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Abstract: [ Purposes | Nonconvex separation theorems have been playing a very important role in studying nonlinear scalarization
technique for vector optimization problems. [Methods]By means of the Gerstewitz nonlinear scalarization function and As-
sumption B,nonconvex separation theorems and applications in vector optimization are studied. [ Findings]Some nonconvex
separation theorems are developed via Assumption B with generalized interiors and some special cases are discussed such as
for the free disposal sets and the co-radiant sets. As applications, some nonlinear scalarization results are obtained for sev-
eral kinds of weakly efficient solutions with generalized interiors in vector optimization. Moreover, some examples are also
presented to illustrate the main results. [ Conclusions | A new method is provided for studying the optimization problems
with the ordering cone having empty interior or empty relative interior or even empty relative algebraic interior.
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It is well known that the theory and methods of vector optimization have been playing an important role in
many fields. In vector optimization, one of the most important research topics is how to characterize various
kinds of exact and approximate solutions. So far there have been a lot of fundamental results following the dif-

ferent techniques™*!.

Linear scalarization technique has been widely applied to study vector optimization problems™®. Aiming
at those vector optimization problems with the ordering cones having possibly empty topological interior, and
by means of the relative algebraic interior proposed by Holmes'™, Addn and Novo™ introduced new notions of
weak efficient solutions and obtained some linear scalarization characterizations. Furthermore, Limber and

L) introduced the quasi

Goodrich™ introduced the quasi interior in a normed linear space. Borwein and Lewis
relative interior, which is an extension of both the relative topological interior in some finite dimensional spaces
and the quasi interior. More properties of the quasi interior and quasi relative interior can be found in [11-13].

Nonlinear scalarization methods also have been paid more attentions in vector optimization. By Gerstewitz
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nonlinear scalarization functional, Gopfert et al. "**1 developed the classical nonconvex separation theorems and
obtained some nonlinear scalarization results of approximate (weak) efficient solutions of vector optimization
problems. Furthermore, Gutiérrez et al. ') obtained some nonlinear scalarization results of (C,e)-efficient
solutions. Gao et al. ** proposed a kind of proper efficient solutions via co-radiant sets and obtained some non-
linear scalarization results. Chicco et al. """ introduced the concept of improvement sets which is close to the
free disposal sets, and gave some properties of E-efficient solutions defined by improvement sets. Zhao et al. ['*¥
established some nonlinear scalarization results of E-efficient solutions. More properties of improvement sets
can be found in [19-21]. Improvement sets and co-radiant sets are very important tools to study vector optimi-

22l presented Assumption B and obtained

zation problems in a unified framework. Flores-Bazdn and Herndndez
some complete nonlinear scalarization results for vector optimization problems.

Based on the fact that the classical nonconvex separation theorems given so far in the literatures rely heavi-
ly on the nonemptiness of the topological interior and cannot be applied for those optimization problems with
the sets having possibly empty interior, empty relative interior and even empty relative algebraic interior. Mo-
tivated by the works of [7,10,14,227], in this paper, we mainly establish some nonconvex separation theorems
via Assumption B with generalized interiors and discuss some special cases for the free disposal sets and the co-

radiant sets. Furthermore, we also obtain some nonlinear scalarization results of several kinds of approximate

solutions with generalized interiors for vector optimization problems.

1 Preliminaries

Let R" be the n-dimensional Euclidean space, R be the set of all nonegative real numbers, R. . be the set
of all positive real numbers, R, ¢g={agla€ER |}, N" be the set of all positive integers.

Let Y be a real linear space. For a nonempty subset A in Y, the cone hull of A is defined as coneA={aa|
a€R, ;a€ A}. The relative algebraic interior'” and the vector closure"of A denoted by icrA and vclA are re-
spectively defined as

icrA={y€A|lVy €affA—y, 38 >0,V0€[0.0],y+0y EA},
velA={y€Y| Iy €Y, V5 >0,36€[0,6],y+5y EA}.

