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Abstract: [Purposes] A new class of generalized convex function named E-a- prequasiinvex function is proposed. Properties
and applications of it are studied. [ Methods]Since E-a-prequasiinvexity is the real generalization of E-preinvexity and a
prequasiinvexity, the results are obtained by generalizing properties of E-preinvexity and a prequasiinvexity. Examples are
given to exam the results. [Findings Firstly, the definitions of E-a-invex set and E-a- prequasiinvex function are given. Ex-
amples are introduced to exam their existence. Then, some important properties of F-a-prequasiinvex function are intro-
duced. Moreover, with Condition A and Condition C, the sufficient and necessary condition for E-a- prequasiinvex function
is obtained. Finally, applications of E-a-prequasiinvexity in multi-objective programming with constraints as well as the
problem without constraints are discussed. [ Conclusions] The properties and applications of E-a- prequasiinvex functions are
studied.
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1 Introduction

Convexity plays an important role in optimization theory as its properties make it an efficient tool to solve
practical problems. In this case, many researches have been conducted to generalize convex functions. An im-
portant achievement is the introduction of preinvex functions introduced by Hanson and Mond™’. Another gen-

2J, which generalized the defini-

eralization of convex functions is E-convex functions introduced by Youness
tions of convex sets and convex functions based the effort of an operator E on the sets. Inspired by Youness’s
work, Syau and Lee™ introduced a new class of generalized convex functions namely E-quasiinvex functions,
which is the generalization of E-convex functions and quasiinvex functions. Fulga and Preda'”’ extended the
class of E-convex sets and E-quasiinvex functions to E-invex sets and E-prequasiinvex functions, respectively.

Another extension is the concepts of a-preinvex functions and a prequaiinvex functions introduced by Noor
M and Noor K¥. Fan and Guo™™ studied the relationships among a preinvexity, a invexity and e monotonici-

ty. Recently, Liu" introduced a new class of generalized convex functions named the strongly quasi a preinvex
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functions. In addition, Wang and Fu"! studied some important properties of a preinvex function, followed by
Li and Peng’s work™! which generalized Wang and Fu’s results to o prequasiinvexity. Besides, applications of

[o-1013:17]  Tngpired by the earlier

convex and generalized convex functions are considered by many researchers
works, in this paper, we introduce a new class of generalized convex function named E-a-prequasiinvex func-
tions. It is a true generation of apreinvex functions and E-preinvex functions. Some important properties and

applications in nonlinear programming and multi-objective programming are studied.

2 Definitions and preliminaries

Let H be a real Hilbert space and K be a nonempty subset of H. Let a: K X K~>R\{0} be a real-valued
function, and 5: K XK—>H be a vector-valued mapping.

Firstly, we recall the definition of a-invex set.

Definition 1©°7 A set K& H is said to be a-invex with respect to the given mappings a: K X K—> R\{0} and
7: KXK—H, if for all x,y€ K and A€ [0,1], y+aalx,y)y(x,y) EK.

Then, we recall the concepts of a-preinvex function and a-prequasiinvex function.

Definition 2°0 Let K H be an a-invex set with respect to the given mappings a: K X KR\ {0} and
7: KXK—H. A function f:K—H is said to be a apreinvex function with respect to a(x,y) and 5p(x,y), if for
all x,y€ K and A€ [0,1], f(y)+aalx,y)plx, y))<Af(x)+(1—21) f(y.

Remark 1 A o preginvex function on K is preinvex when a(x,y)=1.

Definition 3/ Let K& H be an a-invex set with respect to the given mappings a: K X K—R\ {0} and
7: KXK—>H. A function f:K—>H is said to be an a-prequasiinvex function with respect to a(x,y) and n(x,y),
if for all x,y€ K and A€ [0,1], f(y+2aalx,y)p(x,y))<<max{f(x),f(y)}.

In the following section, let a: K X KR\ {0} and 5: K X K—H be two fixed mappings. Now, we give the
definition of E-a-invex set.

Definition 4 A set K& H is said to be E-a-invex with respect to the given mappings a: K X K—~R\{0} and
7: KXK—H, if for all x,y€ K and A€ [0,1], there exists mapping E: H>H such that

E(y) Faa(E(x) E(y)p(E(x),E(y)) €K.

