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ho BHABEE WA REMNY Grassman H P FEWE L, INT —HEAAKBURFENH AT FEETBA, I E X
THAEEEE S HALGEEZ RN, £ L, 33 FFEREESR, B E T 4% Kaczmarz ¥ 3%, 3 F| fl Xu-Zikatanov
BEERTER T RSB, KE.ET Kaczmarz AR THRENENRRHFLAZ S BRZAN X Z.BRET EH 44K
THER.FIENT S8 Kaczmarz T A EH LA TREZZ W E M. Zid o473 9, fr#t 1 8 &% Kaczmarz
FREHERTRAZAERBHELTRAETRANE Y SR ERSGEE, BESRRIETEENEHE S A 8K,
KR A & A Kaczmarz 77 3 B4R T B % F % B R E % ; Xu-Zikatanov 18 % X
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1 ARE=

LMk DT BT Z N T A Rl AU A EOR BR T R AR B A5 S b B 2R B A A R A L Tk S8
2R DT R 2 AR AL AU O HE £ B R SR B LRl o PRI L AR 5 G e A% v SR i e 1k T AR 2 B AT E R
B, BEE TR BOR B AN W A e L 3k A7 Tk TRLEAT 5205 1 AR o A0 1P i 52 8 R B 2 1 O o R ) T Ak R
BT R AL 3RO IR AE B e i s AL B

WIS 2 5 2y R 2L 2 3048 T 9 R S B 7 P v D i B, G CT B S R T 45 8 A ) R
BRI AR W T A S R A Oy R AL TR BT B P T A S O R L 0 e kAR
o RIER )AL

Kaczmarz J7 35" 2 3R fift 2 Pk 7 T 4 0 0 B8 0 AR 7 1 2 — 1200 0 9 A0 SEVARLJR 3 e 8 17 b B 2 O R 2 R
BOERE , B @R T R . BB — DAL T R

Ax=b, @D)
Hr:AER"",bER", MEBEWIH M & x, €ER" JFiH &M Kaczmarz J7 40T Fis
b.—A,x, T .
X1 =X, +wAm , 1=k mod m, (2)
)

Hh A, RBRA MBS 4T.b, 2 b S i D HE, Strohmer 28 AP 2 T B #l Kaczmarz ( randomized
Kaczmarz, RK) J7 3% JFUEW] 1107 W B BGH I o SRR IR T 0= 1= 1 /6" (A) T 1 (AD Fil o, (AD 51
PR A 0 H ) 5 PR LA R NE 2 S U e (A) 5= A e fo, (AD . TECZ I L SCHR o i B V7 2
Kaczmarz B3k iy A8 (47100

AT Kaczmarz J7 4R i3 (D %4 T A2 55 F B Ccoordinate descent, CD)J7 iR A 40 F 629 54k 1k
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1 2
ming(y):?HATyH“-ﬁ—bTyo (3)

yER”

ST XA TR AR, CD kS BB H T4 .
1
yk+1:yk*fUlU,.T Vg (y,),i=k mod m, )

Hep L, >0 #aE KU >0 FKmom BAMEENSE 5, FL.=|A, | B OPBR —A" 5t 153
2Ll Kaczmarz 30, W BRI M (2) . Nesterov $#2H T3 () BIBEHLAR A, 3 F — 00 ™ H A5 0 8, 1% 218
WSR2 O (1/k) . TR B}, Nesterov i £ T in # 4 45 F B 2 Caccelerated coordinate descent method,
ACDNMD™™ AT IS PR A SGH BE O (1/k%) 5 % F 380 19 F bR 0 8, ACDM BT £k P IS %, % ACDM Ji
FHF 2 ) A% 1) 0, B AT A5 280 F TR A =X (D A s B AL Kaczmarz(accelerated randomized Kaczmarz, ARK)
TR X (ATA) >0, ARK ISR E R (1—m % /e (A",

B4R, F 23 8] 82 IE (successive subspace correction, SSC) ¥ J& M Kaczmarz HiEWRA HW T EZ—, Xu %
R T 2 A R IE T R I — BB EHE R RN 2 44 1 Xu-Zikatanov 0 (LU R fiFR XZ %530, 7 SSC fE4R
T, Oswald 2 AU EB T 6 3R Kaczmarz USRI /N 3/ x o WA R FH 1—c/ (D 2A)) , Hrf ¢ =
O(n m) E—IEHH.

