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Abstract:[Purposes]Nonconvexseparationtheoremshavebeenplayingaveryimportantroleinstudyingnonlinearscalarization
techniqueforvectoroptimizationproblems.[Methods]BymeansoftheGerstewitznonlinearscalarizationfunctionandAs-
sumptionB,nonconvexseparationtheoremsandapplicationsinvectoroptimizationarestudied.[Findings]Somenonconvex
separationtheoremsaredevelopedviaAssumptionBwithgeneralizedinteriorsandsomespecialcasesarediscussedsuchas
forthefreedisposalsetsandtheco-radiantsets.Asapplications,somenonlinearscalarizationresultsareobtainedforsev-
eralkindsofweaklyefficientsolutionswithgeneralizedinteriorsinvectoroptimization.Moreover,someexamplesarealso

presentedtoillustratethemainresults.[Conclusions]Anew methodisprovidedforstudyingtheoptimizationproblems
withtheorderingconehavingemptyinteriororemptyrelativeinteriororevenemptyrelativealgebraicinterior.
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Itiswellknownthatthetheoryandmethodsofvectoroptimizationhavebeenplayinganimportantrolein
manyfields.Invectoroptimization,oneofthemostimportantresearchtopicsishowtocharacterizevarious
kindsofexactandapproximatesolutions.Sofartherehavebeenalotoffundamentalresultsfollowingthedif-
ferenttechniques[1-3].

Linearscalarizationtechniquehasbeenwidelyappliedtostudyvectoroptimizationproblems[4-6].Aiming
atthosevectoroptimizationproblemswiththeorderingconeshavingpossiblyemptytopologicalinterior,and
bymeansoftherelativealgebraicinteriorproposedbyHolmes[7],AdánandNovo[8]introducednewnotionsof
weakefficientsolutionsandobtainedsomelinearscalarizationcharacterizations.Furthermore,Limberand
Goodrich[9]introducedthequasiinteriorinanormedlinearspace.BorweinandLewis[10]introducedthequasi
relativeinterior,whichisanextensionofboththerelativetopologicalinteriorinsomefinitedimensionalspaces
andthequasiinterior.Morepropertiesofthequasiinteriorandquasirelativeinteriorcanbefoundin[11-13].

Nonlinearscalarizationmethodsalsohavebeenpaidmoreattentionsinvectoroptimization.ByGerstewitz
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nonlinearscalarizationfunctional,Göpfertetal.[14]developedtheclassicalnonconvexseparationtheoremsand
obtainedsomenonlinearscalarizationresultsofapproximate(weak)efficientsolutionsofvectoroptimization
problems.Furthermore,Gutiérrezetal.[15]obtainedsomenonlinearscalarizationresultsof(C,ε)-efficient
solutions.Gaoetal.[16]proposedakindofproperefficientsolutionsviaco-radiantsetsandobtainedsomenon-
linearscalarizationresults.Chiccoetal.[17]introducedtheconceptofimprovementsetswhichisclosetothe
freedisposalsets,andgavesomepropertiesofE-efficientsolutionsdefinedbyimprovementsets.Zhaoetal.[18]

establishedsomenonlinearscalarizationresultsofE-efficientsolutions. Morepropertiesofimprovementsets
canbefoundin[19-21].Improvementsetsandco-radiantsetsareveryimportanttoolstostudyvectoroptimi-
zationproblemsinaunifiedframework.Flores-BazánandHernández[22]presentedAssumptionBandobtained
somecompletenonlinearscalarizationresultsforvectoroptimizationproblems.

