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On the Convergence of Ishikawa Iteration Process with Errors for Lipschitzian

Strongly Pseudocontractive Mappings in Banach Spaces

LONG Xian-jun PENG Jian-wen

College of Mathematics and Computer Science Chongging Normal University Chongging 400047 China

Abstract Let K be a closed convex subset of an arbitrary real Banach space X and T: K—K be a Lipschitz strongly pseudo-
contractive mapping such that 7x* =x" for some x* € X. Under the lack of assumption that ¥, 7,8, < % it is shown that
the Ishikawa iterative sequence with errors converges strongly to the unique fixed point of 7. Moreover this result provides a
general convergence rate estimation for such a sequence. These results unify improve and generalize the recent correspond-
ing results.

Key words real Banach space Lipschitz strongly pseudocontractive mapping Ishikawa iterative process with errors conver-
gence rate estimate fixed point

| -

X T VxyeD T
X Banach jx-y elJx-y
- 1 X X X Tx -Tyjx-y =0
J - T VxyeDT jox-
Jx = x" eX'| xx" = y el x-y
I = Ix" | VxeX To-Tyja-y zhlx-y|?
X T te 1 = k>0 k T
VxyeDT r>0 ke 01 T
fx-yv|| < || 1+r x-y —-rnt Tx -Ty | I -T Y
t =1 T Browder ’ Kato "
Browder
* 2005-10-26
No. 8409

1980-



2 23
T X Lipschitz du =0
dt
Tu =0 u 0 =u, 2
N Liu? Tan  Xu’ 2 K Banach X
P Banach T: K—K Lipschitz
Banach 2000 Sastry  Babu ° Tx* =x* x e X u, v, X
Liu’ 1 2 K a, B, 01
78 56 ' '
Mann Ishikawa 1 z lu, | < o 1o, || =0 n— o
6 n=0
max £ m — &
18 K Banach X 2 O\B LL+1 ZI+2—k ne
V T: K— K Lipschitz 0k se 0n
Tx* =« xn e X a, B. 3 z © o = w
0 1 n=0
o « 0<a,s
1 2 n=0 " =*® z n:()a”ﬁ" < ® L + 1 :IC - 77
20 < a, k-mn L+1*2+L-k + L-1 max ¢ - ¢
L+1 L+2-k + L-16kE VneN
VneN me 0k ke 01 L =1 -7
. k . .
30< < ( 1 ) Y T  Lipschitz X X
Bk L L+l " pet 0 <
Ishikawa x,
e N
xn+l = 1 - an xn + anTyn + u’n
ke 01 L =1 I-T
y” = 1 _B” x” +B11Tx” + v” Vn E N 2
T Lipschitz xy € X ]
T x"
Ishikawa X,
un = vn = O Vn € N
xn+] = 1 - an xn + anTyn 1
yn = 1 _Bn xn +BnTxn vn‘ € N O 1 y" y” 21 +kmin ¢
T x 01 n-¢ a, VneN
Y Y = 1 + k «, || Xpe1 ~ || l_‘[l 0 1 - 7] || Xy — X ||
neN T: K—K Lipschitz
* n . I - T X :y e K
Dt =2 < TT 1= - | | :
i I-Tx—- I-Tyjx-y =k|x-y]|
t -1
© k= —— 1
1 Z B, <@ Ishikawa ¢ Le >
0
Ishikawa Kato ' 1.1
flx=-y|| < |lx-yv+r I -T-kl x-
Tan Xu? Liu’ I=-T-ky | 3
Sastry  Babu ° 7 xyeDT r>0 2
1 1 p” O'n 0” t” || yn _x* || = || 1 _Bn xn _x* +Bn Txn _x*
to, | < 1-B,+18, |x, —x" || + |v, |
Lie 01 z*_ot”w l, =Ty, | = N, =" [ + L]y, -2 || <
Y, 2 L+ L+ LZ—LB” o, =x" | +Lllw, | 4
g, 0, <
n=0 n=0 . || Tx11+l - Tyn || s L || xn+l - yn || =
p"’+1 g 1 B t p" + 0-np” + 0 V n / I}LIE " L || 1 - a”. x”. + a” Ty” + u/l - ./y.”. || =




3 Banach Lipschitz Ishikawa 3
L||xn_yn+an Tyn_xn +un || = 1_'yn ||xn_x* || +
L ||Bn Txn —.%” +un || +lan || Tyn _'xn || +L ||un || s 2 - k O[”2L || Un || + OLHL || ’Un || +
LL+1 B lx, —x" | +L[v, |l +Lu,l + o’ o, | +eLfu, | + 2-ka, +1 |u,|
La, 1+L+ L'=LB, |x —x"| +L|v, | < 6
LL+1B"+[0£"1+L+ LZ_LB” ||xn_x* || +
Lllo, | + ey llo, | +L1w, | 5 b ietlap - 1eL 24
1 y11_1+a71 an an n
xn :xn+1+anxn_anTyn_un = 1+an xn+1+ L_k Oan—LL—l 2+L—k anan
a, I -T-k x,,, - 1 -k ax, + 1 2 neN
P *x, =T Tx,,, - Ty, -
Ba s =T ta, oy -1, v = ke, - L L+1 af, - 1+L 2+
2-k a, +1 u, 1 +a,
L-ka’ -LL-1 2+L-k a’8 =
X = 1+anx +C(n ]—T—k]x - l—k o,x 1 ka,,—L L+l 2+L_ka”B"_ 1+L
I +a,
X -x" = l4a, x., -x° + 2+L-ka’-LL-1 2+L-ka’B, =
@, I=T-k x, - [-T-k x" - %ka L L+l 24L—k -
+ n
1-ka x,-x" + 2-k ozn2 x, - Ty, + o
_ _ max &1 - & - 1+L 2+L-k o’ -
au Txn+l Tyrl 2 k an +1 un L L+1 L+2_k a" + + a"’
3 4 5 max £ p— &
LL-1 2+L-k — a’ =
I5 =21 2 1t | 2, -2 4 LI+l L+2-k
o , ! ka, —max e m - a, - 1 +L -
“ I -T -kl x,,, - I -T-kI x* ‘ - I +a,
l +a, I -1
. B 2 -1 max e n-¢ 2
L=k oa,|lx, -2 || = 2=k o} |x, =Ty, | - 2+L-F o, L+l @ =
an, || Txn+l_Tyn || - 2_k an+l || un || 2 1
. ka, — - -
Dta, [ x| = L=k o[z, - || - Db, 7S
2—kan2||xn—Tyn||—oz”||Txn+1—Ty"||— L+1%2+L-k + L-1 max e n-¢
Z_kau+1 ||uu || 2 1+au ||xu+1_x* || - L+1
ko |x x| - 2-ka’l+L+ I>- . L+l k-n o =
. 5 L+1°2+L-k + L-1max en-& "
LB, |x,-x" | - 2-k & Llv,| - |
o, L L+1 B, +La, 1 +L+ L’ - [+ q Fen-maxen-&a- kh-na =
LB, llx, -« || —aLv, | -l |v, | - _
alllu, | = 2-ka, +1 |u,]| I 4q, Mo EnTE G =
min £ n -¢ a, 7
. <1+ 1 -k «, . 1 +k
[ —x" || < I +a [, =27 || + 6 7
2 -k o , X —x = 11—y, |x, —-2"| +
O La Ll x| I = IR
I +a, 2-k o Lo, || +elov, || +Le |v | +
Z_kaiL”v””_;’_%LL_'_lB”_'_ a"L||u"||+ 2_kan-l—l ||u“n||S
a

n

La, 1 +L+ I’ -L B,
2 2
ol v, | +La [v,| +allu,| +

2-ka, +1 |u, | <

I, =" | +

[EAEE AN

|
- mn & n-¢& q,

1 +k
2 2 2
2-k o Lo, || +ellov, || +La [v, | +

allw | + 2-ka +1 Ju | 8



23

pll = || x/l - x* || tll = min 8 7] - 8 a/l 0-/)

1 +k
= O 071 = 2 - k anzL || UII || + a"L || U’l || +
Lo v, | +oLllu, || + 2-k a,+1 |u,|
8

pn+1 = 1 - tn pn + o-npn, + 011 Vn = O

12 ,e 01 Y 1 =

2":00" < @ 1 Eirga,l =0 x,
x” x” 1

u, =v, =0 ¥YneN 8

20 -2" < 1-y, [x,-x" | = <
M., 1-% lx-2"| y, 01

7”21+kmin en-¢a, YneN
3 K Banach X
T: K— K Lipschitz
Tx* =x" vt eX u, X
a, 01
LY lu,ll =
2 Zfzoa"=0° 0<a,-s=s

! L+1 k-nq Vn
L+1 " 2+L-%k + L-1 max ¢ g —¢
e N ne 0k g€ 00

ke 01 L =1 I-T

T Lipschitz %y € X

Mann x,

X0 = 1 —-a, x, +a,Tx, +u,

T x” u, =0
VneN 01 V. Ve =
——min £ 7 -¢ a, VneN

1 +k

PR IS | R A E

1 CHIDUME C E. lerative Approximation of Fixed Points of
Lipschitz Strictly Psedocontractive Mappings J . Proc
Mmer Math Soc 1987 99 2 283-288.

2 TAN K K XU H K. Iterative Soulutions to Nonlinear E-
quations of Strongly Accretive Operators in Banach Spaces

J . J Math Anal Appl 1993 178 9-21.

3 DENG L DING X P. Iterative Approxmation of Lipschitz
Strictly Pseudocontractive Mapping in Unformly Smooth Ba-
nach Spaces J . Nonlinear Anal 1995 24 7 981-987.

4 CHANG S S. lterative Approximations of Fixed Points and
Solutions for Strongly Accretive and Strongly Pseduo-con-
tractive Mappings in Banach Spaces J . J Math Anal Ap-
pl 1998 224 149-165.

5 LIU L W. Approxmation of Fixed Points of a Strictly Pseud-
ocontractive Mappings J . Proc Mmer Math Soc 1997
125 1363-1366.

6 SASTRY K P R BABU G V R. Approxmation of Fixed

Points of a Strictly Pseudocontrative Mappings on Arbitrary

Closed Convex Sets in a Banach Spaces J . Proc Mmer
Math Soc 2000 128 2907-2909.
7 . Banach Lipsschitz
Ishikawa J . 2001

22A 5 639-644.

8 ZENG L C. lterative Procedure for Approximating Fixed
Points of Strictly Pseudocontractive Mappings J . Appl
Math J Chinese Univ Ser B 2003 18 3 283-286.

9 BROWDER F E. Nonlinear Mapping of Nonexpansive and
Accretive Type in Banach Spaces ] . Bull Amer Math
Soc 1967 73 875-882.

10 KATO T. Nonlinear Semigroups and Evolution Equations

J . J Math Soc Japan 1967 18/19 212-225.

11 . Lipschitz

J. 1998 41 845-850.