25 Al WL, Kaczmarz J7 2% ARSI ™ 38O T 28 B8O B 1) 2R R 8 (AD o X T a7 S R v R 4. i T
AR BOR SR T3 AT 1, DT W S B AR AR A R B . CD 1 78 SR ik 4 M Oy o 28 00 8 [ LI, 5 SR It 2k
PE AW Kaczmarz J7 ik 58 2% . BT UL R, CD 178 R Ml 1 3 4 5 2 1k 5 R 2 ), b SR A AH ) 1 d
Bea » WSSO B I 2 P R A 5 R ) i S Ak

F B T A R Lt A

A(E)x:b’ (5)
Ho A ER KB TF— NP5 e >0, EImA ODFIETHAEME, XHE.bEIMm(A(e))FER A () K]
250, M e—>0" LA BEHE KN ol (Ae)—>0, ZE—A i i 7
1 —1
A(e)= { } (6)
1+e —1-+¢
W 1R D e ZEAREKeA),IF H Kaczmarz JiEAABRE . X5 T A SCH FEZshL . Wia] 52 IRk @
I 5 FPEXT Kaczmarz J7 8270 2 Y 52 0 2

F1 2 ¢ FRBETH x(A)E Kaczmarz 77 % BIiE R % 8
Tab.1 k(A )and the number of iterations for the Kaczmarz method under different values of &
AR AR L
) k(A) Kaczmarz J5i% ) k(A) Kaczmarz J5 %
1/3 38 157 1/27 2 918 12 011
1/9 326 1 342 1/81 26 246 108 033

2 TR

AR ATHG A G — SO A 2 Y T A R AL AR AR FF S Grassman FiJE LA K& SSC HESE
2.1 SRk
WV h—AHRYE Hilbert 258, NFB R/ Co s o) VEFWECH | « [=V/Co o) H LV ERRFANY
BV LB S . HEB T.V>V E XA veEV iR Iv=v, WRWE—-DFE0H WV, &
MATEF vy WV HIEEREFLE ERELE vy =1y .
BEMLEACLV)  ENAETHECN:
[Alv.v = sup |Av],

v il=1
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PEREE T A V>V i FTRE X
Auv)=ww,Av),Yu,veV,
M A JEXTFRIE A (symmetric positive definite, SPD) Y, Bl A=A", HXf Ir 5 v EV\{0} A (Av,v) >0, 30 E L A-NFH
(u,v), =Au,v),Yu,v€V,
KBRS AR |, =/Co ooy . MMEEBE LV ER A-JUBGE LR .
B, = supﬂHBVHA,

vl =

I B V=V RIR KT A- WM RIS T .

Bu,v),=w,Bv),,Yu,v€v,
BARIHEE BE LV) A (BA)' =B'A, 3. 05 B=B 2 X R0, W (BA)' =BA , X EWK#H BA X T A-N
FUR X FR I

A | o || ki AR R AE 2R ey o) R Y Euclid WL, ST — A F AR S(SCRY),

dim($)F8iZ 2 M 4EEL . X TAEE CER" I C" A1 CT 43 IR C By%E & F1 Moore-Penrose fhidi , 34 rank C,
Ker(C)Fl Im(C) 43 3 C WY FL A28 [P RME SR (AR S 250D . " WESFR R € 14743 18] 38 5 id F Row(C),
— NEEARF LR WA CER" A Row(C)=Row(C'C), X EHZE dim(Row(C)) =rank(CC"), X} T —4
MRHE CER" ™ 4 X0 (OO T A (O35 C W/ B KEFIE(E . TR € RXFFRE 2 1, W AL, (C)
Fon C Wi /NEFRHEAE B .

A (C) = Ii?i?w,<cv’v>/HVHZ° D)

s
2.2 Grassman i

Wn,pEN, Hii & p<<n. Grassman §iiJf Grass(p,n)H R" TG p 4E+ 25 AL,
E X 1(Grass(p,n) EREIFGER) X TFAEE U.WE Grass(p.n), [BIFGE R E LN .
AWUW) = |P,—Py]|.