Basedonthefactthattheclassicalnonconvexseparationtheoremsgivensofarintheliteraturesrelyheavi-
lyonthenonemptinessofthetopologicalinteriorandcannotbeappliedforthoseoptimizationproblemswith
thesetshavingpossiblyemptyinterior,emptyrelativeinteriorandevenemptyrelativealgebraicinterior.Mo-
tivatedbytheworksof[7,10,14,22],inthispaper,wemainlyestablishsomenonconvexseparationtheorems
viaAssumptionBwithgeneralizedinteriorsanddiscusssomespecialcasesforthefreedisposalsetsandtheco-
radiantsets.Furthermore,wealsoobtainsomenonlinearscalarizationresultsofseveralkindsofapproximate
solutionswithgeneralizedinteriorsforvectoroptimizationproblems.

1Preliminaries
LetRnbethen-dimensionalEuclideanspace,R+bethesetofallnonegativerealnumbers,R++betheset

ofallpositiverealnumbers,R++q={αq|α∈R++},N+bethesetofallpositiveintegers.
LetYbeareallinearspace.ForanonemptysubsetAinY,theconehullofAisdefinedasconeA={αa|

α∈R+,a∈A}.Therelativealgebraicinterior[7]andthevectorclosure[8]ofAdenotedbyicrAandvclAarere-
spectivelydefinedas

icrA={y∈A|∀y′∈affA-y,∃δ′>0,∀δ∈[0,δ′],y+δy′∈A},

vclA={y∈Y|∃y′∈Y,∀δ′>0,∃δ∈[0,δ′],y+δy′∈A}.
LetYbearealtopologicallinearspace.TherelativeinteriorofAdenotedbyriAisdefinedas

riA={y∈A|∃aneighborhoodofzeroUsuchthat(y+U)∩cl(affA)⊂A}.
ForanonemptyconvexsubsetAinY,thequasiinterior[9]andquasirelativeinterior[10]denotedbyqiAand

qriAarerespectivelydefinedas
qiA={y∈A|cl(cone(A-y))=Y},qriA={y∈A|cl(cone(A-y))isalinearsubspaceofY}.

AssumethatKbeanonemptyconvexconeinY. WesaythatKispointedifK∩(-K)={0}. Wesay
thatanonemptysubsetAinYisafreedisposalsetwithrespecttoKifA+K=A.Aissaidtobeanimprove-
mentsetwithrespecttoKifAisafreedisposalsetwithrespecttoKand0∉A[17,19].WesaythatAisaco-ra-
diantset[15]ifAsatisfiesαd∈Aforeveryd∈A,α>1,andwedenote

C(ε)=εC,∀ε>0,C(0)=∪
ε>0

C(ε).

WesaythatAisstar-shapedifthereexistsq∈Asuchthatforally∈Aandα∈(0,1),αq+(1-α)y∈A. We
denotebykernAthesetofallpointsq∈A.Moreover,wesaythatAisapropersetifA≠∅andA≠Y.

Inthispaper,weshallusethefollowingGerstewitznonlinearscalarizationfunctionalφq,S:Y→R∪{±∞}:

φq,S(y)=inf{t∈R|y∈tq-S},whereSisapropersetinY,y∈Yand0≠q∈Y. Wedenoteinf∅=+∞.
Inordertostudyvectoroptimizationproblemsinaunifiedframework,Flores-BazánandHernández[22]

proposedageneralassumptionconditionnamedasAssumptionBasfollows:

AssumethatYbearealtopologicallinearspace,0≠q∈Y,S⊂Ybeapropersetwithnonemptytopological
interiorandclS+R++q⊂intS.
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Remark1 (i)LetSbeclosedandthereexistsaconeKsuchthatq∈intKandS+intK⊂S.Göpfert
etal.[14]provedthatSsatisfiesAssumptionB.

(ii)LetSbeanonemptyimprovementsetwithrespecttoaconvexconeKand0≠q∈intK.Zhaoand
Yang[20]provedthatSsatisfiesAssumptionB.

(iii)LetSbeaproperstar-shapedco-radiantsetand0≠q∈int(kernS).Gutiérrezetal.[15]provedthatS
satisfiesAssumptionB.

