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Abstract:Thispaperinvestigateduniquenessandasymptoticalstabilityofequilibriumpointforcomplex-valuedneuralnet-
workswithmultipletimedelays.BasedontheLyapunovfunctionalmethodandlinearmatrixinequalities(LMI),some
sufficientconditionsforasymptoticalstabilityoftheconsideredneuralnetworksarepresented.Finally,aillustrativeexam-
plesaregiventodemonstratethetheoreticalresults.
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Inrecentyears,therehavebeenincreasingresearchesinterestsinanalyzingthedynamicalbehaviorsof
neuralnetworksduetotheirwidespreadapplicationsinsignalprocessing,patternrecognition,engineeringop-
timization,andassociativememory,etc.,see[1-7].Meanwhile,someresearchershaveinvestigatedimpulsive
neuralnetworksanditsstability.Itiswellknownthattheapplicationsofneuralnetworksrelyheavilyonthe
dynamicalbehaviorsofthenetworks.However,timedelays,whichoftenoccurintheprocessingofinforma-
tionstorageandtransmission,maycreatebaddynamicalbehaviorsofthenetworks,forexample,oscillation,

instabilityandbifurcation[8-10].Hence,itisnecessarytostudythedynamicalbehaviorofdelayedneuralnet-
works,andagreatdealofsignificantresultshasbeenreportedintheopenliteratures.
Intheneuralnetworksapplication,complexsignalsarepreferable.Therefore,itisnotsurprisingtosee

thatcomplex-valuedneuralnetworks,whichdealwithcomplex-valueddate,complex-valuedweights,andneu-
ronactivationfunctions,havealsobeenwidelystudiedinrecentyears[11-13].Thus,itisimportanttostudythe
dynamicalbehaviorsofcomplex-valuedrecurrentneuralnetworks.Asweknown,toanalyzethestabilityof
neuralnetworks,therearevariousapproaches,suchasLyspunovfunctionmethod,energyfunctionmethod
andsynthesismethod.Complex-valuedneuralnetworkshavereceivedincreasinginterestduetotheirpromising
potentialforengineeringapplications.In[14],thefundamentalsoftheoryandapplicationsofcomplex-valued
neuralnetworksweredescribed.In[15-16],multilayerneuralnetworksbasedonmultivaluedneuronswere
considered.In[17-18],theoryandapplicationsoncomplex-valuedlearningalgorithmswerestudied.Mostof
thesemethodsarestillapplicabletothecomplex-valuedneuralnetworks,see,forexample[19-23].

Incomplex-valuedneuralnetworks,theiractivationfunctioncannotbebothboundedandanalytic.There-
fore,activationfunctionsaremainchallengeforcomplex-valuedneuralnetworks.Therearevarioustypesof
activationfunctionsincomplexdomain.Fordifferenttypesofactivationfunctions,weneeddifferentapproa-
chestostudytherelevantneuralnetwork,whicharequitedifferentfromthoseusedinreal-valuedneuralnet-
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works.Inthispaper,weconsideraclassofactivationfunctionsandsystematicallystudythestabilityproblem
andprovidesomeusefulresults.

Motivatedbythementionedabove,inthispaper,weshallconsiderthecomplex-valuedneuralnetworks
withtimedelay,whichsimultaneouslyconsiderthedelays,complex-valuedand.Somenewsufficientcriteria
willbederivedforasymptoticalstabilityofitsequilibriumpointbyconstructingsuitableLyapunovfunctional.
Thestabilityconditionsareviableinthedesignandanalysisofgloballystablecomplex-valuedrecurrentneural
networks,andareofgreatinterestinmanyapplications.

Thestructureofthispaperisoutlinedasfollows:InSection1,wewillinterpretthecomplex-valuedneu-
ralnetworksmodelandsomenotations.SomegloballyasymptoticallystableconditionsarepresentedinSec-
tion2.AillustrativeexamplesaregiventodemonstratetheeffectivenessoftheproposedapproachinSection
3.Finally,Section4concludesthearticle.