The following example shows the existence of E-a-invex set.

o, x| <2,
Example 1 Let K be [—2,—1]U[1,2]. Suppose that mapping E is defined by E(z)=
—1 ’ ‘ X ‘ >ﬁ.
Analysis By definition 4, we can prove that the given set K is E-a-invex with respect to a(x,y) =
7yvxy>0
2y, xy7#0 . 727y,x>0 ,y<<0
and » defined by p(z,y) =4 XV .
l,2y=0 1—
= <0 »y>0
xy
1, 2y=0

Lemma 1 If K H is an E-a-invex set, then E(K)ZK.
Proof Since K& H is an E-a-invex set, for all x,y€ K and A€[0,1], we have
E(y) F2aa(E(x) ,E(y)p(E(x),E(y)) €K.

Taking A=0, we have E(y) € K, Y y&€ K,which implies that E(K)ZK.,

Let E:H—>H be a fixed mapping, we now give definitions of E-a-preinvex and FE-a-prequasiinvex func-
tions.

Definition 5 Let K& H be an E-a-invex set with respect to the given mappings a: K X K—~R\ {0} and
7: KX K—>H. A function f:K—>H is said to be an E-a-preinvex function with respect to a(x,y) and y(x,y), if
for all x,y€ K and A€ [0,1], f(E(y)+2Aa(E(x),E(y)p(E(x),E(y))<Af(E(x))+(1—2) f(E(y)).
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Definition 6 Let K& H be an E-a-invex set with respect to the given mappings a: K X K—~>R\ {0} and
7: KX K—H. A function f: K—>H is said to be an E-a-prequasiinvex function with respect to a(x,y) and
p(x,y), if for all x,y€ K and A€ [0,1], f(E(y) +Aa(E(x),E(y))p(E(x) . E(y)))<max{f(E(x)), f(E(y)}.

Now, we give Example 2 to illustrate the existence of E-a-prequasiinvex functions.

Example 2 Let K :=[—1,0],F(x) :=log,(1—x),a(x,y)=1 and y(x,y) =:—%. It is easy to prove
that the given set K is E-a-invex with respect to a(x,y) and y(x,y) when the mapping E:R—>R is defined by
1‘2—1,—1<1<—%
E(x)= .
3 1 <<
_z’_?\l\o

Analysis Now, we prove the E-a- prequasiinvexity of F. For all x,y€ K and A€[0,1], we have
F(E(») +AalE() ECG) p(EC) ,E(y))):F(E(y)—%E(y)j:logz (I—E(y)+%E(y)j<

log, (1—E(y))<max{F(E(x)),F(E(y))}.
Therefore, F is F-a-prequasiinvex function.
Remark 2 The class of F-a-prequasiinvex function is a true generation of a preinvex function in [ 5] and

E-preinvex function in [4].

3 Some properties and characterizations

In this section, we show some important properties of F-a-prequasiinvex functions.

Theorem 1 Let K& H be an E-a-invex set with respect to a(x,y) and 7(x,y), then any nonnegative linear
combination of E-a-preinvex functions with respect to a(x,y) and 5(x,y) is still E-a-preinvex with respect to
the same a(x,y) and p(x,y).

Proof Suppose that f;,i=1,2,3,++,n are E-a-preinvex functions on K, and F(x) is defined by F(x) =

Zﬂ,f,(x),ﬁ,- 2 0,VYi € {192537"'971}~
i=1
For all x,y€ K,3,=0 and A€ [0,1], we have

FE(y) + X (E(x) ,E(y)p(E(x),E(y))) = EB,-f',(E(y) 2 (E(x) E(y)p(E(x) ,E(y)) <
i=1

Z(Aﬁ,f,(E(x))+(1—/I)ﬁlfl(E(y))) =AF(E(x) + O —=DFEWy).

i=1

Theorem 2 Let K<H be an E-a-invex set with respect to a(x,y) and 5(x,y). Suppose that f: K—H is
E-a-preinvex with respect to a(x,y) and y(x,y), and g: H—>H is a nondecreasing convex function, then g° f:
K—H is E-a-preinvex with respect to a(x,y) and y(x,y).

Proof Suppose that f(x) is F-e-preinvex and g(x) is a nondecreasing convex function on K. For all
x,yEK and A€[0,1], we have

(g° MHEW) +Aa(E(x) E(y)p(E(x) ,E(y))) =g (f(E(y)+2Aa(E(x) . E(y))p(E(x),E(y))))<
gQASfEGH+A—=Df(E(WN<A(ge HEG)N+A—2 (g HEWY).

Inspired by Lemma 4. 1 in [7], we obtain the following theorem.