Let Y be a real topological linear space. The relative interior of A denoted by riA is defined as

riA={y€ Al 3 a neighborhood of zero U such that (y+U) Ncl(affA)CA}.

For a nonempty convex subset A in Y, the quasi interior™ and quasi relative interior''* denoted by giA and
qriA are respectively defined as

A= {yE€Alcl(cone(A—y))=Y},qriA={yE Alcl(cone(A—7y)) is a linear subspace of Y}.

Assume that K be a nonempty convex cone in Y. We say that K is pointed if K (—K)={0}. We say
that a nonempty subset A inY is a free disposal set with respect to K if A+ K=A. A is said to be an improve-
ment set with respect to K if A is a [ree disposal set with respect to K and 0 & A", We say that A is a co-ra-
diant set''™ if A satisfies ad € A for every d €A, a>>1, and we denote

C(e)=eC, Ve=>0,C0) :EQOC(E).
We say that A is star-shaped if there exists g&€ A such that for all y€ A and ¢ € (0,1),ag+(1—a)yE A. We
denote by kernA the set of all points & A. Moreover, we say that A is a proper set if A7) and AFY.

In this paper, we shall use the following Gerstewitz nonlinear scalarization functional ¢, s :Y—>RU {+o} .
©,.s(y) =inf{tER|yEtq—S},where S is a proper set in Y, y€Y and 0#¢€Y. We denote inf()= +co.

In order to study vector optimization problems in a unified framework, Flores-Bazdn and Herndndez"*
proposed a general assumption condition named as Assumption B as follows:

Assume that Y be a real topological linear space, 07¢€Y ,SCY be a proper set with nonempty topological
interior and clS+R; . ¢CintS.
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Remark 1 (i) Let S be closed and there exists a cone K such that ¢ € intK and S+ intKCS. Gopfert

1, ]

et a proved that S satisfies Assumption B.

(ii) Let S be a nonempty improvement set with respect to a convex cone K and 07 ¢ € intK. Zhao and

200 proved that S satisfies Assumption B.

Yang

(iii) Let S be a proper star-shaped co-radiant set and 07¢ € int(kernS). Gutiérrez et al. '™ proved that S
satisfies Assumption B.

In this paper, we will use the following Assumption B via generalized interiors.

(i) Assumption B via relative algebraic interior: Y is a real linear space, 07#q€Y, SCY is a proper set
with icrS##(J and velS+R, | ¢CicrS.

(ii) Assumption B via relative interior: Y is a real topological linear space, 04¢€Y, SCY is a proper set
with riS#() and cIS+R. . ¢CriS.

(iii) Assumption B via quasi interior: Y is a real separated locally convex topological linear space, 07 g€
Y., SCY is a proper convex set with qiS#(J and cIS+R, . ¢CqiS.

(iv) Assumption B via quasi relative interior: Y is a real separated locally convex topological linear space,
0#4¢g€Y, SCY is a proper convex set with qriS#(J and cIS+R, . ¢CqriS.

2 Separation theorems via relative algebraic interior

[22] obtained the following nonconvex separation

By means of Assumption B, Flores-Bazdn and Herndndez
theorem.

Theorem 1 If S satisfies Assumption B, then for all A€ R, (D) {y€Y ¢, s(y)<<A}=2A1g—intS; (i) {y€Y]|
@5 (YA} =2Ag—clS.

Remark 2 In Theorem 1, the set S may not be closed and also may not be a cone. If S is a closed convex
cone and ¢€ intS, then Theorem 1 coincides with Proposition 1. 43 in [2].

Remark 3 If cIS+R. ¢CintS is replaced by cIS+R.¢CS, then Theorem 1 does not necessarily be
true.

Example 1 Let Y=R?, ¢=(0,1), A=0 and

S={(y1 sy |y Ty, =1,3=0,y,=0 U{ (31,3 [y, =0,0<y,<1}.
We observe that clS=S, cIS+R,.¢ZintS and cIS+R., ¢gCS. Clearly,
{y=(319)€Y g, s(y»)<<0}=—clS—R, ; ¢g7# —intS.