1Preliminaries
Inthispaper,anon-lineardelaydifferentialequationoftheformisfollowcomplex-valuedrecurrentneural

network
u̇(t)=-Cu(t)+Af0(u(t))+Bg0((u(t-τ))+I, (1)

whereu(t)=[u1(t),u2(t),…,un(t)]T∈Cnistheneuronstatevector,f0(u(t))=[f01(u1(t)),f02(u2(t)),…,

f0n(un(t))]Tandg0(u(t))=[g01(u1(t)),g02(u2(t)),…,g0n(un(t))]Taretheactivationfunctionswithoutand
withtimedelayswhoseitconsistofcomplex-valuednonlinearfunctions,τ=τij>0aretimedelaysparameters,

I=[I1,I2,…,In]T∈Cnistheexternalinputvector.C=diag(c1,c2,…,cn)∈Rn×nistheself-feedbackconnec-
tionweightmatrix,A=[aij]n×n∈Cn×nandB=[bij]n×n∈Cn×naretheconnectionweightmatrixwithoutand
withdelays,respectively.

Theinitialconditionassociatedwithneuralnetwork(1)isgivenby
ui(t)=φi(s),-τ≤s≤0,i=1,2,…,n,

whereRe(φi(s))andIm(φi(s))arecontinuouson[-τ,0].
Assumption1 Letz=x+iy,whereidenotestheimaginaryunit,thatisi2=-1.fj(u)canbeexpressed

byseparatingintoitsrealandimaginarypartas
fj(u)=f1j(x)+if2j(y),

wheref1j(x)∈Randf2j(y)∈R.f1j(x)andf2j(y)satisfiesthefollowingcondition:

0≤f1j
(α)-f1j(β)
α-β

≤ξj,

0≤f2j
(α)-f2j(β)
α-β

≤εj,∀α,β∈R,j=1,2,…,n. (3)

Fornotationalconvenience,wewillalwaysshiftanintendedequilibriumpointu*=[u*
1 ,u*

2 ,…,u*
n ]T∈Cn

ofsystem(1)totheoriginbylettingz(t)=u(t)-u*
1 ,whichyieldsthefollowingsystem:

z·(t)=-Cz(t)+Af(z(t))+Bg((z(t-τ(t))), (5)

wherez(t)=[z1(t),z2(t),…,zn(t)]T∈Cnistheneuronstatevector,f(z(t))=[f1(z1(t)),f2(z2(t)),…,

fn(zn(t))]Tandg(z(t))=[g1(z1(t)),g2(z2(t)),…,gn(zn(t))]Tdenotestheactivationfunctionvectorwith
fi(zi)=f0i(zi+u*

i )-f0i(u*
i )andgi(zi)=g0i(zi+u*

i )-g0i(u*
i ),i=1,2,…,n.Notethatfunctionfi(z(t))

andgi(zi(t))heresatisfycondition(3)and(4).
Lemma1 LetX,Y∈Rn,matrixP∈Rn×nandQapositivedefinitematrixwithappropriatedimensions,

thenwehavefollowinginequalityhold:

XTY+YTX≤XTQX+YQ-1Y.
Lemma2 (SchurComplement)LetXbeasymmetricmatrixgivenby
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X=
A B
BT

é

ë

ê
ê

ù

û

ú
úC
,

letSbetheSchurcomplementofAinX,thatisS=A-BC-1BT.
Letx(t)=Re(z(t)),y(t)=Im(z(t)),A1=Re(A),A2=Im(A),B2=Re(B),B2=Im(B),φ1(t)=

Re(φi(s)),φ2(t)=Im(φi(s));thenneuralnetwork(5)canberewrittenas

x·(t)=-Cx(t)+A1f1(x(t))-A2f2(y(t))+B1g1(x(t))-B2g2(y(t)),

y
·(t)=-Cy(t)+A2f1(x(t))+A1f2(y(t))+B2g1(x(t))+B1g2(y(t)). (6)

Theinitialconditionofneuralnetwork(6)isoftheform
xi(s)=φ1i(s)

yi(s)=φ2i(s{ )
,-τ≤s≤0,i=1,2,…,n.

Inthispaper,wealsousethefollowingnotations.LetAbeacomplex-valuedmatrix,A* denotesthe
complexconjugatetransposeofA.Letzbeacomplexnumber,z⌒denotesthecomplexconjugateofz.