Inthispaper,wewillusethefollowingAssumptionBviageneralizedinteriors.
(i)AssumptionBviarelativealgebraicinterior:Yisareallinearspace,0≠q∈Y,S⊂Yisaproperset

withicrS≠∅andvclS+R++q⊂icrS.
(ii)AssumptionBviarelativeinterior:Yisarealtopologicallinearspace,0≠q∈Y,S⊂Yisaproperset

withriS≠∅andclS+R++q⊂riS.
(iii)AssumptionBviaquasiinterior:Yisarealseparatedlocallyconvextopologicallinearspace,0≠q∈

Y,S⊂YisaproperconvexsetwithqiS≠∅andclS+R++q⊂qiS.
(iv)AssumptionBviaquasirelativeinterior:Yisarealseparatedlocallyconvextopologicallinearspace,

0≠q∈Y,S⊂YisaproperconvexsetwithqriS≠∅andclS+R++q⊂qriS.

2Separationtheoremsviarelativealgebraicinterior
BymeansofAssumptionB,Flores-BazánandHernández[22]obtainedthefollowingnonconvexseparation

theorem.
Theorem1 IfSsatisfiesAssumptionB,thenforallλ∈R,(i){y∈Y|φq,S(y)<λ}=λq-intS;(ii){y∈Y|

φq,S(y)≤λ}=λq-clS.
Remark2 InTheorem1,thesetSmaynotbeclosedandalsomaynotbeacone.IfSisaclosedconvex

coneandq∈intS,thenTheorem1coincideswithProposition1.43in[2].
Remark3 IfclS+R++q⊂intSisreplacedbyclS+R++q⊂S,thenTheorem1doesnotnecessarilybe

true.
Example1 LetY=R2,q=(0,1),λ=0and

S={(y1,y2)|y1+y2≥1,y1≥0,y2≥0}∪{(y1,y2)|y1=0,0≤y2≤1}.
WeobservethatclS=S,clS+R++q⊄intSandclS+R++q⊂S.Clearly,

{y=(y1,y2)∈Y|φq,S(y)<0}=-clS-R++q≠-intS.
TheabovesimpleexampleindicatesthattheassumptionconditionclS+R++q⊂Scouldbetoononrestric-

tivetoensurevalidityofthenonconvexseparationtheoremandhencethismotivatesustoconsiderAssumption
Bviageneralizedinteriors.Inthefollowing,wefirstfocusonnonconvexseparationtheoremsbymakinguseof
AssumptionBviarelativealgebraicinterior.

Theorem2 IfSsatisfiesAssumptionBviarelativealgebraicinterior,thenforallλ∈R,(i){y∈Y|

φq,S(y)<λ}=λq-icrS;(ii){y∈Y|φq,S(y)≤λ}=λq-vclS.
Proof Wefirstprove(i).Lety0∈λq-icrS.Thenforanyε>0,

λq-y0+εq∈vclS+R++q⊂icrS⊂S.

Thus-εq∈affS-(λq-y0).Byλq-y0∈icrS,thereexistsδ′>0suchthatλq-y0-δ′ε2q∈Simpliesφq,S(y0)=

inf{t∈R|y0∈tq-S}≤λ-δ′ε2<λ.

Ontheotherhand,assumethaty0∈{y∈Y|φq,S(y)<λ}.Thenthereexistst0∈Rsuchthatt0<λand
y0∈t0q-S.Consequently,wehave

y0∈t0q-S=λq-((λ-t0)q+S)⊂λq-(vclS+R++q)⊂λq-icrS.
Next,weprove(ii).Assumethaty0∈{y∈Y|φq,S(y)≤λ}.
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Ifφq,S(y0)<λ,thenby(i)wehavey0∈λq-icrS⊂λq-vclS.

Ifφq,S(y0)=λ,theny0∈λq-vclS.Infact,fromφq,S(y0)=λ,itfollowsthatforany1n>0
,n∈N+,there

existtn∈Rsuchthatλ≤tn<λ+1nand

y0∈tnq-S. (1)

Case1:Assumethatthereexistsn0∈N+suchthattn0=λ,theny0∈tn0q-S=λq-S⊂λq-vclS.

