
 2018年5月 重庆师范大学学报(自然科学版) May2018
第35卷 第3期 JournalofChongqingNormalUniversity(NaturalScience) Vol.35 No.3

2017年度重庆市出版专项基金资助栏目   DOI:10.11721/cqnuj20180312

OperationsResearchandCybernetics

AClassofE-α-PrequasiinvexityandMathematicalProgramming
*

PENGZaiyun,WANGZiyuan,ZHOUYacong,LINZhi,WANGMeijuan
(CollageofMathematicsandStatistics,ChongqingJiaotongUniversity,Chongqing400074)

Abstract:[Purposes]AnewclassofgeneralizedconvexfunctionnamedE-α-prequasiinvexfunctionisproposed.Properties
andapplicationsofitarestudied. [Methods]SinceE-α-prequasiinvexityistherealgeneralizationofE-preinvexityandα-

prequasiinvexity,theresultsareobtainedbygeneralizingpropertiesofE-preinvexityandα-prequasiinvexity.Examplesare

giventoexamtheresults.[Findings]Firstly,thedefinitionsofE-α-invexsetandE-α-prequasiinvexfunctionaregiven.Ex-
amplesareintroducedtoexamtheirexistence.Then,someimportantpropertiesofE-α-prequasiinvexfunctionareintro-
duced.Moreover,withConditionAandConditionC,thesufficientandnecessaryconditionforE-α-prequasiinvexfunction
isobtained.Finally,applicationsofE-α-prequasiinvexityinmulti-objectiveprogrammingwithconstraintsaswellasthe

problemwithoutconstraintsarediscussed.[Conclusions]ThepropertiesandapplicationsofE-α-prequasiinvexfunctionsare
studied.
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1Introduction
Convexityplaysanimportantroleinoptimizationtheoryasitspropertiesmakeitanefficienttooltosolve

practicalproblems.Inthiscase,manyresearcheshavebeenconductedtogeneralizeconvexfunctions.Anim-
portantachievementistheintroductionofpreinvexfunctionsintroducedbyHansonandMond[1].Anothergen-
eralizationofconvexfunctionsisE-convexfunctionsintroducedbyYouness[2],whichgeneralizedthedefini-
tionsofconvexsetsandconvexfunctionsbasedtheeffortofanoperatorEonthesets.InspiredbyYouness’s
work,SyauandLee[3]introducedanewclassofgeneralizedconvexfunctionsnamelyE-quasiinvexfunctions,

whichisthegeneralizationofE-convexfunctionsandquasiinvexfunctions.FulgaandPreda[4]extendedthe
classofE-convexsetsandE-quasiinvexfunctionstoE-invexsetsandE-prequasiinvexfunctions,respectively.

Anotherextensionistheconceptsofα-preinvexfunctionsandα-prequaiinvexfunctionsintroducedbyNoor
MandNoorK[5].FanandGuo[6]studiedtherelationshipsamongα-preinvexity,α-invexityandα-monotonici-
ty.Recently,Liu[7]introducedanewclassofgeneralizedconvexfunctionsnamedthestronglyquasiα-preinvex
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functions.Inaddition,WangandFu[8]studiedsomeimportantpropertiesofα-preinvexfunction,followedby
LiandPeng’swork[9]whichgeneralizedWangandFu’sresultstoα-prequasiinvexity.Besides,applicationsof
convexandgeneralizedconvexfunctionsareconsideredbymanyresearchers[6,10-13,17].Inspiredbytheearlier
works,inthispaper,weintroduceanewclassofgeneralizedconvexfunctionnamedE-α-prequasiinvexfunc-
tions.Itisatruegenerationofα-preinvexfunctionsandE-preinvexfunctions.Someimportantpropertiesand
applicationsinnonlinearprogrammingandmulti-objectiveprogrammingarestudied.

