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1 —#% Helmholtz AR EZ AN ANHAHEREDHRK

1.1 i) o 4 ik
Z 8 Helmholtz 72
d’u
dz*
Herp oo ()M B R B ko JEVR ORI IXH N D=[a.b], AT IR, S kiv() =k TR AT LS

+ Riv(u = f(2),z€D, @D)

2
i%%k%ﬁéﬂz%zGDo 2
dz

Horp () 2 Dirichlet B &M u(2)=g(2).2€dD,
L2 AMEHESERAHEE
TEX Al D=[a,b] X} (2) L3473 115 .

p P b b
‘““)—d“ax+yjmkzjfux&o (3)
dz dz a «
T XX D={[a,b 3473 5] WA 2, A 15 5 4 M A .
t=atGm—Dhoh= 2% n=1,2, .M, 4

XF 3 53 1 AR (4) B L2, Lo 3 IR AE RV, B 2 (O X BRI BBV : [as 0] =2, Lozt Jom=1,

2

2, Mo FIAS S U AL 1 R

z z 1 z z 1 z

m—1 m—? m m+? m+1
1 s, 2ESE
Fig.1 s, is control body
TG 5 2 (3) ] 28
% o Jr/ezjzw? udz:Jlm+7 f(2)dz, (5)
z % z 7% sz%
S (52 P L w1 BOHE h FE A R T A
P Ut T Ry R
um+7 h 241’{1/1‘#7 1 9201’{1;177 _'_()(h )o (6)
it S S O N SR 6
Un—1 A o1int T T gt TOM . (D
H (DA .
MZ;HZ % = _k2u11)+1+ me o
% 2T
A
u/(usl% :7/62“///1‘#% _’_f/,u‘F% ’ (8)
Wl L=k, LR i i (9
LA CI IR AWNCHE: WKL P
mt1 " Uy h* h' 5 6
Wiy = Dl — o sull O =
h2k2 7h4/€4 u,,,\liu,,,77hgk2 . o 7& v o h,'1 N 4 6
(1+ 24 +5 760) h 5 760(fmv1 fm) 24fm+? 1 920(Afm+1 f1/1)+()(h )o (10)

) Al 75 .
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r :umiumfl h (3) L h/l 5) _
o =t el ) e O =
/”L /6 7}11/3/1 U, — U,,— 77h%k2 -~ 7& N3 L v v
(1+ +5 760) h 5 760(fm f/n*l) 24fm*7 1 920 m m— 1)+()(h ) (11)

SRIE SR QoA 5 nT RIS 5] (5) 20 A9 55— .

du ""*?: ro_r 1+h2/32 Th'k' Ytwis —2u, —w, 1 Th°E’
e 24 5760 h 5 760

(f‘m\ 1 _Zf‘m_f‘m*l)_

2

=2 = D HOMh),

/;Z(f"’/"*%*f;*%) 1 920
ST AL (5 3 A R A3 I, s B L O (B 22 0 ORI IR R R AR w (o) L B RIS VRS B
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e+ Eh) = ps (O +OMS) ,£€[0,1],
H p. (9 K Y Hermite-Birkhoff 4 {5 £ T =L, .
pe o ==ttt P Ja—p 4 (ful— b Ja - +120 W A0+
(s =t it Yo (Bl — st o+ gt (12)
360 120
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Th*k* | 31h°k" 31h°k% 0 11h 31h°k* ;
[ 384 15 360) for T 15 36of’”* 2 560 f”’ s 36ofJ’”“ TOk,
I J A (5) 21 25 T T 5 R L T RAAS B R A S BA X
au,—1 Hbu, Fav, 11 =guo (16)
kS Th'E' | 31h°k° 2h k> 2h'k' | 11h°R° Th'E* | 31h°k"
H = = —
Hfta =1+ - 360 +15360’b — 2 *t 45 * 2 560 ° (360 +1536ojf’”*le

6
20" K 11h%* Th'k | 31hk! RYOBIRCRY o (AU 1R
( jf ( 360 15 360]f’“*] T (f'"*z L) +(1 920 15 36())11”’*1 (960 2 560) "t

/,f,\ \+hF, B B =kiv(2),F, :J

“m

h' by
[1 920 15 360 Lf(Z)dZ‘“

1.3 HEEH
R TR AR SO XA RS B PR DL R AT SR L R DL B RS A i A9 Dirichlet 1 B AR R R, BLE R 22N
In(L..(M,)/L..(M,))

L.= max |u(z,)—u,| . HEH P = o HotP M A MIREE, u(z,) BRIEHH, u,
1,2, nt 1 In(M,/M,)
FEN B R

F 1~6 43 TSR AR T AN R B0 Y Lo 158 22 DL RSBy . IAaX 6 A>3 il LA H A SOk =U7E D8
R* WA TR IR, B BEARGF B3R BN RS B2 . Dl e/ *’Eﬁ?%lﬁlffﬁﬁﬂ/\ﬁéﬁiﬁi EE Y SN § & NI PRN
SO U RE IR BISBIRT L . 3 7 M T SCHER P B B8 B AT 3 H 3R O 5 2 AT HOER L R BRAR SOA% 3mT LIK B 7S B
KEHE I HLR 22 LU SCHR P B9 S5 R /D

o1 BT f(2)=(k" —1)zcos(z) —2sin(z) — &' (z*%j ,z€e[—1,1],

%Eﬁ%u(z):zcog(z)—kz (Zi%) .

ﬁ%&{tr:u(—n:—cos(—n—kz(—%) ,u(l):cos(l)—kz(%)c

R1 OB =1, =5, ETEMETHIRZE WS

Tab.1 The error and convergence order under different grids when the wave number is £* =1,k =

B =1 k=5
M
3= WS R g gy
4 5.502 2e—06 4.512 8e—05
8 8. 877 7e—08 5.953 7 7.811 0e—07 5.852 4
16 1. 398 2e—09 5.988 5 1. 250 2e—08 5.965 3
32 2.230 3e—11 5.970 2 1. 972 0e—10 5.986 4
64 3.542 7e—13 5.976 2 3.283 6e—12 5.908 2
F2 BB E =10, £* =30 B, EREFMIE T IR E MK S H
Tab.2 The error and convergence order under different grids when the wave number is £ =10,%" =30
k2=10 k2 =30
M
3= WS R W sk By
4 0.008 5 4.010 8e—05
8 5.824 8e—05 7.189 1 1. 569 4e—06 4.675 6
16 9.390 1e—07 5.954 9 2.854 3e—08 5.780 9
32 1. 483 0e—08 5.984 6 4. 800 6e—10 5.893 8

64 2.567 2e—10 5.852 2 7.646 3e—12 5.972 3
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x3 BB =50, k> =100 B, 7E A E M T B9IR 2= 504 8
Tab.3 The error and convergence order under different grids when the wave number is £#* =50,k =100
k* =50 k* =100

M

R WS R g gy
8 1. 730 5e—06 2.401 6e—06
16 3.354 5e—08 5.688 9 3.837 3e—08 5.967 8
32 5.790 1le—10 5. 856 4 6.861 4e—10 5. 805 4
64 8.148 le—12 6.151 0 1.263 3e—11 5.763 2

&H 2 PRI ()= (' =k ) zsin(nz) +2nkicos(nz) 2 €[ —1,1],

KGR u(2) =k zsin(nz) ,
IR u(—1)=0,u(1)=0,

R4 OREE=1. =5 . ETEMNETHIRZENESH
Tab.4 The error and convergence order under different grids when the wave number is £*=1,k* =5
B =1 B =5
M
W WS w2 WSy
4 0.004 9 0.041 5
8 9.259 6e—05 5.7257 8. 789 5e—04 5.561 2
16 1.502 2¢—06 5.945 8 1.539 1e—05 5.835 6
32 2.368 4e—08 5.987 0 2.442 4e—07 5.977 6
64 3.708 9e—10 5.996 8 3. 840 8e—09 5.990 7
128 5.892 6e—12 5.9759 5.979 4e—11 6.005 3
R5 B A =10, k* =30 B . FEARE M E T YR 2= 5008
Tab.5 The error and convergence order under different grids when the wave number is £ =10,k* =30
k=10 k* =30
M
W2 WSy W WSy
8 0.003 0 0.036 9
16 5.263 2e—05 5.832 9 6.758 9e—04 5. 770 7
32 8. 541 2¢—07 5.945 4 1. 099 2¢—05 5.942 3
64 1. 341 3e—08 5.992 7 1. 734 6e—07 5.985 7
128 2.113 0e—10 5.998 2 2.717 0e—09 5.996 4
256 4.010 4e—12 5.719 5 4.234 0e—11 6.003 8
RO EB L =50, k* =100 B, FEA B M 4E T B9 IR 2= F0 0S5 R
Tab. 6 The error and convergence order under different grids when the wave number is £* =50,%* =100
k* =50 k* =100
M
R WS R thg
8 0. 040 5 0.0337
16 8. 387 4e—04 5.593 6 0.001 0 5. 074 7
32 1. 394 2e—05 5.910 7 1. 799 3e—05 5. 796 4
64 2.211 2e—07 5.978 5 2.958 1e—07 5.926 6
128 3.468 3e—09 5.994 5 4.652 4e—09 5.990 6
256 5.855 8e—11 5. 888 2 7.214 9e—11 6.010 9




74 FERIFEAFFWMCEKF ¥ http://cqnuj. cqnu. edu. cn % 38 %

KT BEL=1.EAXEXEXH7TIEXTLER

Tab.7 The result of comparison between the format of this paper and reference [ 7] when the wave number is £ =1

y SCHRL7 145 53 A (16D

W2 WSy R W S4B
20 1.128 3e—05 3. 805 8e—08
40 1.178 7e—07 6.58 5.957 7e—10 6. 00
80 9.958 9e—10 6. 89 9.338 3e—12 6. 00
160 8.066 Oe—12 6.95 8.371 le—14 6. 81
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2.1 o) A ik
Z &~ Helmholtz 77 %2 .

2
%‘Q—kov(z)u:f(z)qze D.

o w ‘Ul(z)’ Z€D1 -

/ﬁ\:':':':/%o %ﬁﬁw(z)%*ﬁﬂ@rgﬁzv(z): ’Dl:I:szl.zm]9D2:(zm’ZJH*l]?D:DIUDZ »u(2) 15
'Uz(z)a ZGDQ

& Dirichlet 1R &4 :u(2) =g(2),2€ID, ulz), f(OIEFR T TED W LB R [u] | =C W [/ ]| 1 =C,,

I:f]‘[‘ C‘g’[f”]‘[‘ Cio B5[ulER u(DERE T FABER, X F V€T [u]‘p hn; u(z)* lim ulz)=

w —u o W EARHLBR TS _E AR R R o (O BIE X Dy LD, REZR
2.2 RELHMAMEHESHRXNEE
X R0 X s R ORI (16) AU — R, A Rl 20 DL BT 2, T T 4 2 i A T Ak A S

2 Sy eSa— mIEFIE
Fig.2 s, 55,1 is control body

$FMBRE v() B BEWE, R E R m AR A /NXE AT L ER F 0(z) =0,,2€ (2,0 2,1 )
v()=v,2€ (2, 152, FEEFELLIEXE 2, L.z, 0 ] EXTEHETRY

2

% e -+ kSJ ‘%v(z)udz —J 7f(z)dzo (17

RBETE R, 2, ﬁﬁﬁﬁﬁlﬂ(l?)ﬁﬁfﬂigﬁ:

du | —+ du | ey + &} v,,,ng;m* udz + kiv,. 1 J~+g udz = J f(z)dz —+ J 7 f(2)dz, (18)

dx|. . d=f. - 2)e, 1 7)o -
FER AR (18) 20, R R wpe t AR B SF TR AT, XT38 &« %JFH%%%/\T%LJE B i F| G 2

I Ak T,

Xt Tl A, FUHAR G w0 su, T‘Ez,ﬂ+ AT B w, i su,, TER z,lﬁﬁtﬁﬂ:

s =ty e A e LHOU) (19)

384 > 13840" 46 080
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L A h . 7}17% 3 L ), h’ (5) h’ 6)
Uy um‘F? 2 um+ + um‘#* 48um+ _'_384“;71‘#? 3 84Ou/11+ 46 080 ;/1*7—’_()(/1 )’ (20)
— _h A ' 0 A’ 6
Un—1 = Ut T MWJF Un—t — ygln—t T agqunt T g punst T e 00 w,” L +O"), (21
- = 1 ﬁ r }Lz 7oy h’ (3) Ll (OO0 h’ 5) h’ %) 4 7
n =ttt Frwn L gwn L oun” ot L e L e e un L OGN (22)
1 (19) ~ (22) T 74 .
e el PR S YN A ‘
umA% h. 24“1}1+? 1920 m+ +O(}l )9 (23)
’ l:u,f,*u,,,fliﬁ 3 e )
Up— L i oqtn T 920u,1,77+()(h (24)
X3 0y, 0 (R L R TR s A g R R D R AT AR
Uy = —kivsu, o+ f )T = —kivu, + fo )T = —kow, + = — kv, f
m,
ul(z;j}#) k()vzu711+ + fm‘#* ’ (25)
W= ol 1+ fi1, (26)
wl L =kiviun, L — kv, fl T, 27
w) L =kiviu, -+ —ko fL, L+ f L (28

fLeEsHFEHKXRA 23 XT1E .

h'
1920

_ ., 2
;o Untl " Um D ) , Y
Up+L = 7*ﬂ(*ko‘vgum+%—0— f”#%)f

h

Svbun L —kEvs [t fi )+ OGS =

h* ki, Th'kyvs um+1_u:: Th kj v, _h h? ;o o s
(1+ + /’L 5760 (fm\l fm) 247[111\ 1920(fJ1,x»1 (me) )+O(h )o

24 5 760

[ HAE (26) A1 (28) AT A (24) K AT 15

_ hzkgvl
o (1 + 24 T 5 760

h:
ﬂfmj 1920

B (29), (30) 1 39 AT Sk mf L 45 @Jusﬁéﬁﬁuﬂﬁiﬁﬁu
du | | du

’ Th'kivi\u, —w, 1 Th'kiv, . .
Un— i 5 760 oo = fu1)

A
m

— ) + O

== - . + : -
dZ Z,,,,i+d2 - (um) m—erum‘, (um) “,‘7 m** [u]
Rkiv, | Th'RiU Y1 —u,  Th kiv, e L
Ll T T 560 h 5760 St T Sw) T fm+> 1 920<ﬂn+1 )

1920

h2kg“01 7h kovl Uy Uy 7}13]2(::1/1 . ﬁ ,
(1 + 24 + 5 760 h + 5 760 (fm fm*]>+24fm,?+

HER R TR (18) 3R A P AN B3 T 87 47 {25 300 R G B BR R R e () o i PR AE 7S B0

XE 58T 00 5 9 L 0 25 0030 £ U 8 50

J udz:(£+7h ki, +31h”k&>vi)um L (311 | 3hkio 11h5/egv%)um _

8 384 15 360 128 5120
7h* | 31hkEw )\ . (3h° | 11K°RIv ) ., 31h° ., 11A°

Tty 3h’ ki v, 11R° k5 N h Th kv, 3100 ko B
LH udz = (8+ 128 + 5120 ]U/n+ 8+ 384 + 15 360 ) o

(E 11h° kovzj (7}13 31h5k§v2) 11A° 31h°

128 + 5 120 384 + 15 360 fm+1 _'_ lzo(fm) 15 360fm+1 +()(h )

29

300

T — (D —[d T O,
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S 4 (23) 2 HL T A 2% 03 BL A O ke >k , T4 3 5 1AL Y S B A 2
ayu,— teiu, fesu, taru,— L' J=g,.
mTlul=Cunt —w, ) T avu  + (i Fe)uy, Fasun s+ Lul—[d' I=g, A PR LB )=
o= Fu L= =D ,E&f;=[f]+f LT =01 g BER

, (TRUEE | 31A°RYY h' 11A° . Th'k} | 310"k}
e (360 * 15360 ) 1T (k R+ 5120 H T A |10 (0 T 15 360 )/ T
N R 31K o [ RY O 11A° Rt 31h°EN
(f A i (1 920 15 360)’["’*‘ [960 5 120k R )}(fJ )+ (1 920 15 3<sojf"’*”L

h' k3 11hA° h' 114°k3 ” ’
(o —Fur)  Fact— Iy + (18 4 B (A AR 0T fud +

5120
DRt SR T Ak ) 7S B A X

a u, 1+ cbu,, + aru, = g,/,,o (31)
Hrprs
B RN )
B I
2’ (7§6§Z + féhggéjf,, L+ [ i+ w + i e )}f';+ @6’3 + iéhggojmjt
s =1e0 + (Tag T30 )~ (a0 s 1k 0] 0D+ (i T 00 5o+

o o KB LIRS o (A 11RE N\ e :
(T —Fu )+ (Fact — Iy + (18 4 W (PR W) L] + i)

izi IFM1*” IFMgﬁ%‘J%‘:{ZT_\‘ f(Z)E,‘ﬁ Zm ,Z,,‘, %E/‘]* ﬁj\ﬁ kl ko‘U 7—7/8;— /Qév v;v[u ] - (u mt *u/,,,* )6
2.3 HEEG

R T 6 UE A SO 2R B DA B AT SR L 5 BB DL B RS 86 # 1Y) Dirichlet 1 A KRR M8, Mg R2E N
L= e~ | R Py, = P O TL VD) g oty 0 B R
m= 1 1n(M2/M1)
%%m%ﬂﬁﬁ%’o
(/e%*25)2005(52)*105in(52)*k§[ %j,zé[*l 0]
Efl3 PN ()= .
(k§*ZS)ZCOS(Sz)*10sin(5z)*k}(er%j z€(0,1]

zcos(z) —ki (z*%j ,2€[—1,0]
zcos(z) — kS (z+?j ,2€(0,1]

iﬂ;ﬁ%#:u(—nz—cos(—zs)—k%(—%) ,u(1)=cos(5)+k§(%)o

Bk R 45 F - [u]**(ky—/e ) Lu' J=k3 +/e1,[f]**(/e4—k Do

F 8~12 41l T RIE RS N AR Lot 2% . FEUEE k° R o3 B il BT, A SC iy A A% =X (31) #f A
AT HIE BN S BRE BE . B k(14 25 (20 B 1 R A SO st vl ISR BN RS . Bk A Lo Lo 5 A7
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Tab. 8 The error and convergence order under different meshes with discontinuous coefficients (ki =1,k3 =53k =1,k =10)
Fi= 1,ki=5 ki= 1,ki= 10

M
B WS W2 WS Y

8 0.003 4 0.002 9

16 5.473 9e—05 5.956 8 5.016 5e—05 5.853 2

32 8.632 2e—07 5.986 7 8.279 9e—07 5.920 9

64 1. 352 4e—08 5.996 1 1. 300 0e—08 5.993 0

128 2.142 6e—10 5.980 0 2.028 7e—10 6.001 8

K9 EEREBEE (L =1,k =303k =1,k =50 FIER T, EA B M T BYIR 2= 70U S Fr

Tab.9 The error and convergence order under different meshes with discontinuous coefficients (&} =1,k =303k} =1,k =50)

ki= 1,k5= 30 ki= 1,k3= 50

M

W®E W SRy R e SRy
8 0.013 2 0.010 2
16 2. 447 8e—04 5.752 9 2.381 3e—04 5.420 7
32 4.001 4e—06 5.934 8 4. 056 9e—06 5.875 2
64 6.356 9e—08 5.976 0 6.472 7e—08 5.969 9
128 9.984 2e—10 5.992 5 1.017 5e—09 5.991 3
256 2.246 4e—11 5.474 0 1. 730 5e—11 5.877 7

R 10 FERBEE (L} =25,k =100k} =25,k =400 IR T . £ A B W& T B 1% 2 00 8

Tab. 10 The error and convergence order under different meshes with discontinuous coefficients (k% =25,k =100k} =25,k =400)
ki= 25.k5= 100 ki= 25.k5= 400
M
w2 WS B R WSy
8 0. 006 9 0.005 8
16 1. 618 2e—04 5.414 1 1. 567 7e—04 5.209 3
32 3.004 9¢e—06 5.750 9 4.793 7Te—06 5.031 4
64 4. 864 6e—08 5.948 9 8.540 4e—08 5.810 7
128 7.687 8e—10 5.983 6 1. 368 0e—09 5.964 2

Rz 11 FERBEET (L =25,k =5003k1 =100,k =400) IR T . £ A B M & T B9 1R 2 0 0 8 By

Tab. 11 The error and convergence order under different meshes with discontinuous coefficients (k§ =25,k =500;kF =100,k; =400)

k= 25,k3= 500 ki = 100,k; = 400
M
WE W S i W e S4B
8 0.005 8 0.009 8
16 7.752 0e—05 6.225 3 3.292 9e—04 4.895 4
32 1. 542 6e—06 5.651 1 3.796 8e—06 6.438 4
64 2.759 8e—08 5.804 7 6.176 6e—08 5.941 8

128 4. 444 Oe—10 5.956 6 9.635 45e—10 6.002 3
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Tab. 12 The error and convergence order under different meshes with discontinuous coefficients (k¥ =100,k5 =53k} =10,k =1)

ki= 100.k5= 5 k= 10.k5=1
M
R WS R WSy
8 0.004 4 0.002 9
16 1. 184 1le—04 5.2156 5.016 5e—05 5.853 2
32 2.140 9¢—06 5.789 4 8.279 9¢e—07 5.920 9
64 3.466 6e—08 5.948 6 1. 300 1e—08 5.992 9
128 5.460 0e—10 5.988 5 2.039 le—10 5.994 5
256 1. 307 4e—11 5.384 1 3. 888 4e—12 5. 712 6
or 3.5%x 107 ¢
8 3.0x 107
71
6l 25x 107+
o5t s 20x 107" ¢
N ~
54y 15107 -
3l
1.0x 107" F
2l
1 0.5x 107" -
0 L L L 1 0 . .
-1.0 -0.5 0 0.5 1.0 -1.0 -0.5 0.5 1.0
3 B A =1,k =5,FI8E A 256 AN ER BHBURRER
Fig. 3 Numerical solution, exact solution and error diagram with wave number £*=1,£* =5 and mesh number 256
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Fig. 4 Numerical solution, exact solution and error diagram with wave number £*=10,k°=1 and mesh number 256
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Modified Finite Volume Method for Solving Helmholtz Equation under Specialized Conditions

ZHANG Juan, FENG Xiufang
(School of Mathematics and Statistics, Ningxia University, Yinchuan 750021, China)

Abstract: [ PurposesSince the solutions of partial differential equations derived from interface problems are generally discontinuous
when pass through the interface, most of the traditional numerical methods are not suitable for solving interface problems, while the
finite volume method is effective for solving interface problems because of its local conservation of physical quantities and simple
calculation. Therefore, the finite volume method is of great significance to solve the interface problem. [ Methods ] Firstly, a
modified finite volume method is used to approximate the Helmholtz equation with discontinuous wave numbers and singular source
terms. Then, the flux is expanded by Taylor series, and the integral term is approximated by polynomial interpolation. For the
interface problem, the points on the negative side are transformed to the positive side by using the jump condition. [ Findings]The
scheme can achieve sixth order accuracy at both continuous wave number and interface. [ Conclusions]Numerical experiments verify
the effectiveness and accuracy of the scheme.

Keywords: Helmholtz equation; finite volume method; compact scheme; discontinuous wave number
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