Case2:Assumethatforanyn∈N+,λ<tn<λ+1n.Itisclearthattn→λ(n→∞).Sinceλ<tn,thereexists

δn>0suchthattn=λ+δnandsoδn=tn-λ(n→∞).Bycombiningthiswith(1),wegety0∈(λ+δn)q-Sand
λq-y0+δnq∈S,n=1,2,….Foranyδ′>0,thereexistsN∈N+suchthatforanyn>N,0<δn<δ′andλq-
y0+δnq∈S.Itfollowsthaty0∈λq-vclS.

Ontheotherhand,supposethaty0∈λq-vclS,thenwehaveforanyε>0,λq-y0+εq∈vclS+R++q⊂
icrS⊂S,i.e.,y0∈(λ+ε)q-S.Hencefromthearbitrarinessofε,wegetφq,S(y0)≤λ.

Corollary1 LetYbeareallinearspace,KbeaconvexconeinYand0≠q∈icrK.IfEisavectorclosed
freedisposalsetwithrespecttoKandE⊂K,thenforallλ∈R,(i){y∈Y|φq,E(y)<λ}=λq-icrE;(ii){y∈Y|

φq,E(y)≤λ}=λq-vclE.
Proof Itisclearthatforallα>0,αicrK⊂icrK.HencebyTheorem2,weonlyneedtoproveE+icrK⊂

icrE.Letx∈E+icrK.Thenthereexiste∈Eandk∈icrKsuchthatx=e+k,andsox∈E+K=E⊂K.Let
h∈affE-x.AccordingtoE⊂K,onehasthath∈affK-x.Moreover,wecaneasilyshowthat

affK-x=affK-k. (2)

Henceonehasfurtherthath∈affK-k.Furthermore,fork∈icrK,thereexistsδ>0suchthatforanyδ∈
[0,δ],k+δh∈K.Itfollowsthatx+δh=e+k+δh∈e+K⊂E,whichimpliesx∈icrE.SoE+icrK⊂icrE.

Remark4 Corollary1doesnotnecessarilybevalidifE⊂Kisremoved.
Example2 LetY=R2,K={(y1,y2)|y1=0,y2≥0}andE={(y1,y2)|y1+y2≥1,y1≥0,y2≥0}.
ItisclearthatEisapropervectorclosedset.Furthermore,wecanverifythatEisafreedisposalsetwith

respecttoKandE⊄K.Moreover,

icrK={(y1,y2)|y1=0,y2>0},icrE={(y1,y2)|y1+y2>1,y1>0,y2>0}.
Letλ=0andq=(0,1)∈icrK.Thenwehave

{y=(y1,y2)∈Y|φq,E(y)<0}=-icrE∪{(y1,y2)|y1=0,y2<-1}≠-icrE,

whichimpliesthatCorollary1isnottrue.
Corollary2 LetY beareallinearspace.IfC⊂Yisavectorclosedstar-shapedco-radiantset,C⊂

cone(kernC)and0≠q∈icr(cone(kernC)),thenforallε>0andλ∈R,(i){y∈Y|φq,C(ε)(y)<λ}=λq-icrC(ε);
(ii){y∈Y|φq,C(ε)(y)≤λ}=λq-vclC(ε).

Proof Clearly,kernCisconvex.ThenbyCorollary1,weonlyneedtoprove
C(ε)+cone(kernC)=C(ε). (3)

Infact,thiscanbeobtainedimmediatelybyLemma5.2(ii)in[15].