2Definitionsandpreliminaries
LetHbearealHilbertspaceandKbeanonemptysubsetofH.Letα:K×K→R\{0}beareal-valued

function,andη:K×K→Hbeavector-valuedmapping.
Firstly,werecallthedefinitionofα-invexset.
Definition1[5] AsetK⊆Hissaidtobeα-invexwithrespecttothegivenmappingsα:K×K→R\{0}and

η:K×K→H,ifforallx,y∈Kandλ∈[0,1],y+λα(x,y)η(x,y)∈K.
Then,werecalltheconceptsofα-preinvexfunctionandα-prequasiinvexfunction.
Definition2[5] LetK⊆H beanα-invexsetwithrespecttothegivenmappingsα:K×K→R\{0}and

η:K×K→H.Afunctionf:K→Hissaidtobeaα-preinvexfunctionwithrespecttoα(x,y)andη(x,y),iffor
allx,y∈Kandλ∈[0,1],f(y)+λα(x,y)η(x,y))≤λf(x)+(1-λ)f(y).

Remark1 Aα-preqinvexfunctiononKispreinvexwhenα(x,y)=1.
Definition3[5] LetK⊆Hbeanα-invexsetwithrespecttothegivenmappingsα:K×K→R\{0}and

η:K×K→H.Afunctionf:K→Hissaidtobeanα-prequasiinvexfunctionwithrespecttoα(x,y)andη(x,y),
ifforallx,y∈Kandλ∈[0,1],f(y+λα(x,y)η(x,y))≤max{f(x),f(y)}.

Inthefollowingsection,letα:K×K→R\{0}andη:K×K→Hbetwofixedmappings.Now,wegivethe
definitionofE-α-invexset.

Definition4 AsetK⊆HissaidtobeE-α-invexwithrespecttothegivenmappingsα:K×K→R\{0}and

η:K×K→H,ifforallx,y∈Kandλ∈[0,1],thereexistsmappingE:H→Hsuchthat
E(y)+λα(E(x),E(y))η(E(x),E(y))∈K.

ThefollowingexampleshowstheexistenceofE-α-invexset.

Example1 LetKbe[-2,-1]∪[1,2].SupposethatmappingEisdefinedbyE(x)=
x2,x ≤ 2,

-1,x > 2{ .
Analysis Bydefinition4,wecanprovethatthegivensetKisE-α-invexwithrespecttoα(x,y)=

xy,xy≠0
1,xy{ =0

andηdefinedbyη(x,y)=

x-y
xy

,xy>0

-2-y
xy

,x>0,y<0

1-y
xy

,x<0,y>0

1,xy

ì

î

í

ï
ï
ï
ïï

ï
ï
ï
ï =0

.

Lemma1 IfK⊆HisanE-α-invexset,thenE(K)⊆K.
Proof SinceK⊆HisanE-α-invexset,forallx,y∈Kandλ∈[0,1],wehave

E(y)+λα(E(x),E(y))η(E(x),E(y))∈K.
Takingλ=0,wehaveE(y)∈K,∀y∈K,whichimpliesthatE(K)⊆K.

LetE:H→H beafixedmapping,wenowgivedefinitionsofE-α-preinvexandE-α-prequasiinvexfunc-
tions.

Definition5 LetK⊆H beanE-α-invexsetwithrespecttothegivenmappingsα:K×K→R\{0}and

η:K×K→H.Afunctionf:K→HissaidtobeanE-α-preinvexfunctionwithrespecttoα(x,y)andη(x,y),if
forallx,y∈Kandλ∈[0,1],f(E(y)+λα(E(x),E(y))η(E(x),E(y)))≤λf(E(x))+(1-λ)f(E(y)).
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Definition6 LetK⊆HbeanE-α-invexsetwithrespecttothegivenmappingsα:K×K→R\{0}and

η:K×K→H.Afunctionf:K→HissaidtobeanE-α-prequasiinvexfunctionwithrespecttoα(x,y)and
η(x,y),ifforallx,y∈Kandλ∈[0,1],f(E(y)+λα(E(x),E(y))η(E(x),E(y)))≤max{f(E(x)),f(E(y))}.

Now,wegiveExample2toillustratetheexistenceofE-α-prequasiinvexfunctions.