The above simple example indicates that the assumption condition cIS+R. ; ¢CS could be too nonrestric-
tive to ensure validity of the nonconvex separation theorem and hence this motivates us to consider Assumption
B via generalized interiors. In the following, we first focus on nonconvex separation theorems by making use of
Assumption B via relative algebraic interior.

Theorem 2 If S satisfies Assumption B via relative algebraic interior, then for all A€ R, (i) {yE Y|
0,5 (¥)<A}=Ag—icrS; (iD {y€Y | 90(,,5(y)</1} =2Aqg—vclS.

Proof We first prove (i). Let y, €Ag—icrS. Then for any e=>0,

Ag—yo teq€ velS+HRL L qCicrSCS.

/

Thus —eqg€ alflS— (Ag—y,). By Ag— y, € icrS,there exists ' >0 such that Ag— v, *876(16 S implies @,.s (yy) =

inf{tER/| vy, 62‘(1*5}</\*%<A.

On the other hand, assume that y, € {y€Y ¢, s(y)<A}. Then there exists #, € R such that ¢,<<A and
vo €tog—S. Consequently, we have
vo€Etoq—S=2¢g— ((A—1t,)qg+S) TAg— (velS+ R+ ¢) CTAg—icrS.
Next, we prove (ii). Assume that y, € {y€Y g, s(y)<<A}.
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If ¢,.s(yo)<<A, then by (i) we have y, €Ag—icrSCAg—vclS.

If ¢,.s(yo) =2, then y, €Ag—vclS. In fact, from ¢, s(y,) =2, it follows that for any %>O , nENT, there

exist ¢, € R such that /1<[,,</1+% and

yoet,,q*S. (1)
Case 1: Assume that there exists 7, € N such that Ly, =As then y, ét,,oq—S:/lq—SC/\q—VclS.

Case 2: Assume that for any n€N", A<z,,</\—0—%. It is clear that t,~—>A(n—><°). Since A<<t,, there exists

0,>>0 such that z,=A+4, and so 8,=t, —A(n—>°°). By combining this with (1), we get y, € (A+6,)¢g—S and
Ag—yo+6,g€S,n=1,2,---. For any 8’ >0, there exists NEN" such that for any n >N, 0<{5,<8" and Ag—
voT68,g€S. It follows that y, € Ag— vclS.

On the other hand, suppose that y, €Aqg—vclS, then we have for any e>0,Aqg— 1y, Teqg€ vclS+R. . qC
icrSCS, i.e., yo€ (A+e)g—S. Hence from the arbitrariness of e, we get ¢,.s (y,) <<A.

Corollary 1 Let Y be a real linear space, K be a convex cone in Y and 07#¢€ icrK. If E is a vector closed
free disposal set with respect to K and ECK, then for all A€ R, (i) {yE€Y g, (y)<<A} =A¢g—icrE; (iD) {y€Y]|
0.2 (¥)<A} =Ag—vclE.

Proof It is clear that for all a=>0, aicrKCicrK. Hence by Theorem 2, we only need to prove E+icrKC
icrE. Let x€ E-+icrK. Then there exist e€ E and k€ icrK such that r=e+%, and so t€E E+K=ECK. Let
h€ affE—x. According to ECK, one has that h € affK—x. Moreover, we can easily show that

affK —x=affK —&. (2)
Hence one has further that & € affK —£. Furthermore. for # € icrK . there exists 0=>0 such that for any 0 €
[0 ,5] , kt+oh€ K. It follows that x+06h=e+k+6hE e+ KCE, which implies x€icrE. So E+icrKCicrE.

Remark 4 Corollary 1 does not necessarily be valid if ECK is removed.

Example 2 Let Y=R*, K={(y,,y,) 1y, =0,y,=20} and E={(y1,3,) | y1 F+y,=>1,y,>0,y,=>0}.