2Stabilityanalysis
Inthesection,twocriteriaareobtainedforthestabilityofneuralnetworkwithtime-varydelaysviaLyapi-

novstabilitytheoremforfunctionaldifferentialequationsandlinearmatrixinequality(LMI)technique.
Theorem1 ThenetworkactivationfunctionsatisfyAssumption1.Then,neuralnetwork(1)isAsymp-

toticalstabilityifthereexistpositivedefinitematrixPandpositivedefiniteHermitianmatricesQ=Q1+iQ2,S
=S1+iS2,M=M1+iM2,andN=N1+iN2suchthatthefollowingLMIshold:

Λ=
Ω1 0
0 Ω

æ

è
çç

ö

ø
÷÷

2
>0, (7)

Where

Ω1=

Ξ1 PA1Σ1 PA2Σ1 PB1 PB2

* Q1 0 0 0
* * S2 0 0
* * * M1 0
* * * * N

æ

è

ç
ç
ç
ç
ç
çç

ö

ø

÷
÷
÷
÷
÷
÷÷

1

,Ω2=

Ξ2 PA1Σ2 PA2Σ2 PB1 PB2

* Q2 0 0 0
* * S1 0 0
* * * M2 0
* * * * N

æ

è

ç
ç
ç
ç
ç
çç

ö

ø

÷
÷
÷
÷
÷
÷÷

2

(8)

Ξ1=PC+PC-Σ1(Q1+S1)Σ1-Σ3(M1+N1)Σ3,Ξ1=PC+PC-Σ2(Q2+S2)Σ2-Σ3(M2+N2)Σ3.
Proof Toprovethetheorem1,wewilldividetotwosteps,

Step1:Weassumethatthesolutionz⌒≠(0,0,…,0)Tisalsoitsequilibrium,i.e.,

-Cz⌒+Af(z⌒)+Bg(z⌒)=0,

Multiplyingbothsidesofaboveequationby2z⌒*P,weobtain
-2z⌒*PCz⌒+2z⌒*PAf(z⌒)+2z⌒*PBg(z⌒)=0, (9)

Notingthat
2z⌒*PAf(z⌒)≤2Re(z⌒*PAf(z⌒))=x⌒TPA1f1(x⌒)+(f1(x⌒))TAT

1Px⌒-
x⌒TPA2f2(y⌒)-(f2(y⌒))TAT

2Px⌒+y⌒TPA1f2y⌒+(f2(y⌒))TAT
1Py+

y⌒TPA2f1(x⌒)+(f1(x⌒))TAT
2Py⌒≤(f1(x⌒))TQ1f1(x⌒)+

x⌒TPA1Q-1
1 AT

1Px⌒+(f2(y⌒))TS2f2(y⌒)+x⌒TPA2S-1
2 AT

2Px⌒+
 (f2(y⌒))TQ2f2(y⌒)+y⌒TPA1Q-1

2 AT
1Py⌒+(f1(x⌒))TS1f1(x⌒)+

y⌒TPA2S-1
1 AT

2Py⌒=x⌒(PA1Q-1
1 AT

1P+PA2S-1
2 AT

2P)x⌒+
(f1(x⌒))T(Q1+S1)f1(x⌒)+y⌒T(PA1Q-1

2 AT
1P+PA2S-1

1 AT
2P)y⌒+

(f2(y⌒))T(Q2+S2)f2y⌒≤x⌒T(PA1Q-1
1 AT

1P+PA2S-1
2 AT

2P+Σ1(Q1+S1)Σ1)x⌒+
  y⌒T(PA1Q-1

2 AT
1P+PA2S-1

1 AT
2P+Σ2(Q2+S2)Σ2)y⌒, (10)
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Similarly,wehavethat
2z⌒*PBg(z⌒)≤2Re(z⌒*PBg(z⌒))≤

x⌒T(PB1M-1
1 BT

1P+PB2N-1
2 BT

2P+Σ3(M1+N1)Σ3)x⌒+

y⌒T(PB1M-1
2 MT

1P+PB2N-1
1 BT

2P+Σ4(M2+N2)Σ4)y⌒. (11)

Introducing(10)and(11)to(9),wecanderive
-x⌒T(PC+CP-PA1Q-1

1 AT
1P-PA2S-1

2 AT
2P-Σ1(Q1+S1)Σ1)x⌒-

y⌒T(PC+CP-PA1Q-1
2 AT

1P-PA2S-1
1 AT

2P-Σ2(Q2+S2)Σ2)y⌒-
x⌒T(PB1M-1

1 BT
1P-PB2N-1

2 BT
2P-Σ3(M1+N1)Σ3)x⌒-

y⌒T(PB1M-1
2 MT

1P-PB2N-1
1 BT

2P-Σ4(M2+N2)Σ4)y⌒≤
-(x⌒TΘ1x⌒+y⌒TΘ2y⌒)≤-ΞTΛΞ≥0,

whereΞ=(x⌒T,y⌒T),Θ1=PC+CP-PA1Q-1
1 AT

1P-PA2S-1
2 AT

2P-Σ1(Q1+S1)Σ1+PB1M-1
1 BT

1P-PB2N-1
2 BT

2P-
Σ3(M1+N1)Σ3,Θ2=PC+CP-PA1Q-1

2 AT
1P-PA2S-1

1 AT
2P-Σ2(Q2+S2)Σ2+PB1M-1

2 MT
1P-PB2N-1

1 BT
2P-Σ4

(M2+N2)Σ4.
WhichimpliesΛ≤0.ItleadstoacontradictionwithEq.(7).Therefore,thereexistsuniqueequilibrium