Example2 LetK∶=[-1,0],F(x)∶=log2(1-x),α(x,y)≡1andη(x,y)∶=-
y
4.Itiseasytoprove

thatthegivensetKisE-α-invexwithrespecttoα(x,y)andη(x,y)whenthemappingE:R→Risdefinedby

E(x)=
x2-1,-1≤x≤-12

-34
,-12≤x≤

ì

î

í

ï
ï

ï
ï 0

.

Analysis Now,weprovetheE-α-prequasiinvexityofF.Forallx,y∈Kandλ∈[0,1],wehave

F(E(y)+λα(E(x),E(y))η(E(x),E(y)))=F E(y)-λ
4E
(yæ

è
ç

ö

ø
÷)=log2 1-E(y)+λ

4E
(yæ

è
ç

ö

ø
÷)≤

log2(1-E(y))≤max{F(E(x)),F(E(y))}.
Therefore,FisE-α-prequasiinvexfunction.
Remark2 TheclassofE-α-prequasiinvexfunctionisatruegenerationofα-preinvexfunctionin[5]and

E-preinvexfunctionin[4].

3Somepropertiesandcharacterizations
Inthissection,weshowsomeimportantpropertiesofE-α-prequasiinvexfunctions.
Theorem1 LetK⊆HbeanE-α-invexsetwithrespecttoα(x,y)andη(x,y),thenanynonnegativelinear

combinationofE-α-preinvexfunctionswithrespecttoα(x,y)andη(x,y)isstillE-α-preinvexwithrespectto
thesameα(x,y)andη(x,y).

Proof Supposethatfi,i=1,2,3,…,nareE-α-preinvexfunctionsonK,andF(x)isdefinedbyF(x)=

∑
n

i=1
βifi(x),βi≥0,∀i∈ {1,2,3,…,n}.

Forallx,y∈K,βi≥0andλ∈[0,1],wehave

F(E(y)+λα(E(x),E(y))η(E(x),E(y)))=∑
n

i=1
βifi(E(y)+λα(E(x),E(y))η(E(x),E(y)))≤

∑
n

i=1

(λβifi(E(x))+(1-λ)βifi(E(y)))=λF(E(x))+(1-λ)F(E(y)).

Theorem2 LetK⊆HbeanE-α-invexsetwithrespecttoα(x,y)andη(x,y).Supposethatf:K→His
E-α-preinvexwithrespecttoα(x,y)andη(x,y),andg:H→Hisanondecreasingconvexfunction,theng췍f:
K→HisE-α-preinvexwithrespecttoα(x,y)andη(x,y).

Proof Supposethatf(x)isE-α-preinvexandg(x)isanondecreasingconvexfunctiononK.Forall
x,y∈Kandλ∈[0,1],wehave

(g췍f)(E(y)+λα(E(x),E(y))η(E(x),E(y)))=g(f(E(y)+λα(E(x),E(y))η(E(x),E(y))))≤
g(λf(E(x))+(1-λ)f(E(y)))≤λ(g췍f)(E(x))+(1-λ)(g췍f)(E(y)).

InspiredbyLemma4.1in[7],weobtainthefollowingtheorem.
Theorem3 LetK⊆HbeanE-α-invexsetwithrespecttoα(x,y)andη(x,y).LetthemappingE:H→H

besurjective.Ifforallx,y∈Kandλ∈[0,1],

η(E(y),E(y)+λα(E(x),E(y))η(E(x),E(y)))=-λη(E(x),E(y)),α(E(x),E(y))=
α(E(y),E(y)+λα(E(x),E(y))η(E(x),E(y))).

thenforallλ1,λ2∈[0,1],wehave
η(E(y)+λ1α(E(x),E(y))η(E(x),E(y)),E(y)+λ2α(E(x),E(y))η(E(x),E(y)))=(λ1-λ2)η(E(x),E(y)),

andα(E(y)+λ1α(E(x),E(y))η(E(x),E(y)),E(y)+λ2α(E(x),E(y))η(E(x),E(y)))=α(E(x),E(y)).
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Proof Accordingtoaboveassumption,wehave

η(E(y)+λ1α(E(x),E(y))η(E(x),E(y)),E(y)+λ2α(E(x),E(y))η(E(x),E(y)))=
η(E(y)+λ1α(E(x),E(y))η(E(x),E(y)),E(y)+λ1α(E(x),E(y))η(E(x),E(y))+

