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Abstract: [ Purposes] Scheduling problems on a single batch processing machine have a wide range of practical applications,
and most of them are NP-hard. Single machine batch scheduling problems with common due date is a very important re-
search direction. [ Methods] By using the combinatorial optimization methods, the problems of scheduling jobs with a com-
mon due date on a single batch processing machine to minimize the number of tardy jobs and the total tardiness are studied.
[ Findings ] A polynomial time algorithm is presented for minimizing the number of tardy jobs and a pseudo-polynomial time
dynamic programming algorithm is proposed for minimizing the total tardiness. [ Conclusions] The research methods can
be applied to solve other batch scheduling problems with a common due date.
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Batch scheduling is motivated by many industrial manufacturing processes in which the machine can
process multiple jobs at the same time. Ikura and Gimplet” present a polynomial time algorithm to determine
whether a feasible schedule exists for a single machine batch scheduling problem with equal processing times,
agreeable release times and due dates. Polynomial time algorithms are developed for problems with agreeable
processing times and due dates to minimize maximum tardiness and number of tardy jobs in [2]. Li and Lee™
prove that problem with agreeable release dates and deadlines is strongly NP-hard. They develop polynomial
time algorithms for minimizing maximum tardiness and number of tardy jobs with jobs having agreeable release
dates, due dates and processing times. Baptiste:*! present polynomial time algorithms for single machine batch
scheduling problems of minimizing maximum tardiness, total tardiness and weighted number of tardy jobs

1. ) show that a single machine

when jobs have different release dates and equal processing times. Brucker et a

batch scheduling problem with deadlines is strongly NP-hard even if the jobs are released at the same time.
Given the NP-hardness of the single machine batch scheduling problems with different job due dates, in

this paper we study batch scheduling problems with a common due date to minimize the number of tardy jobs

and the total tardiness. The problem with a common due date is interesting since in reality the jobs released at
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the same time are usually assigned a common due date. In Section 1 we present a description of the model
under study., and introduce the notation that will be used in this paper. In Section 2 we provide a polynomial
time algorithm for problem of minimizing the number of tardy jobs. In Section 3 we propose a pseudo-polyno-
mial time dynamic programming algorithm for problem of minimizing the total tardiness. Finally, we draw

some conclusions and suggest directions for future research.

1 Notation

We have n jobs to be processed on a single batch processing machine, all of which are available at time
zero. The processing time of job J; is denoted by p, and the common due date by d. We assume that all the
jobs have been ordered in increasing order of their processing times such that p; << p,<<+-<p,.

A batch processing machine can process at most B jobs simultaneously. We call a batch is full if it com-

prise exactly B jobs; otherwise, we call it a partial batch. Let p(B;) denote the processing time of batch B;,

which is equal to the longest processing time of the jobs in this batch. Let | B;| denote the number of jobs in

batch B,.

Given a schedule, for job J;, we use C; to denote its completion time, its tardiness is defined as T; =
max{0,C;—d;}, and its unit penalty is defined as U; =1 if C;>d; and zero otherwise. In this paper we study
two scheduling objectives: 2U; and 2 T);.

We denote the scheduling problems by the three-field notation. For example, 1|B,d;=d| 2T, denotes the
problem of minimizing the total tardiness on a single batch processing machine with jobs having a common due

date.

2 Minimizing the number of tardy jobs

For single machine batch scheduling problem with a common due date, minimizing the maximum tardiness
is equivalent to minimizing the makespan, the completion time of the last batch, which can be solved by FB-
LPT (Full batch largest processing time) proposed by Bartholdi® in O(nlogn) time. The FB-LPT algorithm
first indexes the jobs in decreasing order of their processing times, then from the beginning assigns adjacent B

jobs into a batch until all the jobs have been assigned, and finally arranges the batches in any arbitrary order.
Problem 1 | B | ZUj is strongly NP-hard for given B, If jobs have a common due date, we derive a pol-

ynomial time algorithm for this problem. A schedule is called in the batch-SPT order™ if in this schedule for
any two batches B, and B, , batch B, is assigned before batch B, and there does not exist two jobs J,.J, satisfy
that J,€B,,J,€B; and p,~>p,. The following lemma establishes a very useful property of an optimal schedule.

Lemma 1 For problem 1 | B.d, =d | ZUJ , there exists an optimal schedule in which all the jobs are in

batch-SPT order and all the on time batch(es) are full except possibly the first one.

Proof Suppose that there exists an optimal schedule such that there are two batches P and Q, where P is
{inished before d and Q is finished after d and there are two jobs J, and J; such that J; € P,J, €Q and p,<p,.
We exchange jobs J, and J; by moving J, to batch P and J; to batch Q. Since p,<p,, the completion times of
the on time batches will not increase after the exchange. Hence, the number of the tardy jobs will not change.
Repeating applying this argument, we construct an optimal schedule in which the on time jobs have smaller
processing times than the tardy jobs.