ofsystem(1).
Step2:Toprovetheasymptoticalstabilityoftheoriginofsystem (1),weconstructthefollowingLya-

punovfunctional:

V(z(t))=z*(t)Pz(t)+∫
t

t-τ
(g1(x(s)))T(M1+N1)g1(x(s))ds+

 ∫
t

t-τ
(g2(x(s)))T(M2+N2)g2(x(s))ds

DerivingthederivativeofV(z(t)),wecanobtainthat
D+V(z(t))=z·*(t)(t)Pz(t)+z*(t)Pz·(t)+(g1(x(t)))T(M1+N1)g1(x(t))+
(g2(x(t)))T(M2+N2)g2(x(t))-(g1(x(t-τ)))T(M1+N1)g1(x(t-τ))-

(g2(x(t-τ)))T(M2+N2)g2(x(t-τ))=-z*(t)(CP+PC)z(t)+
z*(t)PAf(z(t))+(f(z(t)))TATPz(t)+z*(t)PBg(z(t-τ))+
(g(z(t-τ)))TBTPz(t)+(g1(x(t)))T(M1+N1)g1(x(t))+

(g2(x(t)))T(M2+N2)g2(x(t))-(g1(x(t-τ)))T(M1+N1)g1(x(t-τ))-
(g2(x(t-τ)))T(M2+N2)g2(x(t-τ)).

By(10)and(11),wehave
D+V(z(t))≤-z*(t)(CP+PC)z(t)+2Re(z*(t)PAf(z(t)))+
2Re(z*(t)PBg(z(t-τ(t))))+(g1(x(t)))T(M1+N1)g1(x(t))+

(g2(x(t)))T(M2+N2)g2(x(t))-(g1(x(t-τ)))T(M1+N1)g1(x(t-τ))-
 (g2(x(t-τ)))T(M2+N2)g2(x(t-τ))≤

-xT(PC+CP-PA1Q-1
1 AT

1P-PA2S-1
2 AT

2P-Σ1(Q1+S1)Σ1)x-
yT(PC+CP-PA1Q-1

2 AT
1P-PA2S-1

1 AT
2P-Σ2(Q2+S2)Σ2)y+

xT(PB1M-1
1 BT

1P+PB2N-1
2 BT

2P+Σ3(M1+N1)Σ3)x+
yT(PB1M-1

2 BT
1P+PB2N-1

1 BT
2P+Σ4(M2+N2)Σ4)y≤-(xTΘ1x+yTΘ2y)≤-Ξ′TΛΞ′,

whereΞ′=(xT,yT).
Hence,D+V(z(t))<0whenΛ>0.Then,bylemma2,Λ>0ifandonlyifLMI(7)holds,whichcom-

pletestheproofofthetheorem1.
Ifneuralnetwork(1)isnotcomplex-valued,thusitbecomescommonnetworks.Wewillgetfollowing

corollary.
Corollary1 ThenetworkactivationfunctionsatisfyAssumption1.Then,neuralnetwork(1)isAsymp-
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toticalstabilityifthereexistpositivedefinitematrixP,QandS,suchthatthefollowingLMIshold:

Λ′=
Ψ ATP BTP
* -Q 0
* * -

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

S
<0, (12)

whereΨ=-PC-PC+Σ1QΣ1+Σ2SΣ2.
Proof ToprovetheCorollary1,weconstructthefollowingLyapunovfunctional:

V(z(t))=zT(t)Pz(t)+∫
t

t-τ
(g(x(s)))TSg(x(s))ds

DerivingthederivativeofV(z(t)),wecanobtainthat
D+V(z(t))≤-zT(t)(CP+PC)z(t)+2zT(t)PAf(z(t))+2zT(t)PBg(z(t-τ(t)))×

(g(z(t)))TSg1(x(t))-(g1(x(t-τ)))TSg1(x(t-τ))≤
zT(t)(-PC-CP+PATQ-1AP+PBTS-1BP+Σ1QΣ1+Σ2SΣ2)z(t)<0,

Hence,D+V(z(t))<0whenΛ′<0.Then,bylemma2,Λ′<0ifandonlyifLMI(12)holds,whichcom-
pletestheproofoftheCorollary1.