(λ2-λ1)α(E(x),E(y))η(E(x),E(y)))=η(E(y)+λ1α(E(x),E(y))η(E(x),E(y)),E(y)+

λ1α(E(x),E(y))η(E(x),E(y))+
λ1-λ2
λ

æ

è
ç

ö

ø
÷

1
α(E(y),E(y)+λ1α(E(x),E(y))η(E(x),E(y)))η(E(y),E(y)+

λ1α(E(x),E(y))η(E(x),E(y))))=-
λ1-λ2
λ1 η(E(y),E(y)+λ1α(E(x),E(y))η(E(x),E(y)))=

(λ1-λ2)η(E(x),E(y))
and

α(E(y)+λ1α(E(x),E(y))η(E(x),E(y)),E(y)+λ2α(E(x),E(y))η(E(x),E(y)))=
α(E(y)+λ1α(E(x),E(y))η(E(x),E(y)),E(y)+λ1α(E(x),E(y))η(E(x),E(y))+

λ1-λ2
λ1 α(E(y),E(y)+λ1α(E(x),E(y))η(E(x),E(y)))η(E(y),E(y)+λ1α(E(x),E(y))η(E(x),E(y))))=

α(E(y),E(y)+λ1α(E(x),E(y))η(E(x),E(y)))=α(E(x),E(y)).
MotivatedbyConditionAandConditionCin[5],weintroducefollowingconditions.
ConditionA LetK⊆HbeanE-α-invexset.F(x)satisfiesConditionA,ifforallx,y∈K,

F(E(y)+α(E(x),E(y))η(E(x),E(y)))≤F(E(x)).
ConditionC LetK⊆HbeanE-α-invexset.Mappingsη:K×K→Handα:K×K→R\{0}satisfyCondi-

tionC,ifforallx,y∈Kandλ∈[0,1],

η(E(y),E(y)+λα(E(x),E(y))η(E(x),E(y)))=-λη(E(x),E(y)),

η(E(x),E(y)+λα(E(x),E(y))η(E(x),E(y)))=(1-λ)η(E(x),E(y)).
NowwegivethenecessaryandsufficientconditionofE-α-prequasiinvexfunctions.
Theorem4 LetK⊆HbeanE-α-invexsetwithrespecttoα(x,y)andη(x,y).LetmappingE:H→Hbe

surjective.SupposethatConditionAandConditionChold,andforallx,y∈Kandλ∈[0,1],α(E(x),E(y))=
α(E(y),E(y)+λα(E(x),E(y))η(E(x),E(y))).Then,F:H→KisE-α-prequasiconvexwithrespectto
α(x,y)andη(x,y),ifandonlyifforallx,y∈Kandλ∈[0,1],

g(λ)=F(E(y)+λα(E(x),E(y))η(E(x),E(y)))
isquasiconvex.

Proof “⇐”.Ifforallx,y∈Kandλ∈[0,1],g(λ)=F(E(y)+λα(E(x),E(y))η(E(x),E(y)))isquasi-
convex,wehave

F(E(y)+λα(E(x),E(y))η(E(x),E(y)))=g(λ)=g(1·λ+0·(1-λ))≤
max{g(1),g(0)}=max{F(E(y)+α(E(x),E(y))η(E(x),E(y))),F(E(y))}.

SinceConditionAholds,weconsequentlyhave
F(E(y)+λα(E(x),E(y))η(E(x),E(y)))≤max{F(E(x)),F(E(y))}.