Theorem 3 Let K& H be an F-a-invex set with respect to a(x,y) and y(x,y). Let the mapping E: H—>H
be surjective. If for all x,y€ K and A€ [0,1],

(E(y) E(y) +Aa(E(x) E(y))p(E(x) ,E(y))) =—2Ap(E(x) ,E(y)) ,a(E(x) ,E(y)) =
a(E(y) ,E(y) +2a(E(x) ,E(y))g(E(x) ,E(y))).
then for all A, ,A, €[0,1], we have

(E(y) +2a(E(x) E(y)p(E(x) ,E(y)) ,E(y) +2,a(E(x) E(y)p(E(x) ,E(y))) = (A —A,)9(E(x) ,E(y)) ,

and a(E(y) +21a(E(x) ,E(y))p(E(x) ,EC(y)) ,E(y) +2:a(E(x) , EQ))p(E(x) , E(y))) =a(E(x) ,E(y)).



12 FERFREAFFHREAZRFH  htp://www. cqgnuj. cn % 35 %

Proof According to above assumption, we have
(E(y) +2a(E(x) E(y)p(E(x) E(y)) E(y) +2,a(E(x) E(y))p(E(x) ,E(y))) =
P(E(y) +2a(Ex) E(y)p(E(x),E(y) ,E(y) +A1a(E(x) ,ECy))p(E(x) ,E(y)) +
A=A a(Ex) EQy)p(E(x) , E(y)) =79(E(y) +Aa(Ex) ECy)p(E(x) ,E(y)) ,E(y) +
AL A,
A

/117
A

Aa(EG  EG)p(E) »EG))) = —" 220 (E(y) EG) +21a(E) s EG) p(Ex) s E(y) =

and
alE(y) +2a(E(x) ,E(y))n(E(x) ,E(y)) ,E(y) +A,a(E(x) ,E(y)p(E(x) ,E(y)))=

a(E(y) +Aa(E(x) ,E(y))p(E(x) ,EX(y)) ,E(y) +A1a(E(x) ,E(y))g(E(x) E(y))+

/11 _Az

1

alE(y) s E(y)F+2a(E(x) ,E(y))p(E(x) ,E(»)N(E(y) ,E(y) +Aa(E(x),E(y)y(E(x),E(y))))=

alE(y) E(y) +Aa(Ex) E(»)p(E(x) ,E(y))) =a(E(x),E(y)).
Motivated by Condition A and Condition C in [5], we introduce following conditions.
Condition A Let K& H be an E-a-invex set . F(x) satisfies Condition A, if for all x,y€E K,
F(E(y) +a(E(x),E(y)p(E(x),E(y)))<F(E(x)).

Condition C Let K& H be an E-a-invex set. Mappings 7: K X K—H and a: KX K—>R\{0} satisfy Condi-

tion C, if for all x,y€K and AE€[0,1],
P(E(y),E(y)+aa(E(x) E(y)p(E(x) ,E(y)))=—A9(E(x),E(y)),
(E(x),E(y) FAa(E(x) ,E(y))p(E(x) ,E(y)) =0 =D p(Ex),E(y)).

Now we give the necessary and sufficient condition of E-a-prequasiinvex functions.

Theorem 4 Let K& H be an E-a-invex set with respect to a(x,y) and 5p(x,y). Let mapping E: H—>H be
surjective. Suppose that Condition A and Condition C hold, and for all x,y €K and A€ [ 0,1 ],a(E(x),E(y))=
alE(y),EC(y) +2a(E(x),E(y))9(E(x),E(y))). Then, F: H>K is E-a prequasiconvex with respect to
a(x,y) and p(x,y), if and only if for all x,y€ K and A€ [0,1],

