∞

k=0

c2
k+1=∞.

ThiscontradictstheZoutendijkcondition(21).Therefore,theTheorem2holds.

3Numericalexperiments
Thissectionprovidestheresultsofsomenumericalexperiments.AcomparisonismadeamongNRMIL,

HSCG[10],RMIL[6]andPRP[3]withMatlab7.0.Testproblemscomefrom [12-13].Thetestresultsforthe
fouralgorithmsareobtainedinTab.1andTab.3respectivelywithArmijolinesearch(ρ=0.49,δ1=0.001,

δ2=0.01,μ=1.5)andWolfelinesearch(σ1=0.30,σ2=0.75,μ=1.5).BasedonPRP,wecalculatetheaverageeffi-
ciency[14]ofeachmethod,whichareshowninTab.2andTab.4.ThefollowingnotationsisusedinTables.

Problem:thenameoftheproblem;Dim:thedimensionoftheproblem;NI/NF/NG:thenumberofitera-
tions,functionevaluationsandgradientevaluations,respectively.Thestoppingcriterionis gk ≤10-6and
NI>2000.

Tab.2 AverageefficiencyofthefourmethodswithArmijolinesearch

NRMIL HSCG RMIL PRP

0.3143 0.3473 0.6240 1

Tab.1 NumericalresultsofthefourmethodswithArmijolinesearch

Problem Dim
NRMIL HSCG RMIL PRP

NI/NF/NG NI/NF/NG NI/NF/NG NI/NF/NG

Bohachevsky2 2 26/171/27 46/312/47 35/535/36 37/867/38

Griewank 2 19/44/20 20/40/21 31/62/32 37/615/38

Zakharov 2 17/76/18 21/91/22 20/348/21 23/613/24

Rastrigin 2 23/215/24 32/335/33 14/176/15 22/564/23

Trecanni 2 124/502/125 128/524/129 237/3514/238 286/4664/287

Himmelbau 2 31/230/32 39/309/40 38/702/39 36/861/37

GeneralizedGriewank 3 34/68/35 32/64/33 48/96/49 53/239/54

Schwefel’sProblem1.2 3 35/156/36 41/186/42 31/218/32 51/984/52

Fletcher 4 48/555/49 51/598/52 44/916/45 74/1692/75

ExtendedBeale 10 85/552/86 58/353/59 102/1702/103 207/3238/208

SphereModel 4 4/12/5 4/12/5 10/185/11 7/211/8

20 5/15/6 5/15/6 13/245/14 9/278/10

ExtendedDenschnf 20 26/260/27 46/461/47 30/403/31 40/960/41

Raydan1 50 87/267/88 82/312/83 94/812/95 77/807/78

100 140/570/141 97/447/98 126/994/127 187/1806/188

PerturbedQuadratic 20 51/317/52 60/427/61 63/1062/64 91/2063/92

50 89/653/90 88/722/89 81/1109/82 122/2113/123

100 166/1372/167 205/1856/206 131/1427/132 188/3252/189

Variablydimensioned 20 13/201/14 13/201/14 25/749/26 25/895/26

200 43/1125/44 46/1194/47 91/3295/92 83/3237/84

SumSquares 20 50/312/51 78/529/79 74/1445/75 83/1757/84

100 124/1029/125 123/1109/124 142/1751/143 183/3028/184

500 461/4831/462 305/3309/306 352/5202/353 433/9315/434

The average efficiency of the four
methodsinTab.1isshowninTab.2.

From Tab.2,average efficiency of
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NRMILmethodisobviouslysmallerthantheothers.So,NRMILmethodperformsthebestofthefourmeth-
odsunderArmijolinesearch.