3Separationtheoremsviarelativeinterior
Inthissection,wemainlyfocusonnonconvexseparationtheoremsbymakinguseofAssumptionBvia

relativeinterior.
Theorem3 IfSsatisfiesAssumptionBviarelativeinterior,thenforallλ∈R,(i){y∈Y|φq,S(y)<λ}=

λq-riS;(ii){y∈Y|φq,S(y)≤λ}=λq-clS.
Proof Wefirstprove(i)SinceclS+R++q⊂riSimpliesvclS+R++q⊂icrS,thenitfollowsfromthefact

thatriS⊂icrSandTheorem2(i)that
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λq-riS⊂λq-icrS={y∈Y|φq,S(y)<λ}.
Conversely,lety0∈{y∈Y|φq,S(y)<λ}.Thenthereexistst0<λsuchthat

y0∈λq-(S+(λ-t0)q)⊂λq-(S+R++q)⊂λq-(clS+R++q)⊂λq-riS.
(ii)ItfollowsimmediatelybyvirtueofCorollary3.3(a)in[22].
Corollary3 LetYbearealtopologicallinearspace,KbeaconvexconeinYand0≠q∈riK.IfEisa

closedfreedisposalsetwithrespecttoKandE⊂K,thenforallλ∈R,(i){y∈Y|φq,E(y)<λ}=λq-riE;(ii)
{y∈Y|φq,E(y)≤λ}=λq-clE.

Proof ItisclearthatαriK⊂riKforanyα>0.ThenbyTheorem3,weonlyneedtoproveE+riK⊂riE.
Letx∈E+riK.Thenwehavex∈E+K=Eandthereexiste∈Eandk∈riKsuchthatx=e+k.Sincek∈
riK,onehasthatthereexistsaneighborhoodofzeroUsuchthat(k+U)∩cl(affK)⊂K.Thenby(2),we
havecl(affK)=cl(affK-e)=cl(affK)-e.Itfollowsthat(e+k+U)∩cl(affK)⊂e+K.Thus,wehave

(x+U)∩cl(affE)=(e+k+U)∩cl(affE)⊂(e+k+U)∩cl(affK)⊂e+K⊂E.
Thisindicatesthatx∈riE.

Corollary4 LetYbearealtopologicallinearspace.IfC⊂Yisaclosedstar-shapedco-radiantset,C⊂
cone(kernC)and0≠q∈ri(cone(kernC)),thenforallε>0andλ∈R,(i){y∈Y|φq,C(ε)(y)<λ}=λq-riC(ε);
(ii){y∈Y|φq,C(ε)(y)≤λ}=λq-clC(ε).

Proof Itfollowsimmediatelybymeansofthepreceding(3)andCorollary3.

4Separationtheoremsviaquasirelativeinterior
Inthissection,wemainlyfocusonnonconvexseparationtheoremsbymakinguseofAssumptionBvia

quasirelativeinteriorandquasiinterior,respectively.
Theorem4 IfthesetSsatisfiesAssumptionBviaquasirelativeinterior,thenforallλ∈R,(i){y∈Y|

φq,S(y)<λ}⊂λq-qriS;(ii){y∈Y|φq,S(y)≤λ}=λq-clS.
Proof Theconclusion(i)canbeeasilyobtainedsimilarwiththeproofofTheorem3,and(ii)canbede-

rivedfromclS+R++q⊂qriS⊂SandCorollary3.3(a)in[22].
Remark5 Weobservethat“⊂”maybestrictinTheorem4(i).
Example3 LetY=lp(2≤p<+∞)withitsusualnorm,lp

+={y=(yi)i∈N+∈lp|yi≥0,i∈N+}andS=

(1,0,0,…)+lp
+. Wetakeλ=0,q=(1,0,0,…)+ 1

4
,1
42
,1
43

æ

è
ç

ö

ø
÷,… ,y=(1,0,0,…)+ 1

5
,1
52
,1
53

æ

è
ç

ö

ø
÷,… .Itisclear

thatq∈qriSand-y∈-qriS. Moreover,wecanprove-y∉{y∈Y|φq,S(y)<0}.Indeed,weonlyneedto
proveφq,S(-y)≥0.Equivalently,weneedtoprovethatforallt<0,-y∉tq-S.Onthecontrary,assume

thatthereexistst0<0suchthat-y∈t0q-S.Thenitfollowsthatforalln∈N+,-15n≤
1
4nt0,whichmeans

æ

è
ç

ö

ø
÷

4
5

n

≥-t0>0,∀n∈N+.Thisisacontradictionwhennissufficientlylarge.