Therefore,F(x)isE-α-prequasiconvex.
“⇒”.IfF(x)isE-α-prequasiconvex,forallx,y∈Kandλ∈[0,1],wehave

F(E(y)+λα(E(x),E(y))η(E(x),E(y)))≤max{F(E(x)),F(E(y))}.
Forallλ1,λ2,β∈[0,1],
(a)Ifλ1≠λ2,withoutlossofgenerality,supposingλ2<λ1,wehave

g(βλ1+(1-β)λ2)=F(E(y)+(βλ1+(1-β)λ2)α(E(x),E(y))η(E(x),E(y)))=
F(E(y)+λ2α(E(x),E(y))η(E(x),E(y))+β(λ1-λ2)α(E(x),E(y))η(E(x),E(y)))=
F(E(y)+λ2α(E(x),E(y))η(E(x),E(y))+βα(E(y)+λ1α(E(x),E(y))η(E(x),E(y)),

E(y)+λ2α(E(x),E(y))η(E(x),E(y)))η(E(y)+λ1α(E(x),E(y))η(E(x),E(y)),
E(y)+λ2α(E(x),E(y)η(E(x),E(y)))≤

max{F(E(y)+λ1α(E(x),E(y))η(E(x),E(y)))},F(E(y)+λ2α(E(x),E(y))η(E(x),E(y)))=
max{g(λ1,g(λ2))}
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whichimpliesthatg(λ)isquasiconvex.
(b)Ifλ1=λ2,wehaveg(βλ1+(1-β)λ2)=g(λ1)=g(λ2)≤max{g(λ1),g(λ2)}.Inthiscase,g(λ)isqua-

siconvex.
Theorem5 LetK⊆H beanE-α-invexsetandf(x)beE-α-prequasiinvexwithrespecttoα(x,y)and

η(x,y)onK.Ifx*isthelocalminimizeroffandE:K→Kissurjective,thenx*isaglobalminimizeroff.
Proof Ifx*isnotaglobalminimumpoint,theremustbex∈K(x≠x*),suchthatf(x)<f(x*).Since

E:K→Kissurjective,thereexistsx1,x2∈Ksuchthatx*=E(x1)andx=E(x2).Also,sincex*islocalmini-
mum,thereexistsε>0,suchthatforallx∈U(x*,ε)\{x*},f(x*)<f(x).Sincef(x)isE-α-prequasiinvex,
forx*,x∈Kandλ∈[0,1],wehave

f(x*+λα(x,x*)η(x,x*))=f(E(x1)+λα(E(x2),E(x1))ηE(x2),E(x1)))≤
max{f(E(x1)),f(E(x2))}=max{f(x*),f(x)}=f(x*).

Wechooseλ=min1, ε
α(x,x*)η(x,x*{ }) ,thenforallλ′∈[0,λ]wehave x*+λ′α(x,x*)η(x,x*)-x* ≤ε.

Therefore,thereexistsatleastonex~=x*+λ′α(x,x*)η(x,x*)∈U(x*,ε)\{x*},suchthatf(x~)≤
f(x*),whichcontradictsthefactthatx*isalocalminimizer.

Thefollowingexampleisgiventoillustratetheobtainedresult.

Example3 LetK∶=[0,1]andE(x)∶=x2+14.Also
,wesupposethatα(x,y)=xandη(x,y)=-

y
x.

Letthefunctionfbef(x)=
-x2+x+1,0≤x≤12
5
4
,1
2≤x<

ì

î

í

ï
ï

ï
ï ∞

.

Firstly,byvirtueofDefinition5,onecanobservethatf(x)isE-α-prequasiinvexfunctionwithrespectto
α(x,y)andη(x,y).Then,forthelocalminimumpointx=0off,itiscleartoseethatx=0isalsoaglobal
minimumpoint.Therefore,theobtainedresult(Theorem5)isapplicable.

4Applicationsinmulti-objectiveprogramming
Inthissection,letE:Rn→Rnbeafixedmapping,wefirstlyconsiderthefollowingmulti-objectivepro-

grammingproblem(MOP1):

min f(x)=(f1(x),f2(x),…,fm(x)),
s.t. x∈K.

whereK⊆RnisanE-α-invexsetwithrespecttoα:K×K→R\{0}andη:K×K→Rn,f:K→Rmisavector-val-
uedfunctionandfi:K→R,i=1,2,3,…,mareE-α-prequasiinvexfunctionswithrespecttothesamemapping
α:K×K→R\{0}andη:K×K→Rn.