g =F(E(y) +aa(Ex) ,E(y))p(E(x) ,E(y)))
s quasiconvex.
Proof “<”. If for all x,y€ K and A€[0.1] , gQQO)=F(E(y) +2a(E(x),E(y))n(E(x),E(y))) is quasi-
convex, we have
F(E(y)+2a(E(x) ,EQy)p(E(x) ,E(y))=gQ)=g(1 « A+0+ (1)<
max{g(1),g(0)}=max{F(E(y) Ta(E(x),E(y))n(E(x),E(y))),F(E(y))}.
Since Condition A holds, we consequently have
F(E(y)+Aa(E(x),E(y)p(E(x),E(y)))<max{F(E(x)),F(E(y))}.
Therefore, F(x) is E-a-prequasiconvex.
“=” If F(x) is E-a-prequasiconvex, for all x,y€ K and A€ [0,1], we have
F(E(y)+aa(E(x),E(y)p(E(x),E(y)))<max{F(E(x)),F(E(y))}.
For all A,,4,,8€[0,1],
(a) If 2,721, , without loss of generality, supposing A,<<A,, we have
gPBA U =P =FEW +BA+U—=PA)a(Ex) E(y))p(E(x) ,E(y))) =
FE(y) +Aa(E(x) ,E(y))p(E(x) , E(y) +BQA; —A)a(E(x) ,E(y)g(E(x) ,E(y))) =
FE(y) +2a(E(x) E(»)p(E(x) ,E(y) +pRa(E(y) +21a(E(x) ,E(y))y(E(x) ,E(y)),
E(y)+Aa(Ex) E(y))p(E(x) ,E(y)))p(E(y) +2a(E(x) ,E(y))9(E(x),E(y)),
E(y)+2.a(E(x) E(y)p(E(x) ,E(y)))<
max{F(E(y)+x a(E(x),E(y)9(E(x),E(y)))},F(E(y)+A,a(E(x),E(y))n(E(x),E(y)))=
max{g(A;,g(A;))}
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which implies that g(1) is quasiconvex.

(b) If A, =2A,, we have g(BA, +(1—PA)=gA ) =gQA,)<max{gA,),g(A,)}. In this case, g(1) is qua-
siconvex.

Theorem 5 Let K& H be an E-a-invex set and f(x) be E-a-prequasiinvex with respect to a(x,y) and
n(x,y) on K. If x" is the local minimizer of f and E:K—>K is surjective, then x" is a global minimizer of f.

Proof If x* is not a global minimum point, there must be x&€ K(x7#x " ), such that f(x)<f(x" ). Since
E.:K—K is surjective, there exists x; ,x, € K such that x* =FE(x,;) and x=FE(x,). Also, since x~ is local mini-
mum, there exists e=>0, such that for all x€U(x" ,e)\{x" }, f(x" )< f(x). Since f(x) is E-a-prequasiinvex,
for x* ,x€ K and A€[0,1], we have

Sx" Faalxsx Ip(x,x" )= f(E(x)) +2Aa(E(x;) ,E(x;))gE(x;) , E(x))))<
max{ f(E(x,)),f(E(x;))}=max{f(x" ), f(x)}=f(x").

€
la(x.x " Ip(x.x™ )|

We choose X:min{l '] } . then for all A’ €[0,4] we have [x" +2aGeox™ I ple.x™ ) —x" | <e.

Therefore, there exists at least one x=x" + 1 a (x,x" Yp(x,x )€U x" )\ {x" }, such that f(x)<<
f(x" ), which contradicts the fact that x* is a local minimizer.

The following example is given to illustrate the obtained result.
Example 3 Let K :=[0,1] and E(x) ’sz-l—%. Also, we suppose that a(x,y) =2z and 7](1,3}):*%.

—2t a1 ,O<x<%

Let the function f be f(x)=
Sl
472
Firstly, by virtue of Definition 5, one can observe that f(x) is E-a-prequasiinvex function with respect to
alx,y) and 9(x,3). Then, for the local minimum point x=0 of f, it is clear to see that =0 is also a global

minimum point. Therefore, the obtained result (Theorem 5) is applicable.

4 Applications in multi-objective programming

In this section, let E;R"—R" be a fixed mapping, we firstly consider the following multi-objective pro-
gramming problem (MOPI1);
min  f(xX)=Cf1(x),f2(x) 5, (x)),
s.t. xEK.
where KER" is an E-a-invex set with respect to a: KX K—R\{0} and 7: K X K—>R", f: K—>R" is a vector-val-
ued function and f;,:K—>R,i=1,2,3,+,m are F-a-prequasiinvex functions with respect to the same mapping
a:KXK—>R\{0} and 7: KX K—>R".
Remark 3 Throughout this section, let
R ={xER"|x=(xy 22,y x,) »2:220,i=1,2,3,+,m},
n={XxER" | x=(T1 5205 s20) s, >0,i=1,2,3,,m}.
Firstly, we recall definitions of efficient solution and weakly efficient solution.
Definition 7Y A point X is said to be global efficient solution of (MOP1), if there does not exist any
feasible point y€ K, such that f(y) € f(x)—R*\{0}.
Similarly, a point x is said to be local efficient solution of (MOP1), if there is a neighborhood N(x,e) of
X, such that there does not exist any feasible point y€ K1 N(x,¢), satisfying f(y) € f(x) —RZ\{0}.
Definition 8“7 A point x is said to be global weakly efficient solution of (MOP1), if there does not exist
any feasible point y&€ K, such that f(y) € f(x)—R" ..
Similarly, a point x is said to be local weakly efficient solution of (MOP1), if there is a neighborhood
N(x,e) of x, such that there does not exist any feasible point y€ K1 N(x,e), satisfying f(y) € f(x)—R% ..
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Remark 4 Efficient solutions are also weakly efficient solutions, but the converse is not true.