Corollary5 IfSsatisfiesAssumptionBviaquasiinterior,thenforallλ∈R,(i){y∈Y|φq,S(y)<λ}⊂
λq-qiS;(ii){y∈Y|φq,S(y)≤λ}=λq-clS.

Proof TheconclusionistrivialbecauseqriS=qiSwhenqiS≠∅.
Corollary6 LetYbearealseparatedlocallyconvextopologicallinearspace,KbeaconvexconeinYand

0≠q∈qiK.IfE⊂YisaclosedconvexfreedisposalsetwithrespecttoK,thenforallλ∈R,(i){y∈Y|

φq,E(y)<λ}⊂λq-qiE;(ii){y∈Y|φq,E(y)≤λ}=λq-clE.
Proof ByCorollary5,weonlyneedtoproveclE+qiK⊂qiE.Infact,thiscanbeeasilyobtainedfrom

E+K=EandProposition1in[11].
Remark6 IfEisnotclosed,thenclE+qiK⊂qiEmaynotbevalid.
Example4 LetY=l2withitsusualnorm,y=(n-1)n∈N+ ∈Y,K=l1+={y=(yn)n∈N+ ∈l1|yn≥0,n∈
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N+}⊂YandE=y+K.ItisclearthatKisaconvexcone,EisaconvexfreedisposalsetwithrespecttoKand
clE=y+clK=y+l2+.Fromy∈l2+andy∉l1,wecanobtainthat2y∈clEand2y∉E,whichmeansthatEis
notclosed.ByExample2in[11],wehaveqriK={y=(yn)n∈N+ ∈l1|yn>0,∀n∈N+};qriE=qri(y+K)=y+
qriK.Since2y∉E,thenwehave2y∉qriE.Moreover,wecanverify2y∈clE+qriK.Infact,lety′=
(n-2)n∈N+.Thenwehavey′∈qriKandy-y′∈l2+.Itfollowsthat

2y=y+(y-y′)+y∈y+l2++qriK=clE+qriK.
Therefore,clE+qriK⊄qriE.

Corollary7 LetYbearealseparatedlocallyconvextopologicallinearspace.IfC⊂Yisaproperclosed
convexco-radiantsetand0≠q∈qi(coneC),thenforallε>0andλ∈R,(i){y∈Y|φq,C(ε)(y)<λ}⊂λq-qiC(ε);
(ii){y∈Y|φq,C(ε)(y)≤λ}=λq-clC(ε).

Proof Itisobviousby(3)andCorollary6.

5Applicationsinvectoroptimization
Considerthefollowingvectoroptimizationproblem:

(VOP) minf(x),s.t.x∈D,

wheref:X→YandD⊂X. Wefirstintroduceseveralnotionsofweakefficientsolutionsof(VOP).
Definition1 LetSsatisfyAssumptionBviarelativealgebraicinterior.x∈Dissaidtobeaweaklyeffi-

cientsolutionof(VOP)iff(D)∩(f(x)-icrS)=∅. Wedenotethisbyx∈WAE(f,D,icrS).
Definition2 LetSsatisfyAssumptionBviarelativetopologicalinterior.x∈Dissaidtobeaweaklyeffi-

cientsolutionof(VOP)iff(D)∩(f(x)-riS)=∅. Wedenotethisbyx∈WAE(f,D,riS).
Definition3 LetSsatisfyAssumptionBviaquasirelativeinterior.x∈Dissaidtobeaweaklyefficient