Remark3 Throughoutthissection,let
Rm
+={x∈Rm|x=(x1,x2,…,xm),xi≥0,i=1,2,3,…,m},

Rm
++={x∈Rm|x=(x1,x2,…,xm),xi>0,i=1,2,3,…,m}.

Firstly,werecalldefinitionsofefficientsolutionandweaklyefficientsolution.
Definition7[14] Apointxissaidtobeglobalefficientsolutionof(MOP1),iftheredoesnotexistany

feasiblepointy∈K,suchthatf(y)∈f(x)-Rm
+\{0}.

Similarly,apointxissaidtobelocalefficientsolutionof(MOP1),ifthereisaneighborhoodN(x,ε)of
x,suchthattheredoesnotexistanyfeasiblepointy∈K∩N(x,ε),satisfyingf(y)∈f(x)-Rm

+\{0}.
Definition8[14] Apointxissaidtobeglobalweaklyefficientsolutionof(MOP1),iftheredoesnotexist

anyfeasiblepointy∈K,suchthatf(y)∈f(x)-Rm
++.

Similarly,apointxissaidtobelocalweaklyefficientsolutionof(MOP1),ifthereisaneighborhood
N(x,ε)ofx,suchthattheredoesnotexistanyfeasiblepointy∈K∩N(x,ε),satisfyingf(y)∈f(x)-Rm

++.
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Remark4 Efficientsolutionsarealsoweaklyefficientsolutions,buttheconverseisnottrue.
InspiredbyLemma3.3in[15],weobtainLemma2.
Lemma2 LetKbeanE-α-invexset,andfi,i=1,2,3,…,mbeE-α-prequasiinvexfunctionswithrespect

tothesamemappingα:K×K→R\{0}andη:K×K→Rn.Thenexactlyoneofthefollowingtwosystemsis
solvable:

(i)thereexistsx∈K,suchthatfi(x)<0,i=1,2,3,…,m;

(ii)thereexistsλ=(λ̀1,λ̀2,λ̀3,…,λ̀m)∈Rm
+\{0},suchthat∑

m

i=1
λifi(x)≥0,∀x∈K.

Proof Supposethesystem(i)issolvable,thenthereexistsx∈K,suchthatyi=fi(x)<0,i=1,2,3,…,

m.Therefore,forallλ=(λ̀1,λ̀2,λ̀3,…,λ̀m)∈Rm
+\{0},wehave∑

m

i=1
λifi(x)=∑

m

i=1
λiyi<0.

Inthiscase,thesystem(ii)hasnosolution.Usingthesamemethod,itiseasytoprovethat(i)hasno
solutionwhen(ii)issolvable.Thereforeexactlyoneofthefollowingtwosystemsissolvable.

Theorem6 LetK⊆RnbeanE-α-invexsetwithrespecttoα:K×K→R\{0}andη:K×K→Rn.Suppose
thatfi,i=1,2,3,…,mareE-α-prequasiinvexfunctionswithrespecttothesameα:K×K→R\{0}andη:K×
K→Rn.Ifx*⊆Kisaglobalweaklyefficientsolutionof(MOP1),thentheremustexistλ∈Rm

+\{0}suchthat
x*isanoptimalsolutionofthefollowingscalarproblem(Pλ)

min λf(x)T,
s.t. x∈K,

 λ∈Rm
+\{0}.

Proof Supposethatx*∈Kisaglobalweaklyefficientsolutionfor(MOP1),thentheredoesnotexist
anypointx∈K,suchthatfi(x)-fi(x*)<0,i=1,2,3,…,m.AccordingtoLemma2,weimmediatelycon-

cludethatthereexistsλ=(λ̀1,λ̀2,λ̀3,…,λ̀m)∈Rm
+\{0},suchthat∑

m

i=1
λi(fi(x)-fi(x*))≥0,∀x∈K.

Thenwehave∑
m

i=1
λifi(x)≥∑

m

i=1
λifi(x*),∀x∈K,x*istheoptimalsolutionof(Pλ).