We know that FB-LPT algorithm gives an optimal schedule for problem 1|B/|C,... Apply FB-LPT algo-
rithm to the on time jobs and the tardy jobs, respectively, then arrange the batches in increasing order of their
processing times. The completion time of the last on time batch will not increase, as well as the number of the

tardy jobs. Hence, we can obtain an optimal schedule with the desired property.

Based on Lemma 1, we can now present the following algorithm for problem 1 | B.d; =d | ZUj. Let [ de-
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note the number of jobs in the first on time batch.

Step 1, For each [(=1,2,--+,B, assign [ jobs with smallest processing times to batch B,.

Step 2, Starting from job J,:, . group successive B jobs into full batches until the completion time of the
batch B, is larger than d. Arrange the remaining jobs in any arbitrary order.

Step 3, Among the B feasible schedules obtained from Step 1 and Step 2, select the one with the smallest

number of tardy jobs.
This algorithm can provide an optimal schedule for problem 1 | B.d; =d | EU,- according to Lemma 1.

The time complexity of this algorithm is O(nlogn), which is polynomial.

3 Minimizing the total tardiness

In this section, we examine the problem of minimizing the total tardiness with a common due date. Given
an instance, apply algorithm FB-LPT to obtain the minimum makesapn, denote this makespan as C. We only

need to investigate the case of C>d.
In order to describe a feasible schedule for problem 1 | B.d; =d | 2 T;, we partition all the jobs in this

schedule into two subsets.

The first subset contains the on time jobs (completed before or at time d). The second one contains the
tardy jobs (completed after time d). Hence, the total tardiness of the jobs in the first subset is zero and these
jobs are finished on time. In order to minimize the total tardiness, we only need to minimize the total tardiness
of the jobs in the second subset. Since all the jobs have a common due date, minimizing the total tardiness is

equivalent to minimizing the total completion time of the tardy jobs. We now present several properties of an

optimal schedule for problem 1 | B.d, =d | 2 T, based on those of problem 1 | B | ECJ- Lo.781

Lemma 2 For problem 1| B,d; =d | 2 T; there exists an optimal schedule such that all the batches con-

tain consecutively indexed jobs.

Proof Consider an optimal schedule with jobs J; and J, being assigned in the same batch P and job J; (i<
7<<k) being assigned in another batch Q. Exchange jobs J; and J; by moving J; to Q and J, to P. Because p,<<
p;<<p:» exchanging jobs does not increase the completion times of all the batches. Since the jobs have a com-
mon due date, the total tardiness does not increase either after the job interchange. Repeating the above proce-

dures, we can obtain an optimal schedule such that all the batches contain consecutively indexed jobs.

Lemma 3 For problem 1 | B,d; =d | Z T;, suppose there are [ tardy batches B,,B,,**,B,, then it is
optimal to order the batches in p(B,)/| B, | .p(B,)/| By |-+, p(B,)/|B,| order.

Lemma 4 For problem 1 | B,d; =d | ZT,- , there exists an optimal schedule such that all the on time
batches are in batch-SPT order and the on time batch(es) are full except possibly the first one.

Proof Similar to the proof of Lemma 1.

Batch B, is called a deferred batch of B, (or batch B, is deferred by batch B,) if batch B, is assigned after
batch B, and p(B;)>p(B,), and batch B, is called a deferring batch of B,.

Lemma 5 For problem 1| B,d; =d | 2 T, there exists an optimal schedule with all the deferring batches

being full, all the deferred batches being partial, all the partial batches and full batches being scheduled in
increasing order of their processing times. respectively.

Lemma 6 In any optimal schedule, the number of deferred batches by any full batch is no larger than
B*—B—1.

We now provide a backward dynamic programming algorithm by using state variables to define the

deferred tardy batches by a full deferring batch, which is based on the dynamic programming algorithm for
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problem 1 | B | ZC,- ©J. By enumeration, we construct the first possibly partial batch B; that is finished on

time in O(B) time, and batch B, that is started before time d and finished at or after time d in O(nB) time,
respectively. Denote the number of the remaining jobs as m, order the remaining jobs in increasing order of
their processing times. Let ¢ be a partial schedule that contains jobs J;,++*,J, » but does not contain job J;,_,,
and also contains partial tardy batches B, ,B,.*,B,, in which p(B,)<<p(B,)< < p(B,) from Lemma 5,
and batches B, ,B;,+*, B, are deferred by the batch containing job J, -, that remains to be scheduled. According
to Lemma 2, we assume that B, = {]]-1 s S essJy) b, where j;, <<j, ., for {=1,++,r and j,., =j. We also
assume that ¥<{B*—B—1 according to Lemma 6. Denote the total processing time of the on time batches in
partial schedule ¢ as t. Define o to be in state (¢,j,51,**57,) and (z,j,0) for Y0 and r=0, respectively. Let
F;(z,5,,°*+,j,) and F;(z,0) denote the minimum total tardiness of partial schedule ¢ in state (z,j.j,,%*5j,)
and (¢,j,0), respectively. The initialization of the dynamic programming algorithm is as follows:

0,if t=0,+,d—1,

F,o (t,0)= )

{OO ,otherwise.

for j=m,++,1, and t=0,++,d—1, the recursion equations are

min {F/E(Zﬂ))—’_n’l/pkfl}’

JH1<E<j+B
. ./ ./ ’
min , (FroopQojismrsjr)tmprop_ts
. JH1=k<<m—B+1.j, s sj s
Fj(l‘,o):mln ! !
: ./ ./
min ) {Frop—prop1sjrasajr)ts
j+1i1/15/£/n*3*1-,11.-~'.]'r/

Fiig—pivp 10
Where m” is the number of tardy jobs in partial schedule s, which can be computed in every state. The first
term in the minimization corresponds to the case where a full or partial batch {J;.=,J, .} is inserted at the
beginning of the tardy batches in state (¢z,%k,0). The second term corresponds to the case where a full tardy
batch {J;,**sJss5-1) that does not contain job J; is inserted at the beginning of the tardy batches in state
(tsk+B,j,s++,j.) and batches B} , By, s+, B satisfy By UB, U+--UB/ = {J;++*sJ1—1} and are deferred by the
inserted full batch. The third term corresponds to the case where a full batch {J;s*.J,. 5} that does not
contain job J; is assigned to the end of the on time batches in state (¢ — puip—, ,k+B,j; y oo ,j,/.) and batches
B! ,B,,,B. satisfy ByUB,U---UB/ = {J;s+++Ji—1} and are deferred by the inserted full batch. The forth
term corresponds to the case where a full batch {J; .+, ], 51} is assigned to the end of the on time batches in
state (t— pyip—1,] T B,0).

Also, for j=m+1,m,,1,r=1,+,B —B—1 and j,<j,<{++<j,<j—B and (j,+, —j,) mod B0 for
[=1,+,r, the recursion equations are
Fi(tyjy,0 ,j,,)er/p/l s
FiopQ—pirpasjiscsjs)s

Fj(t,]'l ,"',j,):min F_/+B(t9jl ?...’jr)+nl/p_;+lﬁ 1

. . . s s
min AF 5= prrpasfiassfrsgissgs )b
jvli’ik’{m*B#»l.jl.---,jr,
. . . N ’
min /{FMB(I,]“""],»»Jla"'»];)erpj.Bﬂ}.
JHEISESm—B+1.j jy

¥

The first term in the minimization corresponds to the case where a partial tardy batch is inserted at the
beginning of the tardy batches in state (¢,j,7,,*»j,). The second term corresponds to the case where a full
batch {J; .+, J 451} is assigned to the end of the on time batches in state (t—p; 51,7+ B.ji-**»j,). The
third term corresponds to the case where a full batch {J,,*=-.J; 5—1} is inserted at the beginning of the tardy
batches in state (¢t,j+B.j,,***,j,). The forth term corresponds to the case where a full batch {J,,***,Ji5-1)

that does not contain job J; is assigned to the end of the on time batches in state (t—pyrp—1 sk +Bsjis ], it
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-+,j,) and batches B} , B},

inserted at the beginning of the tardy batches in state (z,k+B,j, ,**

satisfly BiUB, U+ UB/ = {Jj e

B/ satisfy ByUB, U---UB/ = {J;se
batch. The fifth term corresponds to the case where a full batch {J, .-

,Ji—1} and are deferred by the inserted full
*»Jirp1} that does not contain job J; is

,j,»,ji ,***,j,) and batches B .B,,,B.

,J+—1) and are deferred by the inserted full batch.

The optimal value is equal to ming .5 .u—ps <<a { Fi (t,0)+ G+ p(B)—d)m'}, where m’ is the number of

tardy jobs in state (¢,1,0). We can obtain the optimal schedule by backtracking. The time complexity of this

algorithm is O(B*dn® ~#*?), which is pseudo-polynomial time.

4 Conclusion

In this paper we investigate scheduling problems of minimizing the number of tardy jobs and the total

tardiness on a single batch processing machine with jobs having a common due date, polynomial time algorithm

and pseudo-polynomial time dynamic programming algorithm are developed, respectively.

Batch scheduling with a common due date is a very challenging topic for future research, it will be very

interesting to explore the computational complexity of minimizing the total tardiness and the other batch sched-

uling problems with a common due date.
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