Tab.4 AverageefficiencyofthefourmethodswithWolfelinesearch

NRMIL HSCG RMIL PRP

0.3288 0.4039 0.5117 1

Tab.3 NumericalresultsofthefourmethodswithWolfelinesearch

Function Dim
NRMIL HSCG RMIL PRP

NI/NF/NG NI/NF/NG NI/NF/NG NI/NF/NG

Bohachevsky2 2 21/190/43 26/241/54 23/275/49 26/425/54

Griewank 2 18/67/37 21/81/43 17/129/35 21/361/43

Zakharov 2 18/117/37 21/134/43 20/107/41 28/668/57

Booth 2 24/174/49 26/192/53 28/255/57 37/743/75

Matyas 2 17/68/69 17/68/69 26/427/124 33/872/101

Hosaki 2 8/24/17 8/24/17 18/234/37 15/300/31

McCormick 2 21/118/44 23/130/51 23/159/47 39/726/79

Fletcher 4 35/476/71 35/490/71 36/532/73 39/924/79

Himmelbau 10 19/131/39 20/145/41 20/190/41 29/475/59

PerturbedQuadratic 10 35/247/71 42/320/85 35/254/71 48/698/97

ExtendedRosenbrock 20 116/1355/234 245/2914/492 142/1917/286 275/6214/551

GeneralizedQuartic 50 23/136/47 24/147/49 23/326/47 33/1015/67

Raydan2 100 12/47/25 12/47/25 20/255/41 23/434/47

Variablydimensioned 10 14/214/29 14/214/29 21/603/43 27/993/55

100 15/454/31 15/454/31 22/906/45 29/1498/59

SphereModel 20 12/60/25 12/60/25 17/340/35 23/739/47

200 13/65/27 13/65/27 19/388/39 25/804/51

ExtendedDenschnf 20 20/247/41 27/341/55 20/324/41 39/1046/80

200 21/258/43 29/365/59 22/347/45 43/1115/88

ExtendedBeale 10 46/355/93 62/492/125 60/539/121 85/1242/171

200 54/416/109 68/533/137 62/555/125 89/1228/179

ExtendedWhite& Holst 500 241/3083/483 1039/13542/2079 281/3857/564 757/16342/1516

Thefollowingtable displaysaverage
efficiencyofthefourmethodsinTab.3.

Throughacomparativeanalysisofthe
fourmethodsfromTab.4,wereachacon-
clusionthatNRMILmethodperformsthebestofthefourmethodswithWolfelinesearch.

Accordingtotheabove,wedrawaconclusionthatconvergencepropertyofNRMILmethodisthebestof
thefourmethodsundernotonlyArmijolinesearchbutalsoWolfelinesearch.Consequently,NRMILmethod
isefficientandfeasible.

4Conclusions
ThispaperproposesNRMILmethodwhichhasadescentsearchdirectionandaglobalconvergenceunder

bothArmijolinesearchandWolfelinesearch.AlthoughNRMILmethodworkswellfromthenumericalex-
perimentresults,ithassomedisadvantages,suchas,wedon’tdiscusswhetherthechoicesoftheinitialpoints
aboutthetestfunctionsaffectthenumberofiterations,whetherthevalueoftheparameterμinβNRMILk influ-
encestheconvergencerateofNRMILmethod,andsoon.Therefor,ourfutureworkwillbeconcentratedon
studyingtheseaspects.
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运筹学与控制论

一种新的谱共轭梯度法及其全局收敛性

黄柳玉,高淑萍,张宝玉

(西安电子科技大学 数学与统计学院,西安710126)

摘要:共轭梯度法因具有迭代简单、收敛性和低内存等优点而在求解大型优化问题中发挥着重要作用。本文对已有文献中的共轭

参数βRMILk 进行改进,得到了一种新的谱共轭梯度法。该方法每步迭代产生的搜索方向具有下降性。在适当的条件下,该方法在

Armijo线搜索和 Wolfe线搜索下均具有全局收敛性。数值试验表明,该方法可行有效。

关键词:谱共轭梯度法;优化问题;Armijo线搜索;Wolfe线搜索;全局收敛性
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