2022 4 11 A ERIEAEFRCE AR F RO Nov. 2022
%39% % 6 Journal of Chongqing Normal University (Natural Science) Vol. 39 No. 6

DOI:10. 11721/ cqnuj20220503
=MABESHRENS AENIRE

AAF, W AR°
(L. oI e 58 TREpE: 2. MsfImesbe DOTBCE T, 2/ % 655010

WEANENIFR = Fp<a AHBERT - XK= P LB 5 Ao i o 7 RAENIRZ ., (7 EIA AT X Riccati & #
HAM Yang FTERXEFEMAZEAA#THAR. (FRIE T TR T EENERIREKB 0N T 044, (L) ESE
RS MAHTEHXB T - BRIk EN RO RATHEERNEANR,

KFEWR R BN ;LA B e F 257 X Riceati & #

FEHFES.0175. 26 XERARERD A XEH/S.1672-6693(2022)06-0092-07

% & =W v Sz AL S0 A I A3 O A
(r(e)| 2" ()

d
)’ +J q(t.8)2" (6(t,6))dE=0.t >1¢,, (D

b
;H\:EPZ(Z‘):I(Z‘)*J p(l‘aS)T(T(l‘aS))d&,ayﬁ%mﬁﬁo
RS BT A & AT
(H) r(£) € C'([£,+5°)+(0,50)) 1 p(£:8) € C([£y+5°) X [asb]R) s p(£:6) >O,Jwr7(z‘)dz —00,0 <

‘o

b
JP(t,E)dé'éPo < 1

<H2) T(tvé)GC([to 7OO)><|:CZ 9{7]’R)911m inff(t9€>:mvf<t95><t;

oo

(H) 0.9 €C ([1y50) X[e.d J. R lim info(2.6) =c0.0(r )=t 20 (1, ) KT & R REG

(H) q(t,.55€Ct,,2]X[c.d ],[0,20)),

T TR (D AE NI By 2 TR B AR S5 4R A 2 0z L DR, O R (D) (9 3R 3 1 8 1 BF 5 8 0k
M7 B OCTE U T — S AL, HR XS AR AT X a =B, =0 , f<a X 3 FENLZ — 4, X
BRE3-11JRE5E T o =B BURRBR NG DL, SCHRC12-13 0P8 1 B=a. f<<a HHY—FIHIE . ASCH H B ZF T X
Riccati Z#AAR X = . f<Za X PIFFGBLIEATHF ST, T 1 34050 5 B2 (D BIHT Y Riceati A48 3K, IF-4 33 9 B9 B0
Gi ok e ZARAT 7 B (D) B IR S SRR 0 B9 FE S S0 T AR A SR At T SCHEk[4, 7,9, 11 TR B
S5 P2 BT T AR SO 45 R 3 A

1 5|18

S 1 % a (M B (D ELEM AT 4 FIEE.
(L) G 2" 72" )'<<0,2" (1) <<0,2" (1)<<0,2(1)<<0;
(D G [ 2" [ ")) <<0,2" (1) >0.2" (1) >0,2 (1) >0;
(I G [ 2" | ")) <0.2" (1) >0,2" (1)<<0,2 (1) >0;

x  WFBEH:2021-06-19 &5 B #5.2022-05-01 ) 4& W B i8] . 2022-09-19  10:48
RETIE . HR A ABAIES (No. 11361048) ; = 1 A # F JT B 2% 5L 4 (No. 2022]J0792; No. 2022]0805) ; [l 3 17 20 F B 24 M R BX & 5 H
(No. QJQSKT2021YB02; No. QJQSKT2021ZD02) s it 37 17 # & Rl 2= BRI 1T H (No. QJ21YB028)
F—1EEE N AREM, L B W5y S KBS B o O B 8 PE BRI L E-mail : 47823401 @ qq. com;; BIS1EE - XIR . B . H % E-
mail ; liujunxei@126. com

P 4% H ARt 3k« hetps://kns. enki. net/kems/detail/50. 1165. N. 20220916. 1817. 023. html



%6 # REH,F . MBI AP AT ML T RN RS G 93

(V) G [ 2" [ 72" ))' <0, 2" (1) >0,2" (1)<<0,2(1)<<0,
B HaORFTEOMEEZEMR, W I, >0 8.2 G,)>0,2(c(t,8)>0,2 () >0, ., H
FREOEA:

G |27 @) [ ")) <0 =1 )
R r (O |27 [T 2" O R—DWERE TR (OES. 3t > Ve, A 27(0O)<<0 8 (1) >0,
D R 2" (O)<<0.t=t, O ATE ) (—2" )Y =00 =1, M r () (—2" ()" &— IR B,

Ft,=t, VNt >t B r (D27 =r ) (—2" ) =K st >ty Bl 2" (O<—K*r “)st>t,,

e AL, ] ERUN B () < 2 () — K *j’ P (s)ds,

3

L t—co, Hlimz (1)=—co, TR It, =1, Vi=t,,2" (10)<<0; X 2" (1)<0,t=>=t,, W, Je. =0, V=
52 ()<<0,BEINIECL).

2) W "(OHO>0,0=0, TR ZOES Ity >, Vi o/ (0O)<0 8(3F " (1) >0,

Fod(O)<0st=t M I, =00, Vi=t,,2(0) >0 8 F 2 (0)<<0,B8FFEE (DB (V) .

P (O>0=t .M Ftg >0, Vi =ty .2 () >0, BANER D, RS

2 FEHZER

j‘:’ﬁ’fﬁﬁﬂ:ﬁ’%’[ %A%A E ([95):t>§>to}’E():{([ss):[>5>to}o
iEG,s)ECER) VIR GG )€ X MR FZAE D Gat)=0, t=1,;G(t,5s)>0,(t,s)EE,,

aG S 2
2) %QO,EHPQCI(I 7R+)yg€cl(E()»R)al:[l‘/ovoo)a/fﬁ’fﬂa‘
/ P . e
(() Mz—g(z,mcm(z,.;),(z,s)eEw
FE1 HoOEFEBOMRLXIEM.HIoeC'U.R).gEC(E,,R.CGEX . fHifF
! § NN At § N | A+ o
hm %up(J( ’t())J (G(Z,.s)p(.s)Q(«s) G DAL e g, )ds =00, (3)
/\':P:

Q) =min{Q, (1),Q. (1) }:Q, (1) =Q(OK, (¢),i =1,2;
d
Q) :J_q(t,é)dE;A(t) =min{A, (t),A,()};
a ﬁMz s

A=A 0= M =G0
(r(p () r(p ()7

o, (0 (u _1 a o (O (u 1 B
J J r “(s)dsdu J j r “(s)dsdu
K, (1) =M, " (K, (1) = : ;

10 ) 10 9

Jl r () du

9

Jl r () du
M, =(z(6,(t,))" " 350,(t) =0(t,¢);A =min{a.B},
W53 1 IR D AT,
R oo OB EEEMR U T, > 115 2 (c(6,6))>0,2(c(1,6))>0,20 ) >0.1>1,

MRGIE: 8 = (O 2513 1 AR CID M 72 (D, 2 >0, LA

d d
G [2"@ [ =" @)’ :*J‘xﬂ(a(t,&'))q(tf)dé <*J_zﬂ(a(z‘,5))q(t,$)d5 <
d
*z’g(o'(t,c))J‘q(z‘,E)dE =—Q)2P (e, (1)),

d
Hr. Q) =J»q(t,5)d87 o, ()=0c(t,¢),



94 FERIFEAFFMELKE M) http://cqnuj. cqnu. edu. cn %39 %

T 8 f=a Ml B<<a BFPIHTE.
p(t)r(t)(z”(t)y
DS

)(r(t)(z”(t))“)/(z'(t))”‘*ar(t)(z”(z))”‘l(z/(z))“71<i

~

D % f=a 813 X Riccati ZB#E LR w (1) = ., TR wW>0,HA:

0O E )
w () I L (2 ()™

p/(t)
o)

2 (o, (1) ‘“ a
2" ()

iw%(t),t>tgg
rpl)):

&M H)M At =0, V=t .8 0 (1) =t , WEH 1 =6 (1) =t 6 =1, .
I LB V=2 (1) >0,2" (1) >0, TR (6, ) =(2(o, D) =M, >0,t=1,, H
M, = (z(o, (t,)" A .

w () —p(DQ (=g, (1) *

r () (27w )™

T du = r?(t)z”(t)Jt r  (u)du -t =ty
! r* (u) fo

() =2 (1)) +ﬁ GO du =2 (1)) +f

T%’XULVt}M ﬁ:

, ’ Z”(Z)Jlri;(u)du — 2 (Or @)
[ ZI(Z> _ ty I 1 . <
J r “ (u)du (J rij(u)du>
z”mj' r o du —F(z)ﬁ(nz”(z)f r () du
" — . " —o0,
(J G du)
L - . (o, (1)) 2’
mo = ARG g = gy
J r “(u)du Jl r “(u)du J r “(u)du
J'al(l) 77‘ )d
S (), T wda
/(Z‘) PR ’t}tgo
A J r (u)du
WA =10, Vit B
z(z>=z<zm>+J' 2 () du =
z(ho)4*J/ ATJiéglggfjurij(s)dsdu Eiﬁj‘zjgél“" / Jurij(S)deuat;3fmo
J ro()ds™ " J ro(sds T
I J“ri?(s)dsdu
ﬂﬂﬁ%‘n%‘] Z/((l‘)) > il /19 T oL >[100
= 0 J r “(s)ds
A, A .

o () (u 1 o (v 1 «
2 (o, (1)) z/(al(t)))“ JHO J%r (s)dsdu Jm r “(u)du
- >

7( 4 * >/ o, (D) 1 ¢ t 1
@) 2@ [ o [ ada

'zrl(r) w1
J J r “ (s)dsdu
M, [ T

CIACODAN
)

a

10 9

- 1 = ’t’>t1()o 4)
J r () du

9



%6 # REH,F . MBI AP AT ML T RN RS G 95

a

o (O (u 1
J J r ¢ (s)dsdu
Hob K () =M, |~ TRA:
J r o (wdu
/ o' () a ST
w (1)< (I)w(z‘)*Q(l)Kl(t)p(t)* Tw ()=
e (r(Dp))°
/ et
‘;((;;w(f)—p(z)czl(z)—Al<r>w“ (1=t
Hi:Q () =QWK, (1), A ()= HILA:
(r(Dp(t)*
/ atl
p(t)Ql(t)<*w/(t)+‘;<(:))w(z‘)*Al(t)w S CDRY =T (5)
2) f&&ﬁ@ﬁimﬁzw(:)zp(”;ifsz);m CFRA w01
ey D pDQW= (o, (1) BN T () TG T ann T
w x w - / 8 - 1 L1 o
Pt (")) (r(Dp())? (a7
/ D\ 1 e
f%w<t>—p<t>cz<t>(2(‘fé(;)) - _ . P 7w,
o = @) G Dp))?

MR DA 1 IR DA 27O <00 =1, W 2" @) J&— IR S

” — ” gl ” e 1 ” —=£
NHAN = (t)>0,a“TB>O,ﬂ:§:(z @) 7 <G ! :ﬁ,IEt“ Ho .M, =" 7,
2

RKUYWORXWHES, Ve=r,. 6

B

61(1‘) u 1 al(r) _1
(z(aﬂz‘)))'gi(z(al(t)) z’(m(z)))ﬂ> (J Jr (s)dsdu J r Godu K
g T\ : g = IRG TR —He °
) J, ) 2D J T ods J T ods
al(r) u _1 B ‘ ‘
J J r “ (s)dsdu
b K, (o = |20 20 A
J r (u)du
/ (D M =
w (1)<b ((;)w(t)*p(t)Q(t)Kg(z‘)*ﬁisz (=
e r(p)?
‘() o
—0 QO+ (D= A, (Dw T (D=t
o)
IBMZ "
Hi.Q,()H=QWK,(t),A, ()= o TR
r(Dp())?
, o/ (1) gt
p(HQ,(H<—w (t)—|—p(t)w(t)*Az(t)w Pt =t (6)
— =
/?\Q(Z)me{Ql(Z)»Qz(l)},A(t)zmm{Al(Z)7Az(t)},/\=mln{aa,3}: ;£<a vmum4%(5)5(6)ﬁﬁ
’ a
Fi SE I
— , o () g
p(DQ<—w (t)+‘0<7t)w(z‘)*A(z‘,)w (1) st =t (D



96 FERIFEAFFMELKE M) http://cqnuj. cqnu. edu. cn %39 %

o "(s)
o (s)

J;G(t,s)p(s)a(s)ds<JZG(1,S)[ w () % s )~ Al)w (0}

t aJ s
GG D + | ({Ggi ’)+p((s))

f“(m)} w(s) fA(s)G(t,s)wAT(s))ds:

G(t,T)w(T)+J ‘*g(t,s)‘GH (t,s)w(s)*A(s)G(z‘,s)u (s)]ds,z‘>T tioo

A/\ BA{l
Sarn a4 A

EJ}ﬂT%TmBu*Au

A? 1

A1
7 (Lys ds
(A-Fl)“lA()‘é(t\)‘ s

J'G(z,.wp(s)a(s)ds G, T>w<T>+J
T

s 1 J A 1 N | A+ . S S -
B9 s | (G 0p Q) — e e [ ) ds Sw (T #5538 5]
1 REIE CID A AFAE iE
B2 B (ORTEBREIEM, = (OF L5121 e D, H.
[ [ atrdedu) " doduw ===, (8)
1w \r(v)

0

ﬂﬂli;ng(t)zoo
.I'IEHH EE%IIE 1 E/‘J‘hjflaﬁ/;(]]:[)a EIC}Oaﬁ’TﬁBtlE"{l Z(t):Co Jﬂ:a%ﬁ—‘ﬁ_‘ c=0, ﬁn% C>O’IJ_I\IJEX t11:max{t5, t7}7
Vi, B xW)=z()=c,H:

d
(r(t)(z”(t))”)/:*beﬁ(a(tgé))q(tf)dé< Jqu,s)ds,z -
TEEA:
fc&<r<u><z/’<u>>“>/du<—c*’*J”Jq<u,5>d5du, >0

1
B oo —

() = e ( (IZ)J J q(u,s>dsdu) =1,

J. Jq(u’f)dfdu) Cdvdw. 5

5 ERAEL 000 EBUR BHEL o) BB B = = ¢ | | (o

®OXFE.TRA c:O,EI]li)mz(t):Oo
WA o (O 5 (B2 (O 5 UAEAE— AT (1, ) lim 1, =0 M lim 1) =oo JEf1 2 (1,0 =
max{x (u):t,<<u<t,}. Hﬂ%&ﬁi(Hz)%ﬂ,lim)infr(t,f):%,ﬂ:%,XUL?Eﬁj(E@n,r(t,,,5)>z‘oo N &4 (Hy)

Ao <t 0=ty 0.
x(c(t, &) =max{x(u):t, <u<<r(t,,.&) ) <max{z(u):t,<<u<t,}=x(,),
FTE.8:

b b
2(t,) =x(t,) —J p(t,8)x(z(r,,6))dé = x(z,) —J p(t, E)x(t,)dE = x(t,) —pox(t,),
U lim z(t,,)=oo,'§1im 2(OD=0FJg. TR @A, Hib, filim sup 2 () =c, . HH 0<c,<<Too, MAF7E—
ORI hmz‘ =oo fffSlim 2 (t;)=c,.

oo

0(17 o)
%co>0,ﬁe=%>0,}n\ﬂ7ﬁx(t,)<co+e,fﬁjl;
0
2c,(1—py)
O=1imz(t,)>1im[1(ti)*‘box(tl)]260*P0(60+€)=%>00
i—>oo {—>oo 0
B — A F 2 0o =0, Mlim 2 (1) =0, UE B

EIE 3 R RN I L 5 R (D) B B — A B R Sh el e 81 3] 0(r >0,



% 6 H REH,F . MBI AP AT ML T RN RS G 97

R MCEH 1ML 513 1 MR E CID ATETE.
Bz 1 28 1 BRI CID Wt A2 o D0 2 382 2 T lim e (2) =0
WERGIE 1 WEIE CIHOW A, W lim 2 (1) =—co, SEM 2IEMHEL.TTH o (HEF (O AR, NE

{—>co

lim = (1) =—co P J& 67| B 1 B CTOHO RS R,

t—>co

WS 1A (VO W lim = (1) —c, <20, A58 2 WOIE WAL T 4 lim = (1) —0. i
(1 I 2 RTS8 2 )

(x(t)—%ﬁx(t—é)df) +Jiﬂ1"(t§5>d$:0° 9
,H}EP;r(t):l,a:L,@:B,a:O,b:%,c o p (a8 = Tt =t—80(.0)= Jgs,q(t,é) —1.
Ji'EElp(z‘):LG(t,s):(t*S)z,g(z‘,5):2,t9:t10:t0:0,ﬂ:%ﬁ;

A<t>:min{1,3M2>:A%%ﬂt),rr%(x)ds:J:‘:ds:oo,Qu):n,E(t):“(%;f)ﬁ,
JJ( ! J Jq(u,&')dédu);dvdwfomjmjddédudvduvOO,
e \r GO Jdudo )
lim sup =00 l,zo)ﬁ <G(t"‘)"(“)a(”7u +1>*A“A<A<s)>* ) oK M>d“':

. 1 (s +m)° 1
llr}’l’iup t2J {(t )’ W A} ds =0,

HE 3 3 T R (D B x (O RS BELF] 0(r—>o2)

SE 3k

[1] ERBE L H,KONG Q K,ZHANG B G. Oscillation theory for functional differential equations[ J]. New York: Marcel Dekker,
1995.

[2] BAINOV D D,MISSHEV D P. Oscillation theory for neutral differential equations with delay[ J]. Boca Raton: CRC Press,1991.

[3] JIANG C M,JIANG Y,LI T X. Asymptotic behavior of third-order differential equations with nonpositive neutral coefficients
and distributed deviating arguments[ J]. Advances Difference Equations,2016,105(1):1-15.

[4] FU Y L,TIAN Y Z,JIANG C M,et al. On the asymptotic ptoperties of nonlinear third-order neutral delay differential equations
with distributed deviating arguments[ J]. Journal of Function Spaces,2016, Article ID 3954354 :1-5.

[5] AGARWAL R P,BOHNER M,LI T X,et al. Hill and nehari type criteria for third-order delay dynamic equations[]]. Journal of
Differential Equations and Application,2013,19(10):1563-1579.

[6] AKTAS M F,CAKMAK D,TIRYAKI A.On the qualitative behaviors of solutions of third-order nonlinear functional
differential equations[]]. Applied Mathematics Letters,2011,24(11) :1849-1855.

[7] CANDAN T. Oscillation criteria and asymptotic properties of solutions of third-order nonlinear neutral differential equations[J].
Mathematics Methods in the Application Science,2015,38(7):1379-1392.

[8] MOJSE]J 1. Asymptotic properties of solutions of third-order nonlinear differential equations with deviating argument[ J].
Nonlinear Analysis,2008,68(11):3581-3591.

Lo] Ly, BB Ay oC k. = W22k vb ST 853 A0 B 6003 5 BRAG IR ML) ], N2 B2 27 i, 2015, 38(3) : 450-459.
ZHANG Z Y,WANG X X,YU Y H. Oscillation of third-order half linear neutral differential equations with distributed delay
[J]. Acta Mathematicae Applicatae Sinica,2015,38(3) :450-459.

[10] LIU J,LUO H Y,LIU X. Oscillation criteria for half-linear functional differential equation with damping[ J]. Thermal Science,
2014,18(5) :1537-1542.

[11] ZHANG Q X,GAO L,YU Y H. Oscillation criteria for third-order neutral differential equations with continuously distributed
delay[J]. Applied Mathematics Letters,2012,25(10):1514-1519.

[12] LUO H Y, LIU J,LIU X, et al. Oscillation behavior of a class of new generallzed Emden-Fowler equations[J]. Thermal



98 Journal of Chongqing Normal University (Natural Science) http://cqnuj. cqnu. edu. cn Vol. 39 No. 6

Science,2014,18(5) :1567-1572.

[13] LIU H, MENG F, LIU P. Oscillation and asymptotic analysis on a new generalized Emden-Fowler equation[]J]. Applied
Mathematics and Computation,2012,219(5) :2739-2748.

Oscillation of Third Order Neutral Differential Equations with Distributed Delay

ZHU Chunyan', LIU Jun®
(1. College of Computer Science and Engineering, Qujing Normal University;
2. Institute of Applied Mathematics, Qujing Normal University, Qujing Yunnan 655011, China)

Abstract: [Purposes ] There are few results on the oscillation of solutions of third order neutral distributed delay differential
equations. Most of them focus on the situation of « =p. The objective is to study the oscillation of solutions for a class of third-order
neutral distributed delay differential equations in the cases of f==a and f<Ca. [ Methods]The oscillation of solutions of third-order
neutral distributed delay differential equations is studied by using generalized Riccati transformation technology and Yang inequality.
[Findings ] Some new sufficient condition for each solution of the equation to oscillate or converge to zero is established.
[Conclusions ] The results generalize and improve some well-known oscillation criteria in the literature. Finally, an example is given
to illustrate the applicability of the new results.

Keywords: oscillation criteria;neutral differential equation;generalized Riccati transformation
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