Inthesequel,assumingthatE:Rn→Rnissurjective,wenowconsiderthemulti-objectiveproblem
(MOP2)withconstraintsasfollows:

min f(x)=(f1(x),f2(x),…,fm(x)),
s.t. g(x)=(g1(x),g2(x),…,gn(x))≤0,

 x∈E(K).
whereK⊆RnisanE-α-invexsetwithrespecttoα:K×K→R\{0}andη:K×K→Rn,f:K→Rmandg:K→Rn

(n≥m)arevector-valuedfunctions.fi:K→R,i=1,2,3,…,mandgi:K→R,i=1,2,3,…,nareE-α-prequasi-
invexfunctionswithrespecttothesamemappingα:K×K→R\{0}andη:K×K→Rn.

Definition9[12] Anefficientsolutionxfor(MOP2)issaidtobeproperlyefficientsolutionfor(MOP2),
ifthereexistsapositivescalarqsuchthatforeachi,i=1,2,3,…,mandeachfeasiblexsatisfyingfi(x)<

fi(x),thereexistsatleastoneindexj≠iwithfj(x)>fj(x)and
fi(x)-fi(x)
fj(x)-fj(x)

≤q.

Remark5 Forafeasiblepointy*=E(x*)(x*∈K)for(MOP2),wedenoteI(x*)byI(x*)={j|(gi췍
E)(x*)}=0,j∈{1,2,3,…,n}}.

InspiredbytheFarkasLemmain[16],wegivethefollowinglemma.
Lemma3 LetK⊆RnbeE-α-invexsetandfi(x),i=1,2,3,…,m,gj(x),j=1,2,3,…,nbeE-α-prequasi-

invexfunctionswithrespecttothesameα:K×K→R\{0}andη:K×K→Rn.Lety*=E(x*)(x*∈K)bea
feasiblesolutionof(MOP2),thenexactlyoneofthefollowingsystemsissolvable:

(i)thereexistsq,suchthatforallfeasibley=E(x)(x∈K),y≠y*,(E(x)-E(x*))Ñfq(E(x*))<0,
(E(x)-E(x*))Ñfq(E(x*))≤0,∀i≠q,(E(x)-E(x*))Ñfq(E(x*))≤0,∀j∈I(x*);
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(ii)thereexistspositiveλi,i=1,2,3,…,mandμj≥0,j∈I(x*),suchthat

∑
m

i=1
λi Ñfi(E(x*))+ ∑

j∈I(x*)
μj Ñgj(E(x*))=0.

Proof Suppose(i)issolvable,thenforallpositiveλi,i=1,2,3,…,andμj≥0,j∈I(x*),wehave

(E(x)-E(x*))(∑
m

i=1
λi Ñfi(E(x*))+ ∑

j∈I(x*)
μj Ñgj(E(x*)))<0.

Inthiscase,itiseasytoseethat(ii)hasnosolution.Usingthesamemethod,wecanprovethatthesys-
tem(i)hasnosolutionwhen(ii)issolvable.Therefore,exactlyoneofthetwosystemsissolvable.

Theorem7 Letfi(x),i=1,2,3,…,m,gj(x),j=1,2,3,…,nbeE-α-prequasiinvexfunctionswithrespect
tothesameα:K×K→R\{0}andη:K×K→Rn.Lety*beaproperlyefficientsolutionfor(MOP2),andy′be
afeasiblesolutionfor(MOP2)suchthatgj(y′)<0,j=1,2,3,…,n.Iffi(x),i=1,2,3,…,m,gj(x),j=1,

2,3,…,nsatisfy
(E(x)-E(y))Ñfi(E(y))T≤(fi(E(x))-fi(E(y))),∀x,y∈K, (1)
(E(x)-E(y))Ñgj(E(y))T≤(gj(E(x))-gj(E(y))),∀x,y∈K, (2)

then,thereexistspositiveλi,i=1,2,3,…,mandμj≥0,j∈I(x*),suchthat∑
m

i=1
λi Ñfi(y*)+ ∑

j∈I(x*)
μj Ñgj(y*)=0.