It is clear that E is a proper vector closed set. Furthermore, we can verify that E is a free disposal set with
respect to K and EZ K. Morecover,

icrK={(y1 sy 131 =0,v,>0} sictE={(y1sy:) | yi + . >1,y,>0,y,>0}.
Let A=0 and ¢=(0,1) €icrK. Then we have
{y=1(y ,y2)€Y|goq.E(y)<O}:—icrEU {(y1sy:) |y =0,y,<<—1}%# —icrE,
which implies that Corollary 1 is not true.

Corollary 2 Let Y be a real linear space. If CCY is a vector closed star-shaped co-radiant set, CC
cone(kernC) and 07 q€ icr(cone(kernC)), then for all =0 and AE R, () {yEY|g,.c, (y)<A} =Ag—icrC(e);
(D {yE€EY e (<A} =Ag—vclC(e).

Proof Clearly, kernC is convex. Then by Corollary 1, we only need to prove

C(e) +cone(kernC) =C(e). 3

In fact, this can be obtained immediately by Lemma 5. 2(ii) in [15].

3 Separation theorems via relative interior

In this section, we mainly focus on nonconvex separation theorems by making use of Assumption B via
relative interior.

Theorem 3  If S satisfies Assumption B via relative interior, then for all A€ R, (i) {yE€Y g, s(y)<<A}=
Aq—riS; (i) {yE€Y|g,s(y)<A} =Ag—clS.

Proof We first prove (i) Since cIS+R; 1 ¢CriS implies velS+ R gCicrS, then it follows from the fact
that riSCicrS and Theorem 2 (i) that
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Aq—riSCAg—icrS={yE€ Y| ¢, s (y)<<A}.
Conversely, let y, € {y€Y ¢, s(y)<<A}. Then there exists £,<<A such that
Vo EAG— (ST QA—1) ) CTAg— (SHR 1+ @) CTAg— (cIS+R 1 ¢) TAg—riS.

(i1) It follows immediately by virtue of Corollary 3. 3(a) in [22].

Corollary 3 Let Y be a real topological linear space, K be a convex cone in Y and 0#¢€ riK. If E is a
closed free disposal set with respect to K and ECK . then for all A€ R, (1) {y€Y | g, (y)<<A} =A¢—riE; (ii)
{(y€Y |, ()<L} =A¢g—CclE.

Proof It is clear that ariKCriK for any «=>0. Then by Theorem 3, we only need to prove E+riK CriE.
Let € E+riK. Then we have & E+ K =F and there exist e € E and k€ riK such that x=e+%. Since k€
riK , one has that there exists a neighborhood of zero U such that ((+U) Ncl(affK) CK. Then by (2), we
have cl(affK) =cl(affK —e) =cl(affK) —e. It follows that (e+£+U) cl(affK)Te+ K. Thus, we have

(z+U) Nel(affE) = (e+E+U) Nel(affE) T (e+£+U) Nel(affK) Ce+KCE.
This indicates that x € riE.

Corollary 4 Let Y be a real topological linear space. If CCY is a closed star-shaped co-radiant set, CC
cone(kernC) and 07 ¢€ ri(cone(kernC)), then for all €0 and A€E R, (D) {y€Y | g,.c, (y) <A} =2Ag—r1iC(e);
(D {y€Y|@,co, (<A} =2g—clC(e).

Proof It follows immediately by means of the preceding (3) and Corollary 3.

4 Separation theorems via quasi relative interior

In this section, we mainly focus on nonconvex separation theorems by making use of Assumption B via
quasi relative interior and quasi interior, respectively.

Theorem 4 If the set S satisfies Assumption B via quasi relative interior, then for all AE R, (i) {yEY|
@45 (<A} CTAg—qriS; (i) {yE€Y [ ¢,.s (y)<A}=2Ag—clS.

Proof The conclusion (i) can be easily obtained similar with the proof of Theorem 3, and (ii) can be de-
rived from cIS+R . ¢CqriSCS and Corollary 3. 3(a) in [22].

Remark 5 We observe that “C” may be strict in Theorem 4 (i).