He.P,:R"—>U f Py :R'—>W BB EXLKER T,

AT LB T RS ACs , « DB Grassmann Wi JE Grass(p o) B — 5 & B2,

511 BA:[0,0] >R R—DBEELAHEFEE R DR T A e €[0.0 4 Row(A(e)) €
Grass(r,n) , B4 .

lim A(Row(A (¢)) ,Row(A(0)))=0,

>0
IERA #7258 Row(A (e DM IESCE T T Pa, :R'>Row(A (el F4H .
Py, =A"(e)(A)A T (e)'A(e),
Hrr, ()" FIR Moore-Penrose thii, T A() BN BHELHXMFTAH e €0,6 ] Row(A (e)) € Grass(r,n)
LIS AA T (OWIRIELN . H rank(A (e)A" (¢)) =dim Row(A (e)) =r, XA e € [0,6 il 7., W
SCHRC15 T, AT A3 (A (AT (e JRIELERY IR P WL, Frpl, hE X 1 4.
lim ACRow (A () ,Row(A (0))) = lim |Pay —Pac | =0, EEE

e>0 e>0

2.3 SSC ik

WV IE— A RYE Hilbert 25 AN, O XIFEFWE] - |, - [=/Co v o). AE—1 SPD &
RS A V>V R fEV,BEFRueV fiift.

Au=f,

T R A — TR A B K SSC B FEAHESL ; e 1H A S % SCER[13,16-17 ], 3% KR B HE 22X F 4 b7
Kaczmarz A8 UL I & SR i i i 7 S 46 vk i R AL B S R B 0 2,
2.3.1 HENA

HIE— AR B 2BV, AP, BNV, A—ERV T EETEERE TR, .V, >
V 5V HHSCE A1 R DL Sk .

J
Bi%1 V= >RV, fr.
i=1
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J
AR 1 FEZvEV. A v= D Ry, Hilv, €V, 1< <J . 3 HR TR R A9 40 S 1A, B v 1
FoRADIEME 1, X TR H L @32 DU k.
Big2 XWF1<;<J.V, &2— Hilbert 5[0, AN a, C+ .+ ),
W R, V>V, BR, MRS H .

a;(R/v,v)=,R;v,)), Vv, €V, ,vEV,

ENKNEEFT, V>V, IR,
a;,(T,vsv))=W,Rv;),, Vv, €V, ,vEV,
BT, R, X T A-NBERE 7.0 T, =R/ A, [E& RR, V>V EXFE.HIL R, T, —=R,R; A A
R, T, XT A-WBUZEX PRI
WA SSC H M TR, BAF u, €V. 2 v, =u, Il T EH u, =v, -
Vi1 =V, ToR,R; (f—Av, ;),j=1,,],

Hrpw=>0 oS8, ik 0] s Rk Schwarz #4L.

U, =u,+B ., (0)(f—Au,), (8)
H . ERE T B (0): V>V il ET—B_  (w)A=U—wR,;T;) + =+ (I—wR,T,),

2.3.2 St
ST 15 A— TRV M V =V, XV, XV, BRI o) Zam )
REFIA w v €V AL IR a, =, v, =v, o BREHON] - | = O BRI TR VY R
Ru= ZJJR]L?_, = Z]JR_,u, o

AR VoV 2 IR WA, R * V-V FRR MR T
(R*uv) =@, Rv).
W LR KT A-NBFEREE F
(Rusv) =@ Rv),.
BRR =ARI*=R*A,

A A=R*AR BV RET. HHENS vEV TIR—D T [ 7, Wik — B s R4 .

T R, T,R, - TR, R} v,

~ T,R, T;R, -+ T,R, . R;{ - Vy
R:(Rlv“'vR])E_A: . . . ,R = V=

TR, T,R, -+ TR, R} v

AEH B A=D+L+U, Hh D=diag(A) FRHA M4 U= triu(A) 2/ =M. RERIE
L'=UMD =D,

TEUL RSN T 21— w D & SPD M T, 17 L2 7 28 (8) My U SICPE 45 5. 1% 45 S 0l Bk 0 2% 4 1 XZ %
A AR ST Kaczmarz S0 AR Rt T H T H

i3 21—wD & SPDH., HHE%EMH.0€ 0.2/|D] .

SIEE 2V (XZ %20 e 1B 2 A% 3 T, Schwarz #0208, L BI (8) W8l H. .
1

co ()’

[I—B .. ()A|;=1—
LA A BRIE R o, ()8 LR

1 ~ ~ ~ ~ o~ ~
colw) =— sup inf (QI—wD) "+ol)yv,I+wlU)v).