Inspired by Lemma 3.3 in [15], we obtain Lemma 2.

Lemma 2 Let K be an E-a-invexset, and f;,i=1,2,3,+*,m be F-a-prequasiinvex functions with respect
to the same mapping a: K X K—=>R\ {0} and 5: K X K—>R". Then exactly one of the following two systems is
solvable:

(1) there exists x€ K, such that f;(x)<<0,i=1,2,3,,m;

(i1) there exists A= (A, 545 455+ s4,,) ER%\{0}, such that Z/‘t,f,(x) =0,Vx € K.
=1

Proof Suppose the system (i) is solvable, then there exists x&€ K, such that y,= f,(x)<<0,i=1,2,3,-,

m. Therefore, for all A= (A1 :45:;++++,4,) €ERY\{0}, we have E)L,f,(x) = Zk,y, < 0.
i=1 i=1

In this case, the system (ii) has no solution. Using the same method, it is easy to prove that (i) has no
solution when (ii) is solvable. Therefore exactly one of the following two systems is solvable.

Theorem 6 Let KE&R" be an E-a-invex set with respect to a: KX K—>R\{0} and 5: K X K—>R". Suppose
that f;,i=1,2,3,+,m are E-a-prequasiinvex functions with respect to the same a: K X K=>R\{0} and :K X
K—R". If x* ©K is a global weakly efficient solution of (MOP1), then there must exist A€ R%\{0} such that
x " is an optimal solution of the following scalar problem (P,)

min Af(x)7T,
s.t. x€K,
AEREN(0).

Proof Suppose that x* € K is a global weakly efficient solution for (MOP1), then there does not exist
any point x€ K, such that f,(x)—f;(x")<<0,:=1,2,3,+-,m. According to Lemma 2, we immediately con-
clude that there exists A= (A1 A5 ,45,5+,4,,) €ER”\{0}, such that Eki(f;(x) —fi(x"))=0,Vx € K.

i=1

Then we have Z/I,f,(x) = E/’t,f,v(x” ), Vx € K, x* is the optimal solution of (P,).

i=1 i=1

In the sequel, assuming that E:R"—R" is surjective, we now consider the multi-objective problem
(MOP2) with constraints as follows:

min  f(x) = 1(x) 5 f2(x) s, [, (x)),
st g(x)=(g1(x),g,(x),,g,(x))<0,
x€EK).
where KER" is an E-a-invex set with respect to a: KX K—=>R\{0} and : K XK—>R", f:K—>R" and g: K—>R"
(n=m) are vector-valued functions. f;:K—~R,i=1,2,3,*,m and g;,: K—~R,i=1,2,3,:*,n are E-a-prequasi-
invex functions with respect to the same mapping a: K X K—>R\{0} and 7: K X K—R".

Definition 9" An efficient solution x for (MOP2) is said to be properly efficient solution for (MOP2),
if there exists a positive scalar ¢ such that for each i,i=1,2,3,+-,m and each feasible x satisfying f, (x)<<
Sixo)— [0
fo—f G =T

Remark 5 For a feasible point y* =E(x" ) (x" € K) for (MOP2), we denote I(x") by I(x")={j|(g:°
E)(x")}=0, ;€{1,2,3,.n}}.