Proof Sincey*,y′∈E(K)andE(·)issurjective,therearex*,x′∈K,suchthaty*=E(x*)andy′=
E(x′).Forallfeasibley=E(x),x∈K,wesupposethatthefollowingsystemissolvable:

(E(x)-E(x*))Ñfq(E(x*))T<0, (3)
(E(x)-E(x*))Ñfi(E(x*))T≤0,∀i≠q, (4)

(E(x)-E(x*))Ñgj(E(x*))T≤0,∀j∈I(x*). (5)

Sincethereexistsy′=E(x′)suchthatgj(E(x′))<0,wehave
gj(E(x′))-gj(E(x*))=gj(E(x′))<0,∀j∈I(x*).

Accordingto(2),wehave
(E(x′)-E(x*))Ñgj(E(x*))T<0,∀j∈I(x*). (6)

Byvirtueof(5)and(6),foranypositiveρ,wehave
[(E(x)-E(x*))+ρ(E(x′)-E(x*))]Ñgj(E(x*))T<0,∀j∈I(x*).

Therefore,foranysufficientlysmallpositiveλ,wehave
gj(E(x*)+λ[(E(x)-E(x*))+ρ(E(x′)-E(x*))])<gj(E(x*))=0,∀j∈I(x*).

Fork∉I(x*),sincegk(E(x*))<0,wehavegk(E(x*)+λ((E(x)-E(x*)+ρ(E(x′)-E(x*))))≤0,∀k∉
I(x*).ThereforeE(x*)+λ((E(x)-E(x*))+ρ(E(x′)-E(x*)))isafeasiblesolutionfor(MOP2).

Usingthesamemethod,wehavefq(E(x*)+λ[(E(x)-E(x*))+ρ(E(x′)-E(x*))])<fq(E(x*)).
Becauseoftheproperefficiencyofy*=E(x*),thereexistsatleastonei≠qsuchthat

fi(E(x*)+λ[(E(x)-E(x*))+ρ(E(x′)-E(x*))])>fi(E(x*)). (7)

Let     A(λ,ρ)=
fq(E(x*))-fq(E(x*)+λ[(E(x)-E(x*))+ρ(E(x′)-E(x*))])

λ
,

B(λ,ρ)=
fi(E(x*)+λ[(E(x)-E(x*))+ρ(E(x′)-E(x*))])-fi(E(x*))

λ .

Accordingto(3),itiseasytoseethatA(λ,ρ)→(E(x*)-E(x))Ñfq(E(x*))T>0,λ→0,ρ→0.
Similarly,by(4),wehaveB(λ,ρ)→(E(x)-E(x*))Ñfi(E(x*))T≤0,λ→0,ρ→0.
However,bythevirtueof(7),wehaveB(λ,ρ)>0,whichimpliesthelimitofB(λ,ρ)isnonnegative

whenλ→0andρ→0.Then,wefindthat
A(λ,ρ)
B(λ,ρ)

→∞,λ→0,ρ→0,whichcontradictstotheproperefficiencyof

y*=E(x*).
Therefore,thegivensystemisnotsolvable.AccordingtoLemma3wehave
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∑
m

i=1
λi Ñfi(y*)+ ∑

j∈I(x*)
μj Ñgj(y*)=0.
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运筹学与控制论

一类E-α-预不变拟凸性与数学规划

彭再云,王子元,周亚聪,林 志,王美娟

(重庆交通大学 数学与统计学院,重庆400074)

摘要:【目的】提出一类新的广义凸函数E-α-预不变拟凸函数,并研究它的性质和应用。【方法】由于E-α-预不变拟凸性是E-预不变

凸性和α-预不变拟凸性的真推广,将E-预不变凸性和α-预不变拟凸性推广可以得到结果,并举例验证。【结果】首先,给出了E-α-不

变凸集和E-α-预不变拟凸函数的定义,给出实例说明其存在性。然后,给出了E-α-预不变拟凸函数的几个重要性质,并借助条件A
和条件C获得了E-α-预不变拟凸函数的等价刻画。最后,讨论了E-α-预不变拟凸性分别在无约束与约束多目标规划问题中的应

用。【结论】研究了E-α--预不变拟凸函数的性质和应用。
关键词:E-α-预不变凸性;E-α-预不变拟凸性;多目标规划问题;α-预不变凸性;α-预不变拟凸性
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