3Numericalexamples
Inthissection,wewillpresentaexamplestoillustratetheeffectivesofourresults.Consideratwo-neuron

complex-valuedrecurrentneuralnetworkdescribedasfollows:

z·1(t)=c1z1(t)+∑
2

j=1
a1jfj(zj(t))+∑

2

j=1
b1jgj(zj(t-τij))+I1,

z·2(t)=c2z2(t)+∑
2

j=1
a2jfj(zj(t))+∑

2

j=1
b2jgj(zj(t-τij))+I2, (13)

Assumethatthenetworkparametersofneuralsystem(13)aregivenasfollows:

A=
-1.5+i -1-1.3iæ

è
ç

ö

ø
÷

-1-i -2+i
,B=

1+1.8i 1-iæ

è
ç

ö

ø
÷

-1+2.4i 1+2i
,C=

3 0æ

è
ç

ö

ø
÷

0 4
,

I1=-0.1+0.1i,I2=0.1-0.1i,I2=0.1-0.1i,τ11=0.5, τ11=0.4, τ11=0.3, τ11=0.6.
Weselecttheactivationfunctionisfollowing

fj(zj(t))=1-e
-xj

1+e-xj+i
1

1+e-yj
,gj(zj(t))=1-e

-yj

1+e-yj+i
1

1+e-xj
(j=1,2).

WeusetheMatlabLMIControlToolboxtosolvetheLMIsin(7),andobtainthefollowingfeasiblesolu-
tion

P=e-11
0.9113 -0.3645é

ë

ê
ê

ù

û

ú
ú-0.3645 0.7496
,Q1=e-11

0.0970 0.0045é

ë

ê
ê

ù

û

ú
ú0.0045 0.1137
,

Q2=e-11
0 0.9113é

ë

ê
ê

ù

û

ú
ú-0.9113 0
,S1=e-10

0.1092 -0.0702é

ë

ê
ê

ù

û

ú
ú-0.0702 0.1355
,

S2=e-11
0 0.9113é

ë

ê
ê

ù

û

ú
ú-0.9113 0
,M1=e-11

0.7955 0.0208é

ë

ê
ê

ù

û

ú
ú0.0208 0.8271
,

M2=e-11
0 0.9113é

ë

ê
ê

ù

û

ú
ú-0.9113 0
,N1=e-10

0.2157 0.0694é

ë

ê
ê

ù

û

ú
ú-0.0694 0.2333
,

N2=e-11
0 0.9113é

ë

ê
ê

ù

û

ú
ú-0.9113 0
.

Therefore,thedelayedneuralnetworkisasymptoticalstable..
Fig.1depictsthetimeresponsesofthevariablesoftheneuralnetworks(13)withinputI=(0.1+0.1i,

0.1-0.1i).
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Fig.1 Transientstatsoftheneuralnetworkinexample

4Conclusions
Recently,numerousworkshavebeenpublishedonthestabilityanalysisofvariousreal-valuedneuralnet-

works,littleattentionhasbeenpaidtotheinvestigationonthestabilityofcomplex-valuedneuralnetworks.
Thispaperhasfocusedonuniquenessandasymptoticalstabilityofequilibriumpointforcomplex-valuedneural
networkswithmultipletimedelayswithrespecttotheAssumption1activationfunctions.Somenewcriterions
forrobustofcomplex-valuedneuralnetworkswithtime-delayshasbeenpresentedthatestablishedanewtime-
independentrelationshipbetweenthenetworksoftheneuralsystem.Aillustrateexamplesaregiventodemon-
stratetheresults.Someresearchmethodsusedinothercomplex-valuedNNscouldbepracticable.
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复域时滞神经网络的渐近稳定

李 健 苹

(重庆广播电视大学,重庆400052)

摘要:对复域时滞神经网络的唯一性和在平衡点处的渐近稳定进行了研究,并基于Lyapinov函数方法和线性矩阵不等式(LMI),

复域时滞神经网络的一些渐近稳定的有效条件得到推导。最后通过一个有效的例子来验证了结论的有效性和正确性。
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