Example 3 Let Y=/ (2<<p<+0°) with its usual norm, /2 ={y=(y)iext €|y, =0,iEN"} and S=

(1,0,0,+-)+1%. We take A=O,q=(1,0,0,°")+(%,4%,4%,'"j ,52(1,090,'")+(%,5%,%,"'). It is clear

that ¢ € qriS and —y€ —qriS. Moreover, we can prove —y& {y€Y |, s(y)<0}. Indeed, we only need to

prove ¢,.s(—y)=0. Equivalently, we need to prove that for all <20, —y&tq—S. On the contrary, assume

that there exists #,<<0 such that —y€t,q—S. Then it follows that for all nEN", —égi tos which means
[%) =—1,>>0,YnEN". This is a contradiction when n is sufficiently large.

Corollary 5 If S satisfies Assumption B via quasi interior, then for all A€ R, (1) {y€Y g, s(y) <A} C
Ag—qiS; (i) {y€Y g, s (y)<A}=Ag—clS.

Proof The conclusion is trivial because qriS=qiS when qiS#).

Corollary 6 Let Y be a real separated locally convex topological linear space, K be a convex cone in Y and
07#4q€ qiK. If ECY is a closed convex free disposal set with respect to K, then for all A€ER, (i) {yE Y|
@0 (<A CTAg—qiE; (i) {yEY g, (y)<A}=Ag—CclE.

Proof By Corollary 5, we only need to prove clE+ qiKCqiE. In fact, this can be easily obtained from
E+K=E and Proposition 1 in [11].

Remark 6 If E is not closed, then clE+qiKCqiE may not be valid.

Example 4 Let Y=/ with its usual norm, y=( D,ex+ €Y, K=" ={y=(3y,)pex €' | y,=0,0n€E
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N"}CY and E=y+K. Itis clear that K is a convex cone, E is a convex free disposal set with respect to K and
clE=y+clK=y+41%. From y&€ /% and y&!', we can obtain that 2 y€ clE and 2 y& E, which means that E is
not closed. By Example 2 in [11], we have qriK = {y=(y,),ex* €' | y,>>0, YnEN" };qriE=qri(y + K) = y+
qriK. Since 2 y & E, then we have 2 y € qriE. Moreover, we can verily 2 y € clE+ qriK. In fact, let 3’ =
(n7%),ex+ . Then we have ¥ € qriK and y—3 € /% . It follows that

2y=y+G—3y)+yey+i +qriK=clE+qriK.
Therefore, clE-+qriKZqriE.

Corollary 7 Let Y be a real separated locally convex topological linear space. If CCY is a proper closed
convex co-radiant set and 07 ¢ € qi(coneC) , then for all =0 and AE R, () {yEY | @,.c, () <A} TAg—qiC(e) 5
(D {yE€EY I g.co (<A} =Ag—clC(e).

Proof It is obvious by (3) and Corollary 6.

5 Applications in vector optimization

Consider the following vector optimization problem:
(VOP) min f(x),s. t. x€D,

where f:X—>Y and DCX. We first introduce several notions of weak efficient solutions of (VOP).

Definition 1 Let S satisfy Assumption B via relative algebraic interior. x€ D is said to be a weakly effi-
cient solution of (VOP) if f(D) N (f(x) —icrS)=C). We denote this by 1€ WAE(f,D,icrS).

Definition 2 Let S satisfy Assumption B via relative topological interior. x€ D is said to be a weakly effi-
cient solution of (VOP) if F(D)N(f(x)—riS)=(J. We denote this by & WAE(f,D,riS).

Definition 3 Let S satisfy Assumption B via quasi relative interior. x€ D is said to be a weakly efficient
solution of (VOP) if f(D) N (f(x) —qriS)=(J. We denote this by z& WAE(f,D,qriS).

Definition 4 Let S satisfy Assumption B via quasi interior. x€ D is said to be a weakly efficient solution
of (VOP) if f(D)N(f(z)—qiS)=). We denote this by z& WAE(f,D,qiS).

Consider the following scalarized optimization problem: (S()Pq,y)ineilr)lgoq,s(f(x) —y),where yEY,0#4¢EY
and SCY is a proper set. We denote ¢,.s (f(x)—y) by (¢,s.,°f)(x). Let x€ D and e=0. If

(@g5.0 ° () = (@50 ° ) (x) —e . V2 €D,

then x is called an e-minimal solution of (SOP,, ;% ). The set of e-minimal solutions of (SOP,, ;,) is denoted by
Amin(e,.s. qm ° f€).

Theorem 5 Let S satisfy Assumption B via relative algebraic interior, 07¢€ S, 0& icrS and e=inf{tER, |
tq€S}. Then zE WAE(f,D,icrS)Sx € Amin(e,.s. ;3 © f+€).

Proof Letz€ WAE(S,D,icrS). It follows that ( f(D)— f(z)) N (—icrS)=(). By Theorem2 (i), we

have
{v€Y g, s(y»)<<0}=—icrS. (1)
Combine with (4), we have (f(D)— f(2) N {y€Y|g,s(y)<<0}=(J. Thus.,
(@gs. ;) =@, s (f(2)— f(x))=0, VYV x€D. (5

In addition, from {tER, [tg€ S} T{tER|tqE S}, it is clear that
(5.5 ° ) (@) =@, s(0)=inf{t ER[1g€ S} <e.
Then by (5), we have (@,.s./@ ° /) (x) =(@,s5. 55 ° f) (x) —e, which implies € Amin(g,.s. 7 ° f+€).
Conversely,assume that € Amin(g,.s.;5 ° f»e) and T WAE(f,D,icrS). Then there exists * € D such
that f(2)— f(x) € —icrS. Again by Theorem 2(i), for any c€ R, @,.s(cqg+ f(x)— f(Z))<c. Then by letting
c=0, we have ¢,.s (f(2)— f(2))<C0. On the other hand, since x€ Amin(¢,.s. ;7 °f-€) it follows that
005 (f()— fGEN =0, s (f(Z)— f(Z)) —e=g,.s(0) —e=0.

This is a contradiction.
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Theorem 6

Let S satisfy Assumption B via relative topological interior, 07%¢€ S, 0€& riS and e=inf{t €

R, [tg€S}. Then x€ WAE(S,D,riS)&x € Amin(g,.s, i) ° f+€).

Proof By Theorem 3 (i) and the proof of Theorem

5, the result is clear.

Corollary 8 Let Y be a real topological linear space, KCY be a convex cone. Assume that E is an im-
provement set with respect to K, g€ int(E(1K) and e=inf{t € R, [tq€ E}. Then
& WAE(S,D,intE)Sx€ Amin(g,.k. ;o ° f »€).
Proof We take S=F in Theorem 6 and by virtue of Theorem 3.1 in [20], the result is at hand.

Corollary 9

Let Y be a real topological linear space. Assume that CCY be a proper star-shaped co-radiant

set, 07¢€ int(kernC), >0 and B=inf{tE R, [tg€ C(e)}. Then
;6 WAE(fyD,lHtC(S) )<:>§€ Amin(¢{,,(:<€>,/<;> °f,ﬁ)
Proof We take S=C(¢) in Theorem 6 and then by virtue of Lemma 5. 2 (iii) in [ 15], the result is at

hand.
Theorem 7
Then € WAE(f,D,qriS)=x € Amin(¢,.s. ;) ° f+€).

Let S satisfy Assumption B via quasi relative interior, 07#¢€ S and e=inf{tE R, |1g€ S}.

Proof By Theorem 4(i) and the proof of Theorem 5, the result is at hand.
Corollary 10 Let S satisfy Assumption B via quasi interior,07%¢€ S and e=inf{tER | [tg€ S}. Then z €

WAE(f,D,qiS)=x€ Amin(g,.s. ;) ° fs€).

Proof By Corollary 5 (i) and the proof of Theorem 5, the result is at hand.
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