Inspired by the Farkas LLemma in [16], we give the following lemma.

fi(x), there exists at least one index j7¢ with f;(x)>f;(x) and

Lemma 3 Let K&R” be E-a-invex set and f;(x),i=1,2,3,++,m,g;(x),;=1,2,3,++,n be E-a-prequasi-
invex functions with respect to the same a: K X K—>R\{0} and 7: KX K—>R". Let y" =E(x")(x" € K) be a
feasible solution of (MOP2), then exactly one of the following systems is solvable:

(i) there exists ¢, such that for all feasible y=E(x)(x€K),y7#y" ", (E(x)—E(x" )Vf,(E(x"))<0,
(E(x)—EG" DV (E(x"))<0,ViFqg, (E(x)—Ex" DV, (E(x"))<0,V;j€I(x");
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(i) there exists positive A;,i=1,2,3,*+ym and p;==0,; € I(x" ) ,such that

DI VLEG )+ D) py Vg (E(x™)) =0.
i=1 jerx™)

Proof Suppose (i) is solvable, then for all positive A,,i=1,2,3,++, and ¢;=0,; € I(x" ), we have

(E(x) —EGx™" DO A VA (EGx™ )+ D) u, Vg, (E(x™))) < 0.
i=1 jeEIx™)

In this case, it is easy to see that (ii) has no solution. Using the same method, we can prove that the sys-
tem (i) has no solution when (ii) is solvable. Therefore, exactly one of the two systems is solvable.

Theorem 7 Let f;(x),i=1,2,3,++,m,g;(x),j=1,2,3,***,n be F-a-prequasiinvex functions with respect
to the same a: K X K—=R\{0} and 7: K X K—R". Let y* be a properly efficient solution for (MOP2), and y' be
a feasible solution for (MOP2) such that g;(y')<C0,;=1.2.3,+,n. If fi(x), i=1.,2.3,+,m, g;(x), j=1,
2,3, ,n satisfy

(E(xX)—EW)VF(EGDT(f(E(x)—f(E()) . ¥Yx.yEK, (D
(E(x)—E(y) Vg, (E(y)) "< (g, (E(x)—g;,(E(y)),Vx,yEK, (2)

then, there exists positive A,,i=1,2,3,+**,m and p;=>0,;€ I[(x" ), such that Z/\i Vi) + Z wi Vg, (y")= 0.
i=1 JEIG™)

Proof Since y* ,y €E(K) and E( + ) is surjective, there are x* ,x' € K, such that y* =E(x*) and y' =
E(x"). For all feasible y=E(x) ,x& K, we suppose that the following system is solvable:

(E(x)—E(x" DV S, (E(x* )NT<0, (3)
(EGx)—E(x" DV, (E(x*)T<0, Y i#q, D
(E(x)—E(x" )V, (E(x*))T<0, Y€ I(x ). (5)

Since there exists y’=E(x") such that g; (E(x"))<0, we have
g (EGx'))—g,(E(x" =g, (E(x')<<0.Vj€I(x").
According to (2), we have
(E(x)—E(x")Vg,(E(x" )H'<<0,Vj€l(x"). (6)
By virtue of (5) and (6), for any positive p, we have
[(E(x)—E(x" ) +p(E(x)—E(x" ) Vg, (E(x" )"0, Vj€I(x").
Therefore, for any sufficiently small positive A, we have
g (EGx" ) FALE(x) —E(x" D +p(E(x)—E(x" ) D<g,(E(x")=0,Y;€I(x").

For k& I(x" ), since g, (E(x"))<{0,we have g, (E(x" ) +A((E(x)—E(x" )+p(E(x’)—E(x* N0, VEie
I(x"). Therefore E(x")+A((E(x)—E(x"))+p(E(x")—E(x"))) is a feasible solution for (MOP2).

Using the same method, we have f,(E(x")+A[(E(x) —E(x" ) +p(E(x)—E(x" DD <f,(E(x")).

Because of the proper efficiency of y* =E(x" ), there exists at least one i7¢ such that

Fi(EGx™ ) FALE(X) —E(x" ) +p(Ex)D)—EGx™ ) D> f(E(x™)). (7
Let A(A”O):f,,(E(x" ))*fq(E(x’)—FA[(E(x;*E(x:))-i—p(E(x)*E(x ))])’
CSEGDORAEX—EG D +Hp(EGHD—EG& DD —f(E&x"))
B(Aap)* 2 .

According to (3), it is easy to see that A(d,p)>(E(x" )—Ex)Vf,(E(x"))">0,1—>0,p—>0.
Similarly, by (4), we have B(A,p)>(E(x) —E(x" )V f,(E(x"))"'<0,4—>0,0>0.
However, by the virtue of (7), we have B(2,0) >0, which implies the limit of B(1,p) is nonnegative

A, p)

when 2—>0 and p—>0. Then, we find that BA.0)

—>00,1=>0,0>0, which contradicts to the proper efficiency of

y =E(x").

Therefore, the given system is not solvable. According to Lemma 3 we have
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DV )+ D) u Vg, (yT) =0.

i=1
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