solutionof(VOP)iff(D)∩(f(x)-qriS)=∅. Wedenotethisbyx∈WAE(f,D,qriS).
Definition4 LetSsatisfyAssumptionBviaquasiinterior.x∈Dissaidtobeaweaklyefficientsolution

of(VOP)iff(D)∩(f(x)-qiS)=∅. Wedenotethisbyx∈WAE(f,D,qiS).
Considerthefollowingscalarizedoptimizationproblem:(SOPq,y)min

x∈D
φq,S(f(x)-y),wherey∈Y,0≠q∈Y

andS⊂Yisaproperset. Wedenoteφq,S(f(x)-y)by(φq,S,y췍f)(x).Letx∈Dandε≥0.If
(φq,S,f(x)췍f)(x)≥(φq,S,f(x)췍f)(x)-ε,∀x∈D,

thenxiscalledanε-minimalsolutionof(SOPq,f(x)).Thesetofε-minimalsolutionsof(SOPq,f(x))isdenotedby
Amin(φq,S,f(x)췍f,ε).

Theorem5 LetSsatisfyAssumptionBviarelativealgebraicinterior,0≠q∈S,0∉icrSandε=inf{t∈R+|
tq∈S}.Thenx∈WAE(f,D,icrS)⇔x∈Amin(φq,S,f(x)췍f,ε).

Proof Letx∈WAE(f,D,icrS).Itfollowsthat(f(D)-f(x))∩(-icrS)=∅.ByTheorem2(i),we
have

{y∈Y|φq,S(y)<0}=-icrS. (4)

Combinewith(4),wehave(f(D)-f(x))∩{y∈Y|φq,S(y)<0}=∅.Thus,
(φq,S,f(x)췍f)(x)=φq,S(f(x)-f(x))≥0,∀x∈D. (5)

Inaddition,from{t∈R+|tq∈S}⊂{t∈R|tq∈S},itisclearthat
(φq,S,f(x)췍f)(x)=φq,S(0)=inf{t∈R|tq∈S}≤ε.

Thenby(5),wehave(φq,S,f(x)췍f)(x)≥(φq,S,f(x)췍f)(x)-ε,whichimpliesx∈Amin(φq,S,f(x)췍f,ε).

Conversely,assumethatx∈Amin(φq,S,f(x)췍f,ε)andx∉WAE(f,D,icrS).Thenthereexistsx̂∈Dsuch

thatf(x̂)-f(x)∈-icrS.AgainbyTheorem2(i),foranyc∈R,φq,S(cq+f(x̂)-f(x))<c.Thenbyletting
c=0,wehaveφq,S(f(x̂)-f(x))<0.Ontheotherhand,sincex∈Amin(φq,S,f(x)췍f,ε),itfollowsthat

φq,S(f(x̂)-f(x))≥φq,S(f(x)-f(x))-ε=φq,S(0)-ε=0.
Thisisacontradiction.
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Theorem6 LetSsatisfyAssumptionBviarelativetopologicalinterior,0≠q∈S,0∉riSandε=inf{t∈
R+|tq∈S}.Thenx∈WAE(f,D,riS)⇔x∈Amin(φq,S,f(x)췍f,ε).

Proof ByTheorem3(i)andtheproofofTheorem5,theresultisclear.
Corollary8 LetYbearealtopologicallinearspace,K⊂Ybeaconvexcone.AssumethatEisanim-

provementsetwithrespecttoK,q∈int(E∩K)andε=inf{t∈R+|tq∈E}.Then
x∈WAE(f,D,intE)⇔x∈Amin(φq,E,f(x)췍f,ε).

Proof WetakeS=EinTheorem6andbyvirtueofTheorem3.1in[20],theresultisathand.
Corollary9 LetYbearealtopologicallinearspace.AssumethatC⊂Ybeaproperstar-shapedco-radiant

set,0≠q∈int(kernC),ε>0andβ=inf{t∈R+|tq∈C(ε)}.Then
x∈WAE(f,D,intC(ε))⇔x∈Amin(φq,C(ε),f(x)췍f,β).