- o
W vl =1 gy =y v
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3 HEERM
Lee 2 N9 2 8 T BB IR GO BT 5 4 ST B A () —el + A, Hh A, BB E AN, AR T Y
e>0" A (o) B /N AF M A MRS T 0. A5 5 700 I 2K 007 30T 25 57 M A ) 28 O — e 10 0 7 R O

3.1 HiEFRMEMENX
AT Kaczmarz 34 i & — ﬁ“ FAEFES IR AL AT KL E T R R B SSC HEZR 1 dh, LR A (e)

B AT 23 18] BEAT 3 Y 19 723 8] 40 f . 1 LS SCER 4 3 . ZI0E & B AN T 56 T die /N AE A B 47 574 1B 1k i
KvEY e i T 0 B Row(A () T 77@ TR T 5 L AR SR RO B R R UL R R
B4 HEERE A0, >R EFRSRESMN. B EA ML .

A, (e)
A(E):{ }9VO<€<E?

A, (e)

Hi e >0,A,(ER" LA (O ER" mybmy =m. WAL
D, =diag(A(e)A T (e)):[0,e ] >R"""
iRk, B
no I <diag(A (e)A" (e)) <y, I,V 0<<e<e, €D

Hrr.0<yg, <<y, <o, H p, My, B e X,

M SSC Wi EERE AT MR EEREREERN. 2R A . SIAUTEEARERNE Lz mess
FOAFE WY F 25 6] 3 i

EX2 ®A:[0.e] >R BRI 4 W ERE. R A WL LUT &M MARETE e =0 4k
S VT AT S

D XM A 0<<e<Le, A dim Row(A,(e))<dim Row(A (e));

2) f71E ro €N, RN A 0<<e<<e . A dim Row(A,(e))=r,

D FAEIMER" " i3 A, (0)=MHA,0), HAFHE. A Row(A(0)CTRow(A,(0)),

TR EAE—F Bk X, 8 1 JE B Row(A, (e ) Row(A (e —ANHE T 250 ;5 2 T E %5
Row(A, (e ) MIYEBAE e € [0,e | FARIFAZ IR HAE e=0 AR BLN, HAETENE, Y e—0" IN, 1E 6 /&6 E &
E X TF . Row(A, (e DIELF] Row(A,(0)),

B3 WA:[0,e] >R HREMBK 4, H A BTG RN, WA c€[0,e ], Row(A,(e)) €
Grass(ry.n), HhmA(Row(Ao(s)) Row(A,(0))=0,HA AC. ,  YFRRBEMEE(ESWEX D,

e"()

iE AR H%I}El BT A, [0, J>R" L RIFHIE IF e

SRIM X F AN F745 18] Row(A (), i FREX 2 18 3T T LR IE e =0 A KA T 4860, k%
JE S AT ['—JiXTROW(A(s)) ATt B4 e—>0" W X FP A 2 AR e . Bilan . & A O BN A,
SETA € >0 A Row(A(e)=R*, WA, (e)=[1,—1]JF A (e)=[1+Fe.—1+e ], BRMIFTHc=0H
dim Row(A (e)) =1, K, il & L 2 Hl,A () ZWrik a1 5+ 19 .
3.2 #iER5EHEXEZ

BESI AW W A ) TR X0 SSC HEXR L Rk ik EREE,

EX3 A0, >R A R AR 4 095 R R AL A (o) MM I8 LR -

Ker, (A(e)) ==Ker(A,(e)) N Row(A(e))={A"(e)y:A,(e)A (e)y=0,y ER"},

A (o) PR 3 X AZ 2 L H

—

Ker.(A(e)) :==Ker(4,(e)AT(e))={yER":A, (e )AT(e)y=0},
FE 1 GRS T Ker, (A (e)) PR 2 Row (A, (e)TE Row(A (e ) HAYIEZZ £, BEAM Ker, (A (e)) F2 i

—

VT X% Ker, (A (e D TEBLEF AT (e) :R"—>R" FE. HI T4 dim Ker, (A (¢)) =dim Ker, (A(e))., * A(e)
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4T R8T, dim Ker, (A (¢)) =dim E;E(A(w)%%ﬁijo
2 WA[0.e >R R AN RREE 4 WHEFEE A, 5 A ) B AT 500, WA 13 B
Row(A (e))=Ker, (A(e))® Row(A,(e)),
HAFE e, € (0,6 15
0, (e) =1, (AT (DA, (0))cos 0, () — A, (0)—A,(e) "0, Ve € [0.e, ],
Horp.0,(e)€[0,n/2]3 R Row(A, ()5 Row(A, (0)) 2 [a] (e KIS A . BeAh b 7] LAE I
AL (AL (A (€))=06,(e)>0
2L &
lima,(e) =21, (A] (DA, (0)),

e>0

PLEZSIBTT LRI A L (AT (A E@DBEA L (AT (0OA, (OB — /NS TR 5E T AL (AL (DA (0)) He Tk,
XX E B AR SCHE H ) i 0 Bl A S B e
5 R A — A1 m LAVE B

Bl EiE.
-
AG)=|1+4e —2+4e ,,E\EPAO(s)[],ZJ,Al(e)FJFE _Hjo
2 —4 -
WA A )BT R0, HETTHES.

Ker, (A (e))=span{[e—5,5,0]",[—2,0,1]"},Ker.A () =span{[2.1]"},
M= (H 5,
Aun (AT (A, () =2, (AT (DA () =0("),

—

TEL,A )T, H dim Ker, (A (e))<dim Ker.(A()),
4 E# Kaczmarz &%

AR REH AR LT REALG) , HP bEIm(A) H A [0, | >R Wi 2B 4 FiE X 2, KX
(5) (M Kaczmarz 735 R,

b,—A (e)x,
HA(,»)(E)HZ
Hiw=>0 AMiBE. H o€ Im(AE)ATHR G IEMAER, WIFEMAY x =x+tx, XH x=A b H
xEKer, (A(e)), BM. .4 x, € Ker, (A (), M £ Kaczmarz 7 EYSE] x . AT SR 2 Sk, %2 3¢
HRC14, 18T S &, AT B H T 4 Ker, (A (e)) (B WLE L H B EN (10 iy SSC g H -

V :=Row(A (¢)), it % Euclid W (x,y) ==x"y;
A =1 V>V BEHEE T, H f =x5;

X, =x, Tw Al (&), (10)

m+1
V=DV, Vv, :=RA<i<m).V,, =Ker.(A(e)); (1D
i=1

R, ==A(,(e):V,>VU<i<m),R,. =1:V,  ,—>V;
a(xvy)=dxy FHh d =A@ A<i<m),a,  (x.y)=x"y.
T R ARE S W R 1 AR 2 lor. A, A B RE 1T UL R, BBE W] L
1958 22 Kaczmarz B35 R) SSC Rk, &5 LM .
T,=R, =A (e)/d, (1<i<m),

[F) B, 3 AT LAAS B 1E A2 452
T, =R, ., *=R:Row(A(e))—>Ker.(A(e)),
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2 2 . SUTUREN NN .
I, X i A 1<i<m+1’%‘f57ﬁ;I*TiR, :;*1>O,Mﬁ’ﬁ7€fﬁil§i 3 WAL, XTI SSC Rk A% x, €
Row(A (5))9/?\ Via— Xy aﬁﬁ?ﬁ%%ﬁ Xit1 = Viomto:
b.—A, (&)v,., ,
J”'”_”"'+w [, Ab© Isism, (12)

{vk,mﬂzvk,m,lerR(xLS—vk‘,,,H),
Hr.w€ (0,2), 18 Kaczmarz J7iEHE) Bl Ir kg FRoN &8 Kaczmarz 7k, B0 & wER .
X =x, TB, (w)(xis—x,),
AW 2 Kaczmarz J7ik5 B AR M0 T # B L.
X,=x, TB,(w)(xs—x,), (13)
Horp % 5F B, (w) :Row(A (e))—=>Row (A ()1 &
I—B,(wWA=U—wR;T;) *»+++ U—wR,T));
AT B, (w) :Row(A (e))>Row(A (e)) i 1
I—B,(w)=U—wR, . R, )U—B,(w)).
T 518 2,45 8] — W UE A Kaczmarz J5 7% YU SIGHE BE 295 T SE Al & 241, e T,k

Bl V=R RANB ) =) AT E L

e

Onx(A(e)) == sup (RW,Rv)_,0,,(A(e)) = inf (Rv,RW)_,
ve ROV\‘/‘(A(ls)) v ve ‘l‘eow”m <1s>> v
vl = v =

TEAM .
0 (AE)) =1 (AT ()D 'A(e)),5,.. (A(e))=A1,. (A" (D, 'Ae)),
Ha.Dp. =diag(d,,+,d, ) =diag(A (A" (), BIRFA :

1
amm<A(e))zmn(A%)D;lA(s>><7]—xgm<AT(s)A<e))o

5IE 4 REXAD T H 0€0,2/(0+8,..(A))) X FxADH
(RR “v.v)

p .
Row(A(s))»Row(A(a))<1*Co(5 yw) mn N (14)
vE Row(A (£))\ {0} (v,v)

| I—B,(w)

)
£

4w (2—w(1+6,..(A))))

Coesw) == — . (15)
o&rw) (24w Llog, (2m) 16, (A(e))+2w|D A |)*
ERR BARA .
D_'A(e) - D7 'A(e)AT(e) D 'Ae)
R=[A"().I],R*'=R*= A= o L (16)
Rm+1R,:+1 R111+]R1:1+]A (e) R, R,

4D, =diag(D. 'A()A" () .U, ==triu(D.'A()A" (e)) . BhiJ5 . %D FlU FEATWF /0% .

o_|p, o | {UO DJA@)]}
0 R, R, 0 0

AV, =R S TFAER =, ) EV.v =, ) EV.IRBZEEV=V, XV, ., RARB @) = @,.v,), +
(u,v). Zﬁﬁazé%§Uﬁ:R1n-1:12‘/1”119‘/9&5@@11% vEV, H T, R, ,v=T,, v,
hSCEk[14]A D, | <0,.(A)), FHit.
(5‘7 75‘7)v:(50‘70 vl)o;(ﬂvO +a,, (T//1+lv’T/;I+IV)<8:fnax(A(e)) H ;o HZ; + H T, v HZ<

(482, AN U, |2+ R v D=0+ AN |v]3

EERW[D] . <140, (A, BT 0€0.2/(1+0,,(A()))) .2 1—w D f& SPD . 3f FLi 313 2 W74
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, 1
H I—B, () | Rowtacer)~Rowiaen =17,
co(w)
Hrpr,
| (2I—wD) U +aolDv. (I +ol)v)
C()(w):;vERo\i}:(}?))\;O}Rlvnzfv (V sV) =
1 (T +ol)v . (I +ol)v)

— sup inf R an

w(2—w|D|. ) *ERvAON IR, (v,v)

Vv

WA AEEEU =L WAL, | <llog, (2m)1/20,,.. (A" . F A

U2 .= sup [Uv[:= sup (U, |2 +[D. AV ]H<
V=V V=(V mEV \ V=(¥,mEV Vo
H"v‘H;:x HVH;:I
log, (2m) |* ~ ) p
(Hog B 5. acen w12 DA v] )<
V=(¥,.mEV 4 Vo
1=
log, (2m) |*
MT'”J&%MA@)HHD;IA@)Hz,

AT AT LA H

o

~ 1
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Special Section on Non-Convex Optimization and Numerical Algorithms

Robust Kaczmarz Algorithm for Asymptotically Singular Linear Systems of Equations

KE Yunying', JIANG Wen', LUO Hao'**

(1. National Center for Applied Mathematics in Chongqing, Chongging Normal University; 2. Chongqing Municipal

University Key Lab of Opeimization Techniques and Intelligent Vehide, Chongqing Normal University, Chongqging 401331;

3. Chongging Research Institute of Big Data, Peking University, Chongqing 401121, China)

Abstract: To address the issue of a sharp decline in convergence speed of the classical Kaczmarz method when solving asymptotically

singular linear equations, a robust algorithm with a consistently stable convergence rate is proposed. By regarding the row space of

the coefficient matrix as a subspace in the Grassmann manifold, a new concept of asymptotically singular matrices with row rank

degeneracy is introduced, and the asymptotic null space and asymptotic dual null space are defined. Based on this, a robust

Kaczmarz method is proposed through the subspace correction framework, and the convergence analysis is completed using the Xu-

Zikatanov identity. Finally, based on the equivalence between the Kaczmarz method and the coordinate descent method and the

relationship between the asymptotic null space and the dual null space, a robust coordinate descent algorithm is proposed, and the

equivalence between the robust Kaczmarz method and the robust coordinate descent algorithm is proved. Theoretical analysis shows

that the proposed robust Kaczmarz method and robust coordinate descent algorithm have a consistently stable convergence rate when

solving asymptotically singular linear equations. Numerical experiments verify the robustness and effectiveness of the algorithms.

Keywords: asymptotically singular linear equations; Kaczmarz method; coordinate descent method; subspace correction method;

Xu-Zikatanov identity
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