Proof WetakeS=C(ε)inTheorem6andthenbyvirtueofLemma5.2(iii)in[15],theresultisat
hand.

Theorem7 LetSsatisfyAssumptionBviaquasirelativeinterior,0≠q∈Sandε=inf{t∈R+|tq∈S}.
Thenx∈WAE(f,D,qriS)⇒x∈Amin(φq,S,f(x)췍f,ε).

Proof ByTheorem4(i)andtheproofofTheorem5,theresultisathand.
Corollary10 LetSsatisfyAssumptionBviaquasiinterior,0≠q∈Sandε=inf{t∈R+|tq∈S}.Thenx∈

WAE(f,D,qiS)⇒x∈Amin(φq,S,f(x)췍f,ε).
Proof ByCorollary5(i)andtheproofofTheorem5,theresultisathand.

References:
[1]LUCDT.Theoryofvectoroptimization[M].Berlin:Springer-
Verlag,1989.

[2]CHENGY,HUANGXX,YANGXQ.Vectoroptimiza-
tion:set-valuedandvariationalanalysis[M].Berlin:Spring-
er-Verlag,2005.

[3]ZHAOKQ,CHENGY,YANGXM.Approximateprop-
erefficiencyinvectoroptimization[J].Optimization,2015,

64(8):1777-1793.
[4]QIUJH.DualcharacterizationandscalarizationforBenson

properefficiency[J].SIAMJournalonOptimization,2008,

19(1):144-162.
[5]YANGXM,LID,WANGSY.Near-subconvexlikenessin

vectoroptimizationwithset-valuedfunctions[J].Journalof

OptimizationTheoryandApplications,2001,110(2):413-

427.
[6]YANGXM,YANGXQ,CHENGY.Theoremsoftheal-
ternativeandoptimizationwithset-valuedmaps[J].Journal

ofOptimizationTheoryandApplications,2000,107(3):

627-640.
[7]HOLMESRB.Geometricfunctionalanalysisanditsappli-
cations,graduatetextsin mathematics[M].New York:

Springer-Verlag,1975.
[8]ADÁNM,NOVOV.Weakefficiencyinvectoroptimization

usingaclosureofalgebraictypeunderaclosureofalgebra-
ictypeundercone-convexlikeness[J].EuropeanJournalof

OperationalResearch,2003,149(3):641-653.
[9]LIMBERMA,GOODRICH R K.Quasiinteriors,la-

grangemultipliers,andLpspectralestimationwithlattice

bounds[J].JournalofOptimizationTheoryandApplica-
tions,1993,78(1):143-161.

[10]BORWEINJM,LEWISAS.Partiallyfiniteconvexpro-
gramming,PartI:quasirelativeinteriorsanddualitytheo-
ry[J].MathematicalProgramming,1992,57(1):15-48.
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运筹学与控制论

基于假设B的非凸分离定理及其在向量优化中的应用

赵克全,朱 巧,汪定国

(重庆师范大学 数学科学学院,重庆401331)

摘要:【目的】非凸分离定理在研究向量优化问题非线性标量化方法中具有十分重要的作用。【方法】利用Gerstewitz非线性标量化

函数和假定B研究了非凸分离定理及其在向量优化中的应用。【结果】利用具有广义内部的假定B建立了一些非凸分离定理并讨

论了freedisposal集和co-radiant集等意义下的一些特殊情形。作为其应用,获得了向量优化中基于广义内部定义的几类弱有效

解的一些非线性标量化结果。此外,也给出了一些例子对主要结果进行解释。【结论】为研究具有空的拓扑内部或空的相对内部甚

至是空的相对代数内部的序锥的向量优化问题提供了新的方法。

关键词:非凸分离定理;广义内部;弱有效解;非线性标量